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Quantum computing (QC) promises polynomial and exponential speedups in many domains, such as unstructured search and prime
number factoring. However, quantum programs yield probabilistic outputs from exponentially growing distributions and are vulnerable
to quantum-specific faults. Existing quantum software testing (QST) approaches treat quantum superpositions as classical distributions.
This leads to two major limitations when applied to quantum programs: (1) an exponentially growing sample space distribution and
(2) failing to detect quantum-specific faults such as phase flips. To overcome these limitations, we introduce a QST approach, which
applies a reduction algorithm to a quantum program specification. The reduced specification alleviates the limitations (1) by enabling
faster sampling through quantum parallelism and (2) by performing projective measurements in the mixed Hadamard basis. Our
evaluation of 143 quantum programs across four categories demonstrates significant improvements in test runtimes and fault detection
with our reduction approach. Average test runtimes improved from 169.9s to 11.8s, with notable enhancements in programs with
large circuit depths (383.1s to 33.4s) and large program specifications (464.8s to 7.7s). Furthermore, our approach increases mutation
scores from 54.5% to 74.7%, effectively detecting phase flip faults that non-reduced specifications miss. These results underline our

approach’s importance to improve QST efficiency and effectiveness.
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1 Introduction

Quantum computers utilize the principles of quantum mechanics to perform computations at speeds unachievable by
classical computers, opening unprecedented possibilities in fields such as quantum chemistry, optimization, machine
learning, and cryptography [15, 18, 29, 43, 46, 61]. While the computational power of classical computers scales linearly
for each added bit, quantum computational power scales exponentially for each added qubit. This exponential power
comes from exploiting quantum superposition and entanglement in quantum algorithms, which one implements
as quantum programs with a quantum software development kit such as IBM’s Qiskit, Rigetti Forest or Google’s
Cirq [1, 10, 14]. Quantum programs, similar to classical programs, are also prone to bugs, therefore their correctness
needs to be ensured. However, as quantum computing extends classical computing, quantum programs are found
to contain not only classic software faults, but also quantum specific faults [4, 9, 48]. Therefore, quantum software
testing (QST) plays a crucial role in the quantum software development cycle to find these faults, motivating the
need for the development of software testing practices that meet the required standards of industrial and academic
applications [2, 42, 76].

In the evolving landscape of QST, research has adapted and applied classical software testing approaches such
as input-output coverage, differential, property-based, and metamorphic testing to quantum programs, attempting
to incorporate quantum features [28, 41, 49, 71, 72]. These approaches validate quantum programs by statistically

sampling the quantum program distribution in the computational basis and comparing a sample distribution with
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a theoretical distribution using a statistical test, such as the chi-square test. This theoretical distribution refers to
different concepts depending on the approach. For instance, it is often formulated as program specification (PS) in input-
output coverage [72] and mutation testing [41], is considered a property in property-based testing [28], or represents
the expected statistical relationship between the distributions of a source and follow-up program in metamorphic
testing [49].

We identify two challenges of the current QST approaches. First (1), current QST approaches require a considerable
number of samples for scalable validation of a quantum program distribution. This scalability issue, however, is not yet
noticeable, as current QST approaches have only been evaluated on tiny quantum programs having up to 12 qubits and

230 elements in

a circuit depth of 30 [49, 72]. Scaling to 60 qubits introduces exponentially large search spaces, such as
Grover Searches, necessitating a high number of measurements [24, 52]. Similar measurement optimization challenges
arise in other applications, such as quantum chemistry, where eigensolvers primarily optimize measurements of a
single output value, specifically the expectation value of the Hamiltonian [20]. In contrast, quantum software testing
frequently requires multiple sets of measurements to validate various outputs across numerous test cases. Thereby, due
to the exponential scaling of quantum program distributions, efficient sampling is paramount for efficient QST. Second
(2), quantum programs exhibit a multitude of bugs of which gate faults are a common source [4, 9, 48]. Current testing
techniques often do not consider such quantum-specific bugs, as these techniques solely sample quantum probability
distributions in the computational basis [46]. This happens due to phase flip faults manifesting in the program’s final
state vector as flipped signs in front of one or multiple basis states; thus, counting the basis states from measurements
never reveals information about this flipped sign, as it is merely a mathematical artifact in a given basis. Only upon
performing a projective measurement [46] in the Hadamard basis can we detect phase flip faults because then the fault
can be detected as a flipped bit.

To tackle challenges (1) and (2), we propose a Greedy reduction-based approach to reduce the ranks of quantum
program specifications by utilizing projective measurements in mixed Hadamard bases. According to the state vector
postulate of quantum mechanics [46, 55], all possible information about a quantum system is contained in its state
vector. Based on this, we define the PS as the non-faulty final state vector of the quantum program. Further, inspired by
the Schmidt rank [46, 55], we define the rank of the PS as the number of basis states, denoting its size. This reduced
program specification enables more efficient sampling of the quantum program distribution due to the smaller program
specification rank, tackling challenge (1), and the detection of phase flip faults by projective measurements, alleviating
challenge (2). We evaluate our approach on a program suite consisting of 143 quantum programs in 4 categories. Given
that not all quantum programs yield final state vectors expressible in the eigenstates of mixed Hadamard bases (which
we associate with uniform superpositions with real amplitudes), we select four program categories that demonstrate
this to varying degrees: Grover search and graph state programs, known for their high uniformity; discrete quantum
walks, characterized by their non-uniform final state vectors; and a diverse array of other quantum algorithms to
investigate the impact of varying uniformity on our measurements [24, 26, 32, 68].

In our evaluation, we assess: (1) the effectiveness of our reduction approach; (2) the impact of reduced PSs on QST
runtime efficiency; and (3) the impact of reduced PSs on effectiveness, as measured through mutation testing. We find
that reduction is generally efficient and effective, achieving reduction rates 52.7% overall, and 27.4% in the low end
for quantum walk programs and 83.7% in the high end for Grover searches. Our approach significantly improves the
test runtimes compared to sampling on the computational basis, yielding a 14-fold improvement on average, from
169.9 s with computational basis sampling to 11.8 s with our approach. Particularly notable are 11-fold improvements

for Grover search programs with large circuit depths and 60-fold improvements for graph state programs with large
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specification ranks. In contrast, the categories of quantum walks and various quantum algorithms showed mixed results,
with no improvements observed in 12.8% and 9.1% of cases, respectively. Nevertheless, quantum walks achieved a
threefold improvement, reducing from 2.9s to 1.0's, the category of various algorithms obtained a sixfold improvement,
decreasing from 1.1s to 0.2 s. Overall for all program categories, we find that fault detection is enhanced, with mutation
scores of 74.7% for various mutations compared to 54.5% using non-reduced specifications. Notably, non-reduced
specifications hardly detect phase flip faults, with a mutation score of only 2.1%, while our approach achieves 36.0%
overall.

To summarize, the main contributions of our paper are:

(1) A Greedy rank reduction algorithm to obtain a reduced program specification for projective measurements in a
mixed Hadamard basis;

(2) An experimental evaluation of our approach using a suite of 143 quantum programs, including important
application programs such as Grover searches, with qubit counts up to 16, depths up to 684, and program

specification ranks up to 214

computational basis states;

(3) Empirical evidence of faster sampling of the quantum program distribution through our reduced specifications;
and

(4) Empirical evidence of detection of phase gate faults through projective measurements with the mixed Hadamard

basis detecting previously undetectable phase flip faults.

We provide a replication package, containing the approach’s source code, study subjects, experiment scripts, paper

results, and appendix with additional results [47].

2 Background and Definitions

This section introduces quantum computing (QC) and provides important definitions in three parts: Qubits and State

Vectors, Quantum Gates and finally Quantum Programs and Projective Measurements.

2.1 Qubits and State Vectors

In classical computing, bits represent information as either 0 or 1. Conversely, quantum computing applies quantum
bits or qubits, which can be in a state of 0 and 1 simultaneously through quantum superposition [46]. Mathematically,

we represent a single qubit by the two-component state vector ) € H, where H denotes the Hilbert space of the qubit:

[¥) = a0 10) + a1 [1) ¢Y)
In Eq. (1), the states |0) and |1) are the computational basis states for the state |i/), corresponding to the possible

outcomes that are observed when measuring the qubit in the computational basis:

{|o>,|1>}={(;),(f)} @

Coupled with the basis states are the complex numbers ap and a1, known as the probability amplitudes of the basis
states |0) and |1). We can write the probability amplitudes as the product ay, = p(m)eiem consisting of two parameters.
First, the probability p(m) of observing the particular basis state |m) is obtained by computing the squared absolute

value of the probability amplitude, i.e. p(m) = |am|?. Thus, the set of probabilities for a given quantum state defines the
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quantum state’s probability distribution of basis states. Second, the angle parameter 0, € {0, 27} defines the complex
number e’ which is the relative phase of |m).
While Eq. (1) describes single-qubit states, for n-qubit states: o, g1, - - - , gn—1, the state vector can be written as a

sum of all possible configurations of the n-qubit basis states:

1 1 1
W>=Z Z...Zajojl...jml ljojt - jne1) - 3)

Jo=01=0  jn-1
To form n-qubit basis states, we apply the tensor product operation ® [46], such that |joji - - jn—1) = ljo) ® |j1) ®
@ |jn-1)-
We can write Eq. (3) more compactly as:

N-1

)= ol @

Jj=0
Here, the states | j) represent the N = 2" basis states from Eq. (3) in compact decimal representation [46]. The relation
|7Y = ljoj1 - - - jn—1) maps between the decimal and binary representations of the state. For example, if j = 2 and n = 3

then |2) = |010). Additionally, we define the probability distribution P = {po, p1,- - - , pn—1} of a state vector that obeys

N-1
Dipi=1 (5)
Jj=0

In Eq. (5), the probabilities of the quantum program distribution add to 1. A state vector |fe) of a system composed of

the normalization condition:

multiple qubits represents an entangled state if and only if it cannot be expressed as a tensor product of state vectors
from each qubit [25, 46]. The canonical example of an entangled state is one of the Bell states |8) = 1/v2(|00) + |11)).
On the flip side the state 1/v2(]00) + [01)) can be written as a tensor product of the states [0) and 1/v2(]0) + |1)), so it
is not an entangled state. Entangled states represent correlations between qubits that are specific to quantum states and

thus not possible for classical states and have been confirmed for quantum states separated by large distances [66].

Output Criterion If all basis states of a state vector are equally likely, we call Eq. (4) a uniform state vector. In

addition, if all probability amplitudes are real numbers, we write the class of state vectors as:

1 N-1 )
= — -V 6
m‘@éﬁn 1) ©

In Eq. (6), the function f determines whether the phase angle is either 7 or 0, resulting in a sign in front of the state
of either —1 or +1 respectively. Because these states are simple to study and important for many applications, such as
for Grover search and graph states [24, 26], we construct our reduction approach to target these kinds of states. Thus,

we call Eq. (6) the output criterion for later reference.

2.2 Quantum Gates

As with classical computing, quantum gates transform one computational state to another. In QC, gates act as unitary
matrices on the state vectors to perform computations. The Hadamard gate denoted by H, performs the following

transformations on the computational basis states |0) and |1):
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L
V2

In Eq. (7), the Hadamard gate initiates a uniform superposition with 50% chance of measuring either |0) or |1). The

H|o>=%(|o>+|1>)=|+> HID = —(10) - 11)) =1-) ™

quantum equivalent of the classical NOT gate is named the X-gate or the bit-flip gate and is denoted by X. It acts as
expected when applied to classical states, i.e., X |0) = |1). However, the difference with acting on a quantum state can
be shown by applying the X-gate to the single qubit state, as depicted in Eq. (1), which performs a bit flip on both terms
in the sum. The resulting state would thus be a1 |0) + @ |1), where the probability amplitudes o, ; have exchanged
places. This is an example of how QC differs from classical computing. A classical logic gate acts on a single state at
a given time, whereas a quantum gate is applied to the state vector of superpositions such that both |0) and |1) are
flipped simultaneously. The cost, however, is that we can only obtain either |0) or |1) with probabilities py or p; at
any given time by observing the state vector [46] through performing a measurement or a read of the state vector. We
also introduce the phase flip gate Z, which acts on the computational basis states as Z |0) = |0) and Z |1) = — [1). The
final gate we introduce is the rotation gate Ry (6) = exp(—i%Y), that applies a rotation of angle 6 to the qubit along the
y-axis on the Bloch sphere, where Y is the Pauli Y-gate [46]. Together, the Hadamard, X and Ry gate parameterize a
general single qubit gate [46, 55].

2.3 Quantum Programs and Projective Measurements

A quantum program consists of an initial state vector |in;¢), followed by the main program U, which is a series of
quantum gates, before performing a measurement of the final state vector |/ ;,41). We have the following relationship
[¥final) = U [Yinit), from the evolution postulate of quantum mechanics [46, 55]. In order to transition from the final
state vector to a definite state of Os and 1s, one must perform a measurement M as the final operation of the quantum
program. A measurement is a non-reversible operation and can be represented as a mapping from a state vector onto a
specific basis state |m) from the state space, where |m) occurs with probability p,,. We define the basis state |m) as an

output Op, of the quantum program resulting from the measurement M.

Example: Outputs of a 4-Qubit Final State Vector. Given the following 4-qubit final state vector: |@) = \/lz (|000) +
[001) + |110) + |111)). We can identify four possible outputs resulting from a measurement: |000), |001),|110), and
[111), where each output occurs with a probability equal to 1/4. We will use |@) as our running example to demonstrate

how basis changes can affect the number of outputs after measurement.

Projective Measurements Up to this point, we’ve only been concerned with the basis states of the computational
basis, as shown in Eq. (2). However, for this paper’s approach, we also utilize projective measurements, which represent
transformed measurements where we project the quantum state onto a specified subspace depending on the transfor-
mation, allowing for a reduced representation of n-qubit state vectors. We apply projective measurements that utilize

Hadamard basis transformations (also known as the X-basis, as they are the eigenstates of the Pauli X gate) [46, 55]:

1 1

H= {1, 1-)}={| || %]} ®)

V2 \V2

Equation (8) defines the Hadamard basis H for single-qubit states. Now, to transform into a mixed Hadamard basis, we
rewrite the third qubit in the state |@), from our running example, in the Hadamard basis as |¢) = 1/v2(]00+) + [11-)).
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Fig. 1. lllustration of a quantum program under a projective measurement 7M.

From this point on, we will not specify which qubits are transformed but simply state that the state vector is written
in the mixed Hadamard basis. The state |¢) in the mixed Hadamard basis, is still mathematically equal to the state in
the computational basis and, thus, results in the same outputs after a measurement. In order to perform a projective
measurement in a quantum program, we must apply the transformation before we perform a normal measurement in
the computational basis. Thus, we transform |¢) by the basis transformation 7" = 1 ® 1 ® H, resulting in the transformed
state [¢p) =1/ V2(]000) + |111)), by adding the appropriate Hadamard gate to the third qubit of our circuit. As with
the computational basis, we can now identify the two possible outputs |000) and |111) with probabilities 1/2 after
measurement.

Generally, we define a projective measurement with respect to a particular basis as the basis transformation 7~ on the

final state vector followed by a measurement M in the computational basis:
T =H"®@H"®---@ H"! ©)

Equation (9) depicts the mixed Hadamard basis transformations for n-qubit state vectors considered in this paper.
Here, the values x;, form =0,1,--- ,n — 1, take the values 0 or 1 depending on the which qubits we transform with a
Hadamard gate. For instance, if n = 5, xo = 1 means a Hadamard gate will be applied to the 15! qubit, while x4 = 0
means no Hadamard gate is applied to the 5th qubit. Thus, exponentiating the Hadamard gate to the oth power yields
the identity H® = 1, while the 1% power gives the Hadamard gate itself H' = H. For the basis change performed to
our running example state |¢), we select the transformation 7 = H® @ H* ® H! = 1 ® 1 ® H from Eq. (9) and apply it
to the state through adding a Hadamard gate to the third qubit just before we measure. We introduce a short-hand
notation for the transformations in Eq. (9), where the character 1 replaces any identity matrix 1, and a lowercase
character h replaces any Hadamard gate H. In addition, we combine the characters 1 and h without the tensor product
®, such that H* @ H® ® H! — 11h. With this notation, we write the transformed state from the running example as
[9)11h = 1/v2(]000) + |111)). The notation 11k determines that the first and second qubits are in the computational
basis, meaning 0 and 1 are read as they are, while the third qubit is in the Hadamard basis, meaning 0 and 1 are read as
+ and —, respectively. In other words, the basis states of |$);,, are |[00+) and |11-), but they are measured as |000) and
[111) in practical applications after performing the basis transformation.

Thereby, we represent the full quantum program including the projective measurement M = "M with respect to

the basis 7~ as the quantum circuit from Fig. 1:
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Fig. 2. Overview and Application Context of the Reduction Approach.

3 Approach

In this section, we introduce our reduction approach to QST, which consists of two components. The first component,
called “Reduction”, introduces a Greedy reduction algorithm designed to reduce a “Default PS” into a “Reduced PS”. In
the second part, called “Application To Quantum Software Testing”, we describe how we utilize the “Reduced PS” in
QST.

3.1 Overview

Figure 2 depicts an overview of our approach. Initially, we provide the approach’s parameters in the “Test Parameters”
step, i.e., a “Default PS”, “Test Input”, and system under test (SUT). Then, if “Reduce?” yields yes at @ the “Reduction”
component applies the reduction algorithm to the provided “Default PS”. To initialize reduction in @ , the “Initialization”
step constructs a “Reduction Circuit”. Then, we pass through the “Stopping Criteria” and enter into a loop at @ . We
iteratively perform “Basis Change”s in @ to the “Reduction Circuit” to obtain a “Reduced PS”. In each iteration at
, we conduct a “Reduction Assessment” on the “Reduced PS”, computing its rank. When the algorithm does not
obtain further reductions in the rank, the stopping criteria at terminates the loop and returns the “Reduced PS”.
In the second stage, “Application to Quantum Software Testing”, we provide either the “Default PS” or “Reduced PS”
as input, depending on whether or not we perform “Reduction”. The test process begins with the Test Case Generation
at @ constructing a “Test Case”. Then, in the “Test Execution” step @, the distribution of the quantum program
is sampled by multiple executions, each time with a specific input state vector “Test Input” provided in the “Test
Parameters” step. Finally, the “Test Assessment” at @ evaluates these distributions, represented as “Test Results”,

using “Test Oracles”.

3.2 Test Parameters

Here, we describe the initial step “Test Parameters” component of Fig. 2 consisting of the “Default PS”, SUT, and “Test

Input”. These parameters provide the initial setup for our approach.
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3.2.1 Program Specification

In QST, a PS plays a crucial role in validating the correctness of quantum computations by providing the expected
behaviour of a quantum program [2, 37, 72, 74]. From the state vector postulate in quantum mechanics [46, 55], the
state vector provides the complete description of the quantum program. Thus, we define the PS of a quantum program

as its non-faulty final state vector |PS)4 with respect to the basis 7 as:

PS)r= > alir. (10)

je{x|ax#0}

In Eq. (10), {x|Px # 0} is the set of indices that correspond to the basis states | j) with non-zero probability amplitudes.
As the PS reflects the correct final state vector of a given quantum program, we define the set of probabilities of the PS
as the Theoretical Probability Distribution. The expression of the PS in Eq. (10) is a convenience rewrite of the general
state vector form Eq. (4), such that we can define Nps = [{x|ax # 0}| as the number of basis states in the sum of Eq. (10),
which we call the rank of the PS. Thereby, the number of basis states in the PS may be less than the number of basis
states in the state space N, i.e,, Nps < N.

For a non-faulty quantum program we define two types of PS: (1) the “Default PS”, which is defined by the unaltered
quantum program where 7 = 1 and (2) the “Reduced PS”, where the PS is reduced by a mixed Hadamard basis
transformation of the type Eq. (9) such that |PS)4 = 7 |PS)y.

Note, when 7 = 1 we will omit the basis notation, such that |PS) = |PS); refers to the “Default PS”.

In practice, we specify a “Default PS” in the “Test Parameters” step obtained through a non-faulty version of the SUT.
We provide an extensive discussion of the practical and theoretical aspects of obtaining a “Default PS” in the discussion

Section 6.

3.2.2 SUT and Test Input

The SUT consists of a main program U, (see Section 2.3), and a projective measurement with respect to the basis 7.
We compare the “Default PS” to measurements of the SUT performed with respect to the computational basis, while the
“Reduced PS” describes measurements on the SUT performed with respect to a mixed Hadamard basis. To run the SUT,

we provide the initial state vector |{ini¢), called the “Test Input”.

3.3 Reduction

In this section, we present the reduction algorithm of the “Reduction” component in Fig. 2. We define a Greedy reduction
algorithm to obtain a reduced program specification, as the search space of bases in Eq. (9) grows exponentially for the

number of qubits. To assess reductions, we define the rank Ny of the PS as the objective function.

Running Example Throughout this section, we consider the following 3-qubit PS as a running example:

|Default PS) = %uooo) +]001) +|010) — [011) + [100) + |101) — |110) + |111)). (11)
]

We chose this example state vector because it allows us to demonstrate two key properties of the basis search space
that affect the runtime requirements of our algorithm design. First, it shows that a “Reduced PS” is not unique in general,

so we might ask how much search space exploration is necessary for a sufficient rank reduction? Second, two different
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“Reduced PS” may give the same degree of reduction, so how do we select them? For instance, given the three basis

transformations 1 ® L® H, 1 ® H® 1 and H ® 1 ® H, they transform Eq. (11) into three possible reduced states:

1
IReduced PS);; = 5(|o+o> o1y +1-0y+]1 - 1>) (12)
Nps=4
IReduced PS);; = %( 100+) + [01=) + [ 104) — |11—>) (13)
Nps=4
|[Reduced PS)p;p, = %( [+0+) + |-1-) ) (14)

Nps=2

In the two “Reduced PS” in Egs. (12) and (13), the rank is the same, from Nps = 8 to Nps = 4 in the “Default PS”, while
in Eq. (14) it is reduced to Njs = 2. We consider the best reduction of the three to be the latter as it achieved the smallest
rank Njs. Thereby, we treat the other two bases in Egs. (12) and (13) as indistinguishable. We discuss the implications of
this assumption in Section 6. In terms of runtime considerations, to obtain the better result of Eq. (14), two Hadamard
gates are required, compared to only one in Eq. (12) or Eq. (13). Thus, this illustrates that a larger reduction in the rank

may require more search time to find additional Hadamard gates.

In the remainder of this section, we define our Greedy reduction algorithm in Algorithm 1 with the three steps

“Initialization”, “Basis Change”, and “Reduction Assessment”, and illustrate its workings through the running example.

3.3.1 Initialization

We first create a quantum circuit, called the reduction-circuit, for storing the “Default PS” in the circuit and for
performing basis transformations. We denote the reduction-circuit by |[RC1nitia1) and initialize it to the state vector
|PS), representing the “Default PS”. Next, on Line 2 in Algorithm 1, we initialize the basis transformation array 7~ with
n identity operators 1 indicating no initial transformations on the qubits. This array stores and applies transformations
throughout the algorithm. Following this on Line 3, we compute the rank Nps of the initial PS, storing the result
in Npsprevious, using the CountBasisStates function. We use this initial rank to determine the “Stopping Criteria”.
Subsequently, Lines 4 and 5 define the search_space and Nyg ist arrays. The search_space represents the indices of
the qubit register. We initialize the array Nyg| it with n zeros, which stores the ranks of the “Reduced PS” for each

transformed bases throughout the algorithm, keeping track of the reductions in each iteration.

Running Example (Initialization Step): We declare the reduction-circuit, |AC1pitial), that holds the state vector
in Eq. (11). Now, the final state vector of the reduction-circuit is identical to the running example state vector, i.e.,
|ACrnitial) = |Default PS). The remaining variables for the initialization step for our running example are specified
as follows. We start by initializing the basis transformation array, 7 = [1, 1, 1], to the computational basis. Next,
we compute the rank of the initial PS, setting Nypsprevious = 8. The array of qubit indices available for Hadamard
transformations is defined as search_space = [0, 1, 2]. Finally, Npsist = [0, 0, 0] is used to store the ranks resulting

from the transformations, maintaining the minimum rank at the end of each iteration.



10 Noah H. Oldfield, Christoph Laaber, Tao Yue, and Shaukat Ali

Algorithm 1 Reduction Algorithm

Input: “Default PS” |PS), Number of Qubits n
Output: “Reduced PS” |PS)+

Initialization Step:

1: |RCrnitial) < |PS) /* Reduction-Circuit */

27T «—{1|¢t=0,1...,n—1} /* Basis Transformation with Identity Operators */
3: Npinprevious < CountBasisStates(|PS))

4: Nmincurrent <= NninPrevious

5. search_space «— {¢|¢=0,1, ..., n—1}

6: Npstist < {0[€¢=0,1,...,n—1} /* Set of 0s to Store Number of Basis States */

7 while - (STOPPING_CRITERIA(NmincUrrent > Nminprevious)) do

8 ‘ Basis Change Step: ‘

9: for jin search_space do
10: T[J] =H
11: IRCreduced) < ApplyBasisTransformation(|RCrnitial),7T)
12: Npsreduced < CountBasisStates( |RCreduced) )
13: NpsList [] := Npsreduced
14: T3] =1
15: end for
16: Reduction Assessment Step: ‘
17: Nnincurrent = min(NpsList) /* Find Minimum Value */
18: NuinList < FindMinIndices(Nystist, Nnincurrent) /* Indices in Npg| st Equal to Nyin */
19: k « RandomChoice(NpinList) /* Randomly Select a Minimum Index */
20: Tkl :=H /* Fix the k’th Gate */
21: search_space.RemoveIndex (k)
22: Nninprevious <= NmincCurrent
23: end while
return 7

3.3.2 Basis Change

After the initialization step follows the “Basis Change” step with a while loop on line 7, which continues until reaching
the “Stopping Criteria”. The stopping criteria assesses whether the previous iteration resulted in a reduction and,
consequently, the algorithm terminates and returns the “Reduced PS”. Inside the while loop, we initiate the basis change
by iterating over the qubit indices in the search_space array. Line 10 activates a single Hadamard gate at the index
j of 7, and we provide 7~ and |RCrpitial) to ApplyBasisTransformation on line 11. ApplyBasisTransformation
converts 7 into a basis transformation according to Eq. (9) and applies it to |RCrnitial), yielding the transformed state
|RCreduced)- We then compute the rank of [RCreduced) and store it at index j in Npgy jst on line 13. Line 14 resets the
Hadamard gate of the current iteration back to an identity operator at 7 [j]. This process constitutes the core operation
of the “Basis Change”: we activate single Hadamard gates based on the indices from search_space, perform the basis

transformation on the reduction-circuit, compute the rank of the transformed reduction-circuit, and deactivate the
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[]1’ ﬂ, ]1} NpsPreviaus =8
4 4 4
Y
Iteration 1 [H,1,1] 1, H,1] 1,1, H]
8 8 2 2 8 8
A 4 Y
[H, H,1] [H,1, H] 1L, H, H]
4 4 4
Y
[H, H, H]

Fig. 3. Directional graph representation of the Greedy reduction Algorithm 1 for the running example in Eq. (11).

Hadamard gate again. The for-loop ends when we have performed all basis transformations specified by the indices in

search_space and the corresponding ranks are stored in Nps_ist.

3.3.3 Reduction Assessment

After we try all the basis transformations in search_space, we move to the “Reduction Assessment” step. Line 17
calculates the minimum of Npg| ist, Which points to the basis with the largest reduction. If there are multiple equal
minimum values, we pick one randomly on lines 18 and 19. On line 20, we select an index k randomly from Npinist
and fix the k' Hadamard gate in 7~ on line 21 by removing k from search_space. The final stage of the “Reduction
Assessment” step is to update Npinprevious by assigning it the value of Npincurrent such that the “Stopping Criteria” in

the next iteration compares the next current minimum value found against the previously one.

Running Example (Basis Change & Reduction Assessment): Our example state has 8 possible basis transforma-

tions:

lel®l 1®1®H 19eH®1 1®H®H

(15)
Helel H®l®H He®H®1 H®H®H.

We perform 3 iterations of the while-loop. In iteration 1 (illustrated in Fig. 3), we performing the basis transformations:
[H,1,1],[1,H, 1] and [1, 1, H] and compute the ranks (Line 11-12 in Algorithm 1). Recall that our initial state had
Nps =8, these three transformations all lead to a reduction in the rank by 4, which we can see from the transformed

states:
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PSy; = %( 1+00) + [+01) + |-10) — |—11>)
Njps=4
|P5>1h1=%(|0+0>+|0—1>+|1—0)+|1—1>) (16)
Njps=4
[PS) 111 = %( [00+) + [01—) + |10+) — |1l—))

Nps=4

Thus, Npsi ist = [4, 4, 4], which means we select one of the transformations at random on Line 20 in Algorithm 1.
If we choose [H, 1, 1], we remove index 0 from search_space:=search_space=[1,2], such that in the next iteration
we only iterate over qubits 1 and 2. Then, in iteration 2 (see Fig. 3), we apply the basis transformations [H, H, 1]
and [H, 1, H]. The first choice leads to an increase in rank, back to 8 basis states, while the latter leads to the state
1/V2(]+0+) + |-1-)) with Nps = 2. Thereby, we obtain Nys| ist = [4,8, 2] we select the second index, i.e the minimum,
corresponding to the basis [H, 1, H]. Despite this being the global minimum, the algorithm continues to iteration 3
and terminates on the “Stopping Criteria” as the basis [H, H, H] leads to an increase in the rank to Nps = 4. Thus
Algorithm 1 returns the “Reduced PS” [H, 1, H]. Let’s explore a couple of other possibilities. If we had chosen [1, 1, H]
at the end of iteration 1 instead, we also find the reduction to 2 (which we see from Fig. 3). However, if we instead
choose [1, H, 1] with a reduction to the rank 4 state 1/2(|0 + 0) + |0 — 1) + |1 — 0) + |1 + 1)), then we are stuck at a local
minimum, as the next transformations in iteration 2 are either [H, H, 1] or [1, H, H], which both lead to an increase
back to 8 basis states, terminating the “Stopping Criteria” and returning the local minimum basis [1, H, 1]. All possible
reduction paths, can be studied in Fig. 3. As we reduce the basis search space by a Hadamard gate after each iteration,
our reduction algorithm finds a local or global minimum with O(n?) number of basis transformations, which we show
in our appendix [47].

We then provide the “Reduced PS” as input to the “Application to Quantum Software Testing” component.

3.4 Application to Quantum Software Testing

In this section, we present the “Application to Quantum Software Testing” component in Fig. 2, which applies “Reduction”

to QST and contains the following steps: “Test Case Generation” and “Test Execution”.

3.4.1 Basis Dependent Test Cases
To test a quantum program, we compare its theoretical probability distribution with a sample distribution resulting
from multiple executions of the program. In order to account for measurements in different bases, we define a test case

as a function of the basis 7

TC(T) = { Winit) Pps (), Outputs| (17)
In Eq. (17), |¢init) represents the input state vector, while $ps(7) is the theoretical probability distribution of the

quantum program (see Section 3.2.1), defined as the set of probabilities of each output basis state, but extended to

include measurement with respect to the basis 7
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Pps(T) = {po(T), p1(T), -+ .pN-1(T)} (18)
We compute the k' probability in Eq. (18) by applying the basis transformation 7 to the “Default PS”, then computing
the squared norm of the probability amplitudes:

2
P(T) = | (T) (19)
Where the probability amplitudes in Eq. (19) are the amplitudes for the basis states in the “Reduced PS”.
Finally, we define Outputs as the set of possible basis states in |[Reduced PS):
Outputs = { |j) |if j is a basis state of |Reduced PS) } (20)

Test Case and Suite Generation: We follow these steps to generate a test case:

(1) Specify an input |/ini;) and |[Default PS), then obtain 7~ from Algorithm 1
(2) Compute |Reduced PS) = 7 |Default PS)
(3) Calculate the probability distribution and outputs of |Reduced PS) with Eq. (19) and Eq. (20)

When steps (1) to (3) are performed, the pair [n;) With Pps(77) is a test case from Eq. (17).

3.4.2 Test Execution with Projective Measurements

The “Test Execution” step takes the previously generated “Test Case” and the SUT as inputs. We execute the test cases
against the SUT and sample the quantum program with Ng program executions, acquiring the sample distribution
Asamples Which constitutes the “Test Results” in Fig. 2. We now sample the quantum program U, defined in Section 2.3,
with projective measurements M in the mixed Hadamard basis 7". Thus, we define the sample distribution for a given

test case, as a function of the basis 7:

Asample(T’ NE) = {)’0(7-5 NE)sAl (7-’ NE)’ e $/1N—l(7-3 NE)} (21)

In Eq. (21), the sample distribution quantifies the relative frequencies A,, (7, Ng) of each output basis state from the

quantum program measured in 7

Cm(T)
Ng(T)"
In Eq. (22), C;, (7)) denotes the number of occurrences of the output basis state |m) ¢, and N is the total quantum

Am(T, Ng) = (22)

program executions for a given test case. As programs with more qubits require higher sample sizes compared to

programs with fewer qubits, we set the sample size NE to be proportional to the number of basis states in the PS:

Ng = yNps. (23)

In Eq. (23), y € R determines the “Test Execution” step’s sample size relative to the rank N of the PS.
Thus, our approach provides two types of potential improvements to QST. First, by defining test cases in Section 3.4.1
as a function of the basis allows a reduction in the number of output states in the program specification which entails a
reduction in the size of the test case. Second, in Eq. (23), by defining the sample size as a function of the number of basis
states, a smaller test case will yield a reduction in the number of quantum program executions required for obtaining

the sample distribution in Eq. (21).
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Table 1. Overview table of the experimental evaluation.

Research Question Approach Component ExperimentID Metric Statistic

RQ1 Reduction 1 Reduction Rate, Runtime Mean, Standard Deviation
RQ2 Testing 2 Speedup, Slowdown Mean, Standard Deviation
RQ3 Testing 2 Mutation Score Mean, Standard Deviation

Test Execution Procedure: We define the procedure for sampling the quantum program and measuring in 7~ as:

(1) Prepare the quantum program U with the input state |{/;ni;) from the test case

(2) Apply the basis transformation 7~ to U |Yinir)

(3) Measure in the computational basis M, resulting in the projective measurement M = M7 applied to U |Yinir)
(4) An execution of the program M7 U |ini;) results in an output basis state Op,

(5) Update the sample distribution Aq

We repeat steps (1) to (5) according to the sample size NExec.

4 Experiment Design

This section presents the experiment design for the evaluation of our approach.

4.1 Research Questions

We pose three research questions: RQ1, RQ2, and RQ3:

RQ1: How efficiently and effectively do we obtain reduced program specifications through reduction?
RQ2: What impact does applying reduced program specifications have on the efficiency of QST?

a) How efficient is QST with reduced program specifications?

b) How does the reduction correlate with the QST efficiency?
RQ3: What effect does applying reduced program specifications have on the effectiveness of QST?

a) How effective is QST with reduced program specifications?

b) How does the reduction correlate with the QST effectiveness?

4.2 Overview of the Experiment Design

Following the nomenclature of Stol and Fitzgerald [64], we conduct two laboratory experiments, illustrated in the
overview Table 1. The first (Experiment 1) applies the “Reduction” component from the approach in Fig. 2, while the
second (Experiment 2) applies the “Application to Quantum Software Testing” component on a suite of 143 quantum
programs. In Experiment 1, we run Algorithm 1 multiple times on the same quantum program, obtaining a distribution of
the reduction rate metric and the runtime. We answer RQ1 with statistical assessments of the reduction rate distributions
and the time cost of running Algorithm 1. In Experiment 2, we run the “Application to Quantum Software Testing”
component of Fig. 2, where we subject the SUT to mutation testing. We conduct two testing scenarios: one with a
“Reduced PS”, derived from the median reduction rate resulting from Experiment 1, and another with a “Default PS”. The
data gathered, consisting of the metrics of testing runtime and mutation score for each scenario, are used to evaluate

the efficiency posed in RQ2 and the effectiveness in RQ3, respectively.
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Table 2. Overview table of the study subjects in our evaluation.

Categories Grov Gs Qwalk Var
#Programs 48 14 39 44
Qubit-Range [6,9] (3, 16] [3, 5] [2, 8]
Depth-Range [2, 684] [5, 18] [1,154] [3,70]
Rank Njs-Range [32, 256] [2, 16384] [1, 16] [4, 16]

Program Variations Random Oracles Ring Graphs # Walks Inputs 0-3

4.3 Random Baseline

In our evaluation, we compare our Greedy algorithm to a random search baseline, which we call Random reduction.
For a given quantum program, we first evaluate using the Greedy approach, resulting in a number of executions of
the reduction-circuit. Our random baseline algorithm then also performs the same number of executions, but with
random samples of the exhaustive basis search space. At the end, Random selects the basis that minimizes the rank (i.e,

maximizes the reduction). We then compare the results of Greedy to Random in both Experiment 1 and Experiment 2.

4.4 Study Subjects (Quantum Programs)

We select study subjects that satisfy the output criterion detailed in Eq. (6), i.e., programs where the final state vector
is uniform and has real amplitudes, such that its final state vector approximates an eigenstate of a mixed Hadamard
basis. Different quantum algorithms satisfy the output criterion to varying extents based on their gate composition and
semantics. Graph states, consisting only Hadamard and controlled Z gates, meet this criterion often [26]. In contrast,
while Quantum Fourier transforms give uniform superpositions, they yield complex amplitudes and quantum walks
has the opposite problem [21, 46, 68]. Additionally, since large reductions increase runtime overhead due to Hadamard
gates in the circuit for projective measurements, we aim to test our approach against programs varying in depth and
number of output states (Nps).

Based on these criteria, we select 145 quantum programs divided into four categories:

o Grover Search (Grov) with 48 programs, noted for their high program depth.
e Quantum Walk (Qwalk) with 39 programs, characterized by a lower satisfaction of the output criterion.
o Graph States (Gs) comprising 14 programs, marked by their high number of output states.

e Various (Var) with 44 programs, characterized by representing multiple quantum algorithms.

These categories, detailed in Table 2, source from Hein et al. [26], Johnston et al. [32], Quetschlich et al. [53]. Employing
the nomenclature of Baltes and Ralph [6], our sample is theoretical rather than representative of all quantum algorithms,
as we exclude algorithms like VQE, QAOA, or Hamiltonian simulation, which do not meet the output criterion. On the
other hand, we do argue our sample is representative of programs where the output criteria are satisfied.

In our evaluation, classical simulations of quantum programs cause runtimes to scale exponentially with the number
of qubits. Therefore, to maximize the depth of Grov programs and the number of outputs from Gs programs, we set
upper thresholds for depth and qubit counts, as detailed in the following paragraphs. Our thresholds are the points
where adding one qubit doubles the runtime and exceeds our budget. This budget sets a maximum evaluation runtime of

one week, aiming to use as many or more qubits and depths than other QST evaluations in related work [28, 41, 49, 72].
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Grover Search (Grov) The Grover Search program takes a set of specified output states in a search oracle, then
carries out iterations of Grover operations, marking and amplifying the probability amplitudes of the specified set of
output states in the oracle [32].

We establish our upper threshold by considering the empirical trial of the 9 qubit Grov programs with depths of 684
and runtime of 9 hours. To include multiple variations of these programs, going beyond this qubit count and depth
becomes challenging, as runtimes double from this point for each added qubit. Thus, we use the depth of 700 and 9
qubits as the suitable upper thresholds for Grov. With respect to these thresholds, we generate programs incrementally
from 6 to 9 qubits and generate 360 program variations per qubit with random oracles from 256 possible oracles. For
each variation, we randomly select sets and perform Grover operations until non-input state amplitudes are below
10~%. In order to achieve this precision, we allow a non-optimal number of Grover iterations. This allows our sample to
simulate large depths, where many iterations are needed for the optimal case. Excluding two variations for exceeding

depth 700, we obtain 46 study subjects from the Grov category.

Graph States (Gs) These programs represent a quantum state encoding of a graph G = (V, E), with vertices V and
edges E [3, 26]. This process yields low-depth Gs programs with a consistent 2*~2 output states, making them ideal as
large rank programs. In our selection, we focus on ring graphs for their edge set E = {(0,1), (1,2),---,(n—1,0)}, given
a qubit count n.

As with Grov, we use the empirical trial for the 16 qubit Gs program with runtime of 4937s. Thus, from the qubit

threshold of 16, we generate programs incrementally from 3 to 16 qubits.

Quantum Walk (Qwalk) We aim to include programs in our evaluation that do not necessarily meet the output
criteria specified in Eq. (6). Discrete quantum walks, the quantum equivalents of classical random walks, are particularly
suitable for this purpose as they typically do not converge to uniform superpositions [21, 68].

Unlike the Grov and Gs programs, maximization of qubit counts and depths is not required for Qwalk programs. Our
goal is to evaluate our approach using programs that may not satisfy our predefined output criteria. Consequently, we
have chosen to include Qwalk programs with qubit counts ranging from 5 to 8, generating 12 variations per qubit count

and varying the number of walks from 1 to 15 to ensure a diverse sample of program variations.

Various (Var) In the Var category, we include programs from multiple quantum algorithms to evaluate our approach.
We analyze final state vectors using the QCengine API [32] to select these programs. Initially, we consider 52 programs,
but exclude simple demonstrations (e.g., Examples: 2-1, 2-2, 2-3, 3-1), programs with non-reducible single outputs (e.g.,
Examples: 3-4, 5-6, 10-2, 12-2, 12-4, 14-GT, 14-BV, 14-S), and any exceeding 16 qubits (e.g., Examples: 4-2, 11-2, 11-4,
11-6, 12-1). We detail the selection in Table 3. For each program, we generate four manually verified valid input states

from 0 to 3 to ensure adequate sample diversity. We refer to Honarvar et al. [28] for more details.

4.5 Experiment Setup

This section details the experimental setup for evaluating RQ1-RQ3, according to the overview in Table 1.

4.5.1 Experiment 1 for RQ1 Evaluation
In Experiment 1, we conduct r; repetitions of the reduction algorithm (Algorithm 1) on each study subject. We first
perform Experiment 1 for the Greedy approach and store the number of objective function calls. Then, we perform

Experiment 1 or the Random baseline, giving the number of objective function calls from the Greedy run as input.
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Table 3. Overview of the Var category study subjects used for our evaluation, sourced from [54].

Example id Program #Qubits Depth Nps
3-3 Phase kickback 3 3 4
3-5 Custom conditional-phase 2 6 4
4-1 Basic teleportation 3 4 8
5-2 Adding two quantum integers 6 8 4
5-3 Add-squared 6 14 4
5-4 Quantum conditional execution 6 11 4
5-5 Quantum conditional phase flip 5 11 8
6-3 Multiple flipped entries 4 69 4
10-1 Phase Logic 1 4 11 8
10-4 Unsatisfiable 3-Sat 7 41 8
11-3 Drawing into small tiles 8 17 16
12-3 Shor step-by-step 8 13 16

Metric RQ1 - Reduction Rate: At the end of each repetition of Experiment 1, we calculate the Reduction Rate R
defined as the ratio between the ranks Nps and Np; of the “Reduced PS” and “Default PS” respectively:

N,
R=100(1 - -25). (24)
While Arcuri and Briand [5] suggest 30 repetitions as a rule of thumb, our approach’s efficiency allows us to exceed

this by performing r; = 100 repetitions of Experiment 1 for each program. This is feasible because our approach requires
at most O(n?) objective function calls. After conducting r1 repetitions for each of the 143 study subjects across our four

program categories, we collect four sets of Reduction Rate Distributions to evaluate our approach’s effectiveness.

Statistical Analyses (Experiment 1): We apply the Mann-Whitney U test to statistically analyze the significant
difference between the Greedy approach and Random baselines. The null hypothesis Hy states that the Greedy and Ran-
dom distributions are the same, while the alternative hypothesis H; states that the Greedy distribution is stochastically
different from the Random distribution. To assess the strength of statistical significance, we apply the Vargha-Delanay
effect size Alg [5, 67]. IfAAlz = 0.5, there is no difference between Greedy and Random, while Alg > 0.5 favors the
Greedy approach. For a given effect size, we define four nominal magnitude categories based on the scaled value
Ai;“kd =2(Ays — 1/2) [27, 36]. The nominal magnitude of the effect sizes are:

(1) Negligible (N) for |ASS#¢d| < 0.147

(2) Small (S) for 0.147 < |Ascaled| < 0.33
(3) Medium (M) for 0.33 < |ASS@led| < 0.474
(4) Large (L) for |A§§“l€d| > 0.474

We consider results as statistically significant if p-value < 0.05 and the effect size Aj2 is greater than magnitude (N).

4.5.2 Experiment 2 for RQ2-RQ3 Evaluation
We run Experiments 1 and 2 with Qiskit version 0.45.1.
As current benchmark suites for quantum programs are in early phases, containing limited faulty programs [77]. In
Experiment 2, we apply mutation testing to obtain a faulty program suite using three distinct single qubit mutation

operators: a bit flip (X-gate), a phase flip (Z-gate), and a probability perturbation along the y-axis (Ry-gate). These
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operators enable us to simulate all possible single qubit faults by covering the Bloch sphere [46]. We manually generate
mutations because, to our knowledge, no existing mutation tools support the projective measurements required by our
program specifications [19, 41]. We insert these mutation operators between the main quantum program U (see Fig. 1)
and the projective measurement M to simulate single gate faults at the end of the circuit. To ensure a comprehensive
representation of gate insertions across the 16 potential locations (considering the maximum qubit count of 16 in our
study subjects), we create 90 mutants at random locations for each mutation operator. For Ry, we also need to include a
representative sample of the angle . We achieve this by 30 randomly assigned values of the angle 6. Consequently,
we generate 2145 mutants (15 mutants for each of the 143 programs). For each mutant, we perform r; repetitions of
the “Application to Quantum Software Testing” component in Fig. 2 for each type of PS, default and reduced. For
the “Reduced PS”, we apply our basis dependent test case generation and execution procedures in Section 3.4.1 and
Section 3.4.2. Thereby, obtaining sample distributions, ready for the “Test Assessment” step. Following the best practice
by Arcuri and Briand [5], we perform rp = 30 repetitions of Experiment 2 for all mutants, obtaining 30 X 2145 test
results for the three cases of “Default PS” and “Reduced PS” with both Greedy and random baseline. Furthermore, we
aim for a minimal sample size rule that is comparable across program specification sizes. Inspired by the 10 times
rule [31], we set y = 10 from Eq. (23), performing 10-fold samples of the size of the PS.

We perform a single circuit execution for each sample, as a real quantum computer. Some quantum SDKs, such as

IBM’s Qiskit offer a way to perform multiple samples from a given circuit execution.

Test Assessment: We apply the following two test oracles from related work [28, 41, 49, 71-73], incorporating
projective measurements:
Wrong Output Oracle (WOO). The first test oracle, fiyo0, validates whether an output basis state |m) obtained

from a test execution is a basis state of the PS:

1 if |m) ¢ Outputs
fuoo| Imy, TC(T) | = (25)
0 else
In Eq. (25), fwoo takes the observed output state |m) and a test case (see Eq. (17)) as input and fails (fiyoo = 1) if the
output cannot be found among the output states of the PS.
Probability Distribution Oracle (PDO). The second oracle, PDO, conducts a chi-square hypothesis test to compare
the sample distribution Aggpmpje against the theoretical distribution #ps from the PS [50]:

1 if pygrye < @
f})do Pp-‘>‘(‘7-)>Asample(v-’ Np)| = vaue (26)

0 otherwise
In Eq. (26), the null hypothesis posits no significant difference between the sample and theoretical distributions, while
the alternative hypothesis suggests that such differences are present according to the significance level o = 0.05.

Now, after applying the two test oracles (Eq. (25) and Eq. (26)), we obtain the “Test Assessment Result”.

Metric RQ2 — Runtime Speedup & Slowdown: We define the Test Runtime, as the time taken to run the Greedy
approach, “Test Execution” and “Test Assessment” (either WOO or PDO oracle fails) steps. For the “Default PS” case,
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we only run the latter two steps as we perform no reduction. Thus, we define the Default Test Runtime Tp, s and the

Reduction Test Runtime Tg,q from which we define our runtime metrics Speedup and Slowdown for evaluating RQ2:

T 1)
Speedup = Tiedf Slowdown = —% (27)
e e

In Eq. (27), we define the Speedup (%) as the ratio between the default and reduction test runtime. Similarly, we define
the Slowdown (%) as the ratio between the reduction and default test runtime: If Tp s > Treq, We obtain a Speedup in

test runtime from using the “Reduced PS”; otherwise, the “Reduced PS” results in a Slowdown of test runtime.

Metric RQ3 — Mutation Score: To evaluate RQ3, we define the Mutation Score [13, 19, 41] as the percentage of

killed mutants for a given quantum program.
#Killed Mutants
MUT = 100———"2—— (28)

In Eq. (28), we divide the number of killed mutants by 15, as we have 15 mutants per quantum program.

Statistical Analyses (Experiment 2): In addition to the statistical analyses, p-value, and effect size defined in
Section 4.5.1, we employ the Kruskal-Wallis test [35] for comparing more than two approaches. When Kruskal-Wallis
finds significant differences between the distributions, we employ pairwise Mann-Whitney U (MWU) tests along with
effect size measures to assess which distributions differ. We compute the Spearman rank coefficient to determine
correlation between reduction rate and runtime efficiency or mutation score effectiveness, whose value is between -1
and 1, where -1 indicates no monotonic relationship and 1 indicates the strongest relationship. We adopt the following

magnitude categories for correlation in order to draw categorical conclusions about our data [58]:

(1) Negligible if r¢ € [0.00,0.10]
(2) Weak if rg € [0.10,0.39]
(3) Moderate if rs € [0.40,0.69]
(4) Strongif rs € [0.70,0.89]
(5) Very Strong if rs € [0.90, 1.0]

4.6 Threats to Validity

We structure the threats to validity along the types: construct, internal, and external [63].

Construct Validity: The biggest threat to the construct validity is whether our metrics represent efficiency and
effectiveness. While runtime is a straightforward measure of efficiency, it might not capture all dimensions of testing
effectiveness. Such as the time taken to set up a test environment. This includes obtaining a “Default PS” for the correct
program by experimental or mathematical methods [11, 78]. This may be alleviated by constructing efficient software
tools and processes for ease of application. We discuss the challenge of obtaining a PS in a later section. In addition,
although mutation score, provides a direct measure of the test case’s ability to identify errors, our mutation operator set
of the X gate, Z gate and Ry, may not represent all types of faults. Although the set forms a universal single qubit gate,
we may not detect certain two-qubit gate faults with our reduction approach, which are essential for entanglement in

quantum computation [46].
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Internal Validity: When it comes to internal validity, a crucial threat comes from potential new faults being
introduced from the reduction basis being added onto the end of the circuit in order to perform the projective measure-
ment. This threat may cause systematic faults that are introduced by the reduction approach and not by controlled
experimental design, leading to a falsely high mutation score for the reduction approach. This can occur by the oracles
becoming over-sensitive. We mitigated this threat through calibrating the experiment by performing a fault free run
of the Default and the reduction approach and observing negligible failure rates. In addition, the 10 times rule which
inspired our choice of sample size, has been found to give inadequate sample estimates [22]. While our calibration run
helps mitigate this threat we still may fail to detection subtle distribution perturbations caused by Ry faults through

inadequate sample sizes.

External Validity: Our approach is limited to specific program categories in addition to our choices for qubit and
depth ranges. In addition, although we conduct our evaluation using Qiskit, the generalizability of our results to other
quantum software development kits like CirQ or Forest is not significantly threatened. This is because our approach
primarily requires gate operations and computational basis measurements, which facilitate the projective measurements
essential to our methodology. However, these SDKs must be gate-based to ensure the generality of our results.

As real quantum devices in the current NISQ era contain noise, a crucial threat to the external validity is our usage
of an ideal simulator. Thus, if noise were present in our experiment, the presence of noise will be treated as faults of the
quantum programs. To effectively eliminate this threat, we see two mitigation methods. The first is by modifying the
oracles to accept noise tolerance thresholds as inputs, then using a known noise model representing the backend to be
tested. Or by using a single PDO type oracle modified to accept all possible output states, effectively eliminating the
WOO oracle. The second is to apply noise mitigation techniques [8], and in the future error correction [60]. For our
experiment, we assume an ideal simulator, while the former cases we discuss further in our future work. While our
results are specific to the program categories in our experiment, our evaluated program categories represent real-world
quantum programs, such as Grover searches, projected to be a crucial quantum algorithm for the quadratic speedup of
unstructured search [17, 34, 40, 75, 77]. However, a common challenge in Grover search is the construction of the search
oracle which is domain specific [59, 62]. While our results hold for the specific search oracle construction applied in
our experiment, we cannot claim that our results generalize to all types of search oracles. Given that Grover search is a
type of quantum walk on a bipartite graph [56], we suggest our reduction approach can be applied to certain types of
discrete quantum walks that satisfy our output criterion, such as applied in hypercube quantum search [51], where the
output states are uniform superpositions.

Next to consider is the generality of our results to programs with large specification sizes, such as our Gs programs.
Graph states, including cluster and complete graphs, often meet our output constraints effectively by design [23, 33, 38].
Therefore, our evaluation of ring graphs provides a strong basis for extending our results to both complete and cluster

graphs.

5 Results and Analyses

In this section, we present the experimental results for each research question.

5.1 RAQ1: Reduction Efficiency and Effectiveness

In the Greedy and Random columns in Table 4, we observe that the Greedy approach achieved 52.7% average reduction

rate, while random achieved 46.7%. The Gs category exhibits the largest reductions at 83.7% for Greedy and 75.1%
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Table 4. The gray columns Greedy [%] and Random [%] show the overall average reduction rates and standard deviations. The
Different (X) [%] columns show the success rates of MWU tests and effect size categories (S, M or L) defined in Section 4.5.1,
depicting the percentages where we find Greedy and Random are significantly different, in the format of x/y, where x is the percentage
where Greedy outperformed Random, and y is the reverse. Different (NN) [%] shows the sum of the success rates for significant
effect size categories (S), (M) or (L).

Category #Qubits Depth Greedy [%] Random [%] Different (NN) [%] Different (S) [%] Different (M) [%] Different (L) [%] Equal[%]

All [2,15] [3, 684] 52.7 + 28.2 46.7 £ 28.5 62.2/2.8 16.8/2.1 9.1/0.7 36.4/0.0 35.0
Grov [6, 9] [30, 684] 66.8 + 8.4 62.4 +£8.1 82.6/0.0 8.7/0.0 13.0/0.0 60.9/0.0 17.4
Qwalk [3,5] [14, 154] 274 +23.1 22.5 £22.8 35.9/5.1 12.8/2.6 7.7/2.6 15.4/0.0 59.0
Var [2, 8] [3,70] 49.8 £29.8 42.0 +£30.2 54.5/4.5 27.3/4.5 6.8/0.0 20.5/0.0 40.9
Gs [3,15] [5,17] 83.7 +£16.9 75.1 £22.3 92.9/0.0 21.4/0.0 7.1/0.0 64.3/0.0 7.1

Table 5. Summary of runtime results. The gray columns Greedy [ms] and Random [ms] show the average reduction runtime and
standard deviations. The remaining columns to the right are described as in Table 4.

Category #Qubits Depth Greedy [ms] Random [ms] Different (NN) [%] Different (S) [%] Different (M) [%] Different (L) [%] Equal [%]
All [2, 15] [3, 684] 732.2 + 4013.7 743.9 + 4083.0 18.2/68.5 6.3/9.8 4.2/14.7 7.7/44.1 133
Grov [6, 9] [30, 684] 484.8 + 600.2 471.2 + 587.3 19.6/63.0 8.7/15.2 4.3/26.1 6.5/21.7 17.4
Qwalk [3,5] [14, 154] 70.8 + 30.2 71.9 + 30.0 7.7/87.2 2.6/10.3 5.1/5.1 0.0/71.8 5.1
Var [2, 8] [3, 70] 53.8 +32.3 56.3 + 33.7 29.5/54.5 6.8/0.0 4.5/9.1 18.2/45.5 15.9
gs [3, 15] [5,17] 5555.3 + 11813.5 5711.7 + 11995.4 7.1/78.6 7.1/21.4 0.0/21.4 0.0/35.7 14.3

for Random. The worst performing category is the Qwalk with 27.4% for Greedy and 22.5% for Random. Reduction
rates vary widely across program categories as indicated by the large standard deviations. This can be explained due
to the wide qubit ranges. For example, the average runtime for the 16 qubit programs of Gs is 44,088s while only 65s
for the 6 qubit programs. More detailed average results by qubit count are found in the appendix [47]. The Greedy
method typically outperforms Random, with the largest gap at 8.6 (pp) in the Gs category between the approaches,
favoring Greedy. We find the smallest gap in the Grov category, showing more similar performances. The lowest average
reduction rates are in the Qwalk category, with 27.4% for Greedy and 22.5% for Random.

We compare the Greedy and Random approaches using the statistical tests shown in the last five columns. For the
Different (NN) [%] column in Table 4, we find that for all categories, Greedy is better than Random in 62.2% of cases,
while Random is only better than Greedy 2.8% of the time. By category, we find that Greedy outperformed Random
with a large margin for Grov and Gs in 82.6% and 92.9% of cases, with Random never being better. While for Qwalk
and Var, Greedy is better for 54.5% and 35.9% of cases with Random being better for only 5.1% and 4.5%. Moving into
the Different (X) [%] columns where (X) is the effect size magnitude category. Here, we find that more than 60% of
the magnitude categories for Grov and Gs are of the type (L). For Qwalk and Var, however, the magnitudes are more
evenly spread out between (S) and (L), with slight lower occurrence of (M). The last column, Equal [%], indicates
the occurrence of tests where Greedy and Random performed the same. Here, we find that for all categories, Greedy
and Random are equal in 35.0% of cases. By category, we observe, in accordance with the results in the Different (X)
columns, that Greedy and Random performed equally in 7.1% of cases for Grov and 17.4% of cases for Gs. In addition,
we find equal performance for a clear majority of the cases at 59% for Qwalk and 40.9% for Var.

The runtime comparison in Table 5 indicates that Greedy and Random methods have similar average runtimes across
all programs, from the Greedy [ms] and Random [ms] columns, displaying runtime in milliseconds. This is expected,
as described in Section 4.5.1, we design Experiment 1 such that Greedy and Random perform the same number of
objective function calls. However, the statistical tests reveal that Greedy still shows lower average runtimes overall in

the Different (NN) [%] column, signifying Greedy slightly outperforming Random in 68.5% of the cases, while Random
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Table 6. Summary of testing runtime results for all program categories. To the right of the gray columns, the headers Default-Greedy,
Default-Random and Greedy-Random show the results of the statistical tests in the Different (X) and Equal columns for the
respective pair of approaches. For each approach comparison, we show the success rate of pairwise statistical tests in the same
column format as for RQ1 with Different and Equal columns, but only including the (NN) effect sizes.

Default-Greedy Default-Random Greedy-Random
Category #Qubits Depth Default [s] Greedy [s] Random [s] Different (NN)[%] Equal[%] Different (NN)[%] Equal [%] Different(NN)[%] Equal [%]
All [2,15] [3, 684] 169.9 £473.7 118 £ 61.2 15.6 + 73.8 93.7/0.0 6.3 93.0/0.0 7.0 3.5/0.0 96.5
Grov [6,9] [30, 684] 383.1 £503.3 33.4+104.2 36.6 + 113.5 100.0/0.0 0.0 100.0/0.0 0.0 2.2/0.0 97.8
Qwalk [3,5] [14, 154] 2942 1.0 +£2.0 1.0+2.1 87.2/0.0 12.8 89.7/0.0 10.3 5.1/0.0 94.9
Var [2,8] [3, 70] 11£21 02+03 03+0.5 90.9/0.0 9.1 86.4/0.0 13.6 0.0/0.0 100.0
Gs [3,15] [5,17] 464.8 £ 1027.7 7.7 £16.7 35.1 £ 100.4 100.0/0.0 0.0 100.0/0.0 0.0 14.3/0.0 85.7

being better in 18.2% of the cases. We find these results to be mostly consistent also by category and evenly spread out

across magnitude categories.

RQ1 Summary: We find the reduction approach to be generally efficient and effective, with the Greedy approach outper-
forming the Random one in average reduction rate, runtime and consistency. However, the results vary by category: Grov
and Gs categories achieve the highest and most consistent reduction rates, while Qwalk and Var exhibit significantly lower

performance. Runtimes across categories favor the Greedy over the Random approach.

5.2 RQ2: Impact of Reduction on QST Efficiency

Here, we present the results for RQ2a and RQ2b.

5.2.1 RQ2a: Test Efficiency
In Table 6, we present the average test runtimes in seconds by program category in the gray columns Default, Greedy

and Random.

Test Runtimes. Overall, we find that the Default approach, obtained an average test runtime of 169.9s. Then, after
we apply the reduction, we achieve an average test runtime of 11.8s for Greedy and 15.6s for random. By category, we
find the same patterns. The Default approach generally requires a considerably higher runtime to achieve a test result

compared to the reduction approaches.

Default-Greedy Comparison: We consider the statistical tests, comparing Default to Greedy. In the Different
(nn) column, we observe that the Default test runtimes are lower in 93.7% of the cases overall. By category, we find that
Default is slower for 100% of the cases for Grov and Gs, while 90.9% and 87.2% for Var and Qwalk. Conversely, we find
no occurrences where Greedy is slower than Default. From the Equal column, we find that the approaches are equally
fast in 6.3% of cases overall. by category, Greedy is always faster for Grov and Gs and equal to Random for 12.8% and
9.1% of cases for Qwalk and Var.

Default-Random Comparison: For the comparison between Default and Random, we find very similar results to

the comparison of Default with Greedy.

Greedy-Random Comparison: In comparing Greedy to Random directly in the Different (nn) column, we find
that Greedy is for the most part similar to Random. However, while Greedy is faster than Random only 3.5% overall, by

category we find that that Greedy is faster for 14.3% of cases for Gs.
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Table 7. Spearman correlation rs between reduction rate and runtime improvement over Default.

Correlation 7 p-value Correlation Magnitude

Category #Qubits Depth  Greedy Random Greedy Random Greedy Random

All [2, 15] [3, 684] 0.43442 0.46043  0.0e+00 0.0e+00 Moderate Moderate
Grov 6, 9] [30,684] 0.08752  0.06189 1.7¢-36  5.0e-19 Negligible Negligible
Qwalk [3, 5] [14, 154] 0.29152 0.29155  0.0e+00 0.0e+00 Weak Weak
Var (2, 8] (3, 70] 0.3276 03714  0.0e+00  0.0e+00 Weak Weak
Gs [3, 15] [5,17] 0.77997 0.60156  0.0e+00 0.0e+00 Strong Moderate

Relative Runtime improvement over Default: Similar to RQ1, the relatively large standard deviations stem from
the fact that the average overall runtime includes runs from various qubit counts and depths, resulting in large test
time differences. To account for differences in qubit count and depth, we compute the Runtime Improvement over
Default, (denoting the metrics Speedup or Slowdown defined in Eq. (27)), between the Default test runtime and the
test runtime of the reduction approach Greedy or Random. We compute these ratios for each test result and depict
the results as the boxplots in Figs. 4a to 4d by category. First, from visual inspection, we observe a clear divide in
improvement between the Grov and Gs categories and the Qwalk and Var categories. For the latter categories, we
observe that all boxes have their lower whiskers reaching into the negative lower half of the y-axis, indicating that the
reduction approaches performed worse than the Default for a significant number of cases. Still, however, the boxes stay
above the y-axis, indicating that most (72.5% for Qwalk and 81.6% for Var) experienced an increase in runtime due to
reduction while the remaining 27.5% for Qwalk and 18.4% for Var experienced a slowdown. On the other hand, we
find only 2.8% and 6.9% slowdowns Grov and Gs. Furthermore, the runtime improvement over Default for Grov reach
median values of just below 400 for Greedy, followed by Random at closer to 300. Given the same qubit range in Gs, i.e
from 6 to 9 qubits, the maximum median improvement over Default is around 50 for both Greedy and Random.

For the reductions of Gs, we can make two observations regarding the differences between the Greedy and Random
approaches in Fig. 4b. First, the improvements over Default of the reduction approaches seem to plateau at below 100.
Second, the runtime improvements for Greedy become more consistently higher for higher qubit counts. We see this
from the first quartile of Greedy increasing consistently for higher qubit counts, while the first quartile for Random

stays constant.

5.2.2 RQ2b: Correlation Between Reduction and Efficiency

Next, we investigate the relationship between reduction and testing efficiency. Thus, in Table 7, we display the
Spearman correlations rs between the reduction rate and the runtime improvement over Default along with the
correlation magnitude categories from Section 4.5.1.

Overall, we find a Moderate correlation of 0.43 for Greedy and 0.46 for Random. This indicates that overall, a
significant relationship exists between a reduction rate and obtaining an improved test runtime over Default. However,
by category, we notice that Grov, which achieved the fastest runtimes after reduction, has Negligible correlation.
Conversely, Gs achieved the strongest correlation. Thus, given the very high depths of Grov programs compared to
Gs, this means that high depth paired with reduction, could also be important to achieve runtime improvements. We

also note for Gs that we find a Strong correlation when applying the Greedy approach, followed by Random with a
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Fig. 4. Boxplots of runtime improvement over Default when we apply reduction to QST by the number of qubits. Speedups are above
the x-axis and Slowdowns are below.

Moderate correlation. The categories Qwalk and Var exhibit Weak correlations. We see from the p-value column, that

all correlations are statistically significant with p-values ~ 1071,

RQ2 Summary: Our results show that our reduction approach improves QST efficiency from 169.9s with the Default
approach to 11.8s with reduction, but the impact varies by program characteristics. Both the Greedy and Random approaches
generally improve on the Default approach, with Greedy favored in Gs programs for large specification sizes. We also observe
the largest improvements for Grov programs, with high circuit depth. While Qwalk, and Var also experienced improvements
to efficiency, we find no improvements to these categories in 27.5% and 18.4% of cases respectively, compared to 2.8% for

Grov and 6.9% for Gs. The correlation between reduction and runtime improvements is Moderate overall.
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Table 8. We show the average mutation score and standard deviations in the gray columns Default [%], Greedy [%] and Random
[%]. In the DGR column, we show the p-value result from a Kruskal-Wallis test between the Default, Greedy and Random approaches.
To the right, we depict the results of the pairwise statistical tests between the respective approaches.

DGR Default-Greedy Default-Rand Greedy-Rand
Category Mutant Type #Qubits Depth  Default [%] Greedy [%] Random [%] p-value p-value A;; Magnitude p-value A;, Magnitude p-value Aj; Magnitude
All all [2,15] [3, 684] 54.5 £ 225 747 9.7 740 £9.9 0.0e+00  0.0e+00 0.206 (L) 0.0e+00 0.219 (L) 0.00129 052 (N)
All X [2,15] [3, 684] 66.7 +42.1 655 +32.5 64.8+329 18e-15 3.2e-12 0541 (N) 17e-13  0.543 (N) 0.3887 0.505 (N)
All Z [2,15] [3, 684] 2.1£9.0 36.0 £ 32.4 33.1+31.6 0.0e+00 0.0e+00 0.192 (L) 0.0e+00 021 (L) 5.9e-05 0.524 (N)
All Ry [2,15] [3, 684] 67.9 £29.1 90.7 £ 10.8 90.7 £ 10.8  0.0e+00  0.0e+00 0.255 (L) 0.0e+00 0.256 (L) 0.90403  0.501 (N)
Grov all [6.9] [30, 684] 72.5 £10.5 774 +9.6 773 £9.7 1.3e-35 1.8e-28 0.381 (S) 8.6e-28 0383 (S) 0.8789 0502 (N)
Grov X [6,9] [30,684] 969 +158 587 +30.1 62.0 +29.5 0.0e+00 3.0e-302 0.861 (L) 1.6e-278 0842 (L) 0.00657 0.472  (N)
Grov zZ [6,9] [30, 684] 3.9+129 438 +30.1 39.3+29.5 0.0e+00 1.9e-294 0.136 (L) 1.2e-262  0.161 (L) 7.3e-05 0541 (N)
Grov Ry [6.9] [30, 684] 87.3 £15.1 94.8 £ 8.0 95.1+£78 1.8e-61 3.5e-43 0363 (S) 4.5¢-48 0355 (S) 0.30569 0.491 (N)
Qwalk all [3,5] [14, 154] 51.5 + 16.1 73.1+89 731+9.1 0.0e+00 8.3e-236 0.112 (L) 2.5e-234 0114 (L) 0.98696 05 (N)
Qwalk X 3,5] [14, 154] 84.0 £31.2 75.9 £ 30.0 74.9 +31.1 1.9e-26 9.5e-22  0.597 (S) 1.4e-22 0599 (S) 0.61458  0.505 (N)
Qwalk Z [3,5] [14, 154] 14+66  233+280 24.8+30.0 50e-148 9.8e-132 0276 (M) 3.0e-132  0.275 (M) 0.43133 0491 (N)
Qwalk Ry [3.5] [14,154]  57.4+228 888+ 11.1 887 +11.1 0.0e+00 5.2e-242 0.109 (L) 9.8e-241  0.11 (L) 0.62748 0505 (N)
Var all [2,8] [3,70] 38.1 + 25.0 72.6 £ 9.6 716 +£9.9  0.0e+00 1.7e-297 0.089 (L) 5.8e-282 01 (L) 0.01587  0.526 (N)
Var X [2.8] [3,70] 31.0 £ 38.1 63.3 + 36.0 60.9 £36.4 2.0e-117 2.7e-95  0.276 (M) 2.2e-84 0289 (M) 0.08552  0.518 (N)
Var Z [2,8] [3, 70] 11+£60 387 +362 358 +34.8 18e-261 3.1e-236 0.191 (L) 1.4e-220 0.206 (L) 0.05576  0.521 (N)
Var Ry [2.8] [3,70] 52.8 +33.1 87.0 £ 11.6 87.1+11.7 7.0e-258 4.4e-192 0.173 (L) 9.2e-193  0.172 (L) 0.80537 0.497 (N)
Gs all [3,15] [5,17] 55.0 +12.8 77.0 9.8 73.0 £10.0 19e-126 1.2e-103 0.074 (L) 9.2e-83 0.121 (L) 8.4e-09 0.612 (S)
Gs X [3,15] [5,17] 30.9+30.3  65.6 + 27.5 583 +31.3  2.2e-55 8.6e-51 0212 (L) 1.2e-32  0.272 (M) 0.00106 0562 (N)
Gs Z [3,15] [5,17] 09+53 373 +284 27.6 +264 1.1e-102  54e-98 0.136 (L) 5.6e-73 0205 (L) 4.6e-07 0594 (S)
Gs Ry [3,15] [5,17] 81.1+23.8 94.0 £ 9.2 93.0+10.1  1de-12  18e-11 0379 (S) 7.3e-09 0395 () 0.17699  0.524 (N)

5.3 RQ3: Impact of Reduction on QST Effectiveness

Here, we present the results for RQ3a and RQ3b.

5.3.1 RQ3a: Test Effectiveness

In Table 8, we show the summary of the mutation score results, including statistical tests between all the pairs of
approaches. The table is divided into five sections for each program category with four rows in each section for the
mutant types X, Z and Ry, and All, which consists of all three mutant types.

First, we observe that the average mutation score for all program categories and all mutant types is 54.5% for the
Default approach, with the reduction approaches Greedy at 74.7% and Random at 74.0%. We see from the statistical
tests in the columns Default-Greedy and Default-Random that there is no difference in killing X mutants overall
when applying either reduction approach. However, the mutation score for the Z mutants is close to zero for Default,
while 36.0% for Greedy and 33.1% for Random. The Ry mutants are also killed at a higher rate when a reduction is
applied, at 90.0% for Greedy and Random, an increase from 67.9% for Default.

By category, we first observe for Grov a statistically significant increase in overall mutation score, but the effect is
small, as we can see from the Default-Greedy and Default-Random columns where the effect size is (S) in favor of
the reduction approaches. Interestingly, we observe that Default has a higher mutation score for X mutants at 96.9%,
while the reduction approaches obtain scores of 58.7% for Greedy and 62.0% for Random. For R, we also see an increase
when a reduction is applied. Thus, fewer X mutants are killed for Grov when a reduction is applied, but more Z and Ry
mutants are killed. For Qwalk and Var, we observe that both achieve a large increase in overall mutation scores for all
mutant types. However, the X mutants for Qwalk are killed at a statistically significant higher rate for Default with
effect size (s). All other mutants are killed at a higher rate with a large or medium effect size when applying a reduction.
Lastly, for the Gs programs we make two distinct observations. First, we see that it obtains a statistically large increase
in mutation score when applying either reduction approach, particularly due to the killing of Z mutants. Second, we
see from the Greedy-Random column, that there are only negligible (N) differences between the Greedy and random
reduction approaches, except for the Gs category, which exhibits statistically significant differences overall and for the

Z mutants with small effect sizes.
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Table 9. Spearman correlation rs between reduction rate and mutation score. We use N as a shorthand for the correlation magnitude
Negligible.

Correlation r; p-value Correlation Magnitude

Category Mutant Type #Qubits Depth Greedy Random Greedy Random Greedy Random

All All [2, 15] [3, 684] 0.05689 0.01056 1.9e-04 0.48917 N N

All X [2, 15] [3,684]  -0.46222  -0.46551 4.2e-226  1.0e-229 Moderate(-) Moderate(-)
All z [2, 15] [3, 684] 0.46749 0.40918 6.3e-232  7.2e-173 Moderate Moderate
All Ry [2, 15] [3, 684] 0.08801 0.11216 7.7e-09 1.7e-13 N N

Grov All [6, 9] [30, 684] -0.00749 -0.03106  0.78099 0.24896 N N

Grov X [6, 9] [30,684] -0.09993 -0.11574 2.0e-04 1.6e-05 N N

Grov Z [6, 9] [30,684]  0.12547 0.10869 2.9e-06 5.2e-05 N N

Grov Ry [6, 9] [30,684] -0.03745 -0.03895  0.16435 0.14811 N N

Qwalk All [3, 5] [14,154] -0.05194  -0.02963 0.07576 031116 N N

Qwalk X [3,5] [14, 154] -0.63187  -0.61523 2.1e-131 8.8e-123 Moderate(-) Moderate(-)
Qwalk Z [3, 5] [14, 154] 0.5946 0.58487 8.8e-113  2.6e-108 Moderate Moderate
Qwalk Ry [3, 5] [14, 154] -0.00965 -0.01322  0.74169 0.65145 N N

Var All [2, 8] [3,70]  -0.18416 -0.19856 1.6e-11  33e-13 N N

Var X [2, 8] [3,70] -0.64931  -0.65898 6.9e-159  3.2e-165 Moderate(-) Moderate(-)
Var Z [2, 8] [3, 70] 0.61412 0.63563 1.1e-137  2.6e-150 Moderate Moderate
Var Ry [2, 8] [3, 70] -0.2136  -0.20875  4.4e-15 1.8e-14 Weak(-) Weak(-)

Gs All [3, 15] [5,17] 0.30426 0.05494 1.9e-10 0.26125 Weak N

Gs X (3,15]  [5,17] 201179  -0.26432 001563  3.8¢-08 N Weak(-)

Gs Z [3, 15] [5,17] 0.17611 -0.03972 2.9e-04 0.41681 N N

Gs Ry [3, 15] [5,17] 0.51672 0.44351 4.8e-30 1.1e-21 Moderate Moderate

5.3.2 RQ3b: Correlation Between Reduction and Effectiveness

Finally, we investigate the correlation between the reduction and approach effectiveness. In Table 9, we show the
Spearman correlation between the reduction rate and mutation score by category. For all program categories and mutant
types in the first row, we observe a Negligible correlation for the Greedy and Random approaches. For the X mutants,
we can see that there is a Moderate negative correlation for both approaches, while the Z mutants have a Moderate
positive correlation for both approaches. The X and Z mutant correlation coefficients are similar in absolute values,
showing opposite correlations. Finally, the Ry mutants show a Negligible correlation across the program categories.
Regarding the individual program categories, we can make two observations. First, for the all categories except Gs,
we observe either a Negligible correlation. Thus, Gs is the only program category where we observe a Weak positive
correlation for the Greedy approach, while Negligible for the Random. The main contributions to this correlation stem
from correlations for the Z and R, mutants. The second observation is that the X mutants are negatively correlated for
all the program categories with significant magnitudes for the correlation coefficients, while the Z mutants have similar

magnitude coeflicients, but are positively correlated.

RQ3 Summary: The reduction approaches significantly improve mutation scores to 74.7% with the Greedy approach,
from 54.5% with the Default approach, primarily driven by an increase in Z and Ry, mutant kills. There are no significant
differences between the reduction approaches, except in the Gs category, where the Greedy approach shows slightly better
performance, mainly due to more effective killing of Z mutants. The overall correlation between reduction effectiveness and

mutation score is Negligible for both the approaches.
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6 Discussions

Our discussion of the reduction approaches in QST highlights three key themes: (1) Program Sensitivity, (2) Mutant
Sensitivity, and (3) Greedy vs. Random. These points guide our discussion on optimizing reduction strategies for
diverse QST applications. After these points are addressed, we discuss the practical implications of our findings to the

field of QST.

6.1 Program Sensitivity

Although we find that reduction significantly improved both QST efficiency and effectiveness, this is not true for all
types of programs.

Higher Depth Programs Benefit More From Reduction? First, we discuss the observation that the programs from
Grov experienced a very high runtime improvement from reduction compared to the other programs. Longer-depth
circuits take more time to run than short-depth circuits. Thus, by requiring fewer circuit executions due to our approach,
we save considerably more longer circuit executions, especially for high-depth circuits, such as Grov. This is not always
the case, however, as we also find a considerable number of slowdowns in the moderate depth category such as Qwalk,
we argue that higher depth alone does not lead to positive benefits in QST. In addition, a high satisfiability of the output

criterion is required, such as achieved by the uniform and real amplitudes of the states of Grov and Gs.

Large Program Specifications Benefit More From Reduction: For the programs with large specification sizes
(ranks), e.g., Gs, we observe a tendency of both reduction approaches to plateau below a runtime improvement over the
Default of 100. This is likely due to the combination of many output states and low depth, which leads to the runtime
overhead from the Hadamard gates required for larger reductions competing with the program’s depth. To achieve
larger reductions, we need more Hadamard gates, which for low depth circuits like Gs programs may cause either
a stagnation of runtime improvement or even a slowdown after a certain point. Although our data doesn’t provide

conclusive answers to either.

Low Satisfiability of Output Criteria. Our approach generally performs poorly for Qwalk programs, aligning with
the findings from previous studies indicating that continuous time quantum walks do not typically converge to uniform
superpositions [21]. Our results suggest that only programs with specific numbers of walks benefit from reductions,
indicating that uniformity in the final state vector is rare. We find some programs in the Var category that obtained no
reductions from Algorithm 1. Programs like the quantum conditional phase flip and most integer addition programs
failed to achieve any reduction from our approach, suggesting issues with satisfying the output criteria Eq. (6). State
vector inspections reveal that this is due to complex amplitudes, meaning they are not eigenstates of mixed Hadamard
basis, as our approach requires.

Thus, these are two examples of low satisfiability of the output criteria where reduction is unsuccessful. One where

uniformity is not satisfied, and the other where the amplitudes are not real.

6.2 Mutant Sensitivity

We observed that the Default approach hardly detected phase flip faults. By hardly, we mean that this score is minuscule,
possibly due to false positives. This is expected as phase flip faults to the final state vector cause flipped signs in the
probability amplitudes. Consequently, we cannot discover such Z faults, even if we were to perform an infinite number

of measurements in the computational basis.
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X Fault vs. Z Fault Detection Tradeoff. While the Z gate acts as a bit flip gate in our reduced basis, allowing
phase flip fault discovery, the X gate also modifies its behaviour. We can see from the transformations X |+) = |+) and
X |-) = —|-) that X may act as a phase flip gate in the mixed Hadamard basis. Thus, the X and Z gates switch roles,
such that in the mixed Hadamard basis, the X gate acts as Z and Z acts as X. This explains why we may observe a
reduced detectability of X mutants in our evaluation. The Gs category was the only one that did not experience such
an increase, but rather increased detection of X faults. However, we can partially attribute this to the nature of the
program category. Due to the large reductions that occur for Gs, there is a smaller number of states in the reduced PS
when compared to the other categories’ PSs. Thereby, by performing an X gate fault, a basis state not present in the PS
is created with a high probability.

6.3 Greedy vs. Random

The Greedy approach can get stuck in local minima, such as [1, H, 1] demonstrated in our example (see Fig. 3).
Considering this, one might expect the Random approach to outperform Greedy when sufficient samples are available
to explore the search space of bases. In our experimental setup, we observed that the Greedy approach generally

outperformed the Random approach when given the same number of samples, even in systems with fewer qubits.

Curse of Dimensionality The search runtime for Random is comparable to Greedy, both scaling as O (#Qubits?), but
given the exponential growth of the search space (2*Q4bi5) Random struggles with the curse of dimensionality [39, 69].
This could limit Random’s effectiveness, particularly as the number of qubits increases, as finding a good basis becomes
less likely. While increasing the number of random searches might improve the outcomes, the exponentially larger

search space makes significant improvements unlikely without incurring substantial runtime overhead.

Some Bases are Only Discovered by Random. The probabilistic nature of the Random approach allows it to
occasionally find bases that are not reachable by Greedy, which terminates once no further reductions are identified.
This characteristic can be advantageous in scenarios where the search landscape contains multiple viable pathways to a
reduction, as shown in Example A in the appendix [47]. However, the random approach samples from an exponentially
increasing search space of bases. Thus, Random occasionally selects a basis that adds more runtime than it saves due to
a high number of Hadamard gates. This is not the case for Greedy, except for some outliers. Greedy, thus, for higher
qubit counts of Gs, converges consistently to a basis that results in an improved test runtime over Default while Random

is considerably less consistent for high qubit counts.

6.4 Practical Aspects for QST.

Here, we discuss the practical considerations of our approach and results.

Obtaining the Default PS. As our reduction approach assumes that we have access to the state vector of the SUT,
serving as a program’s “Default PS”, we now discuss how we obtain it in practice. We see two approaches to obtain a
correct final state vector. The first is through experimental methods such as quantum state tomography [46], which
reconstructs the density matrix of a given program. Although full state tomography is resource-intensive and requires
exponentially many measurements, more efficient quantum state tomography approaches remain an active research
field [7, 11, 16, 44, 65]. Weakly entangled states, such as those we consider, may allow for efficient state tomography

using matrix-product state tomography [11, 57]. The second is through mathematical methods of analytical calculation
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from probability amplitude expressions. Such as the known transformation formula of quantum Fourier transform or

amplitude amplification [46].

Is Greedy Better than Random? While Greedy has an inbuilt stopping criteria for the number of objective function
executions, Random requires this as input. The Greedy approach searches more specific paths through the basis search
space, while Random may explore more parts of the space. The potential drawbacks of applying the Greedy approach as
opposed to Random is: (1) the vulnerability of Greedy to get stuck in local minima, and (2) the inability to find certain
bases. We could alleviate (1) through techniques like Basin Hopping [70], incorporating random basis changes to find
previously unavailable search paths. While (2), however, could result in the Greedy approach being unable to detect
certain faults if the undiscovered basis is required to detect a particular fault. The potential drawbacks of Random as
opposed to Greedy are: (1) the curse of dimensionality from exponentially growing search spaces and (2) requiring a
specified number of random samples to be input to the algorithm. We can alleviate (2), however, through specifying a
formula for the number of searches, such as applying the theoretical runtime formula of the Greedy approach (see
appendix [47]).

Thus, while our results show that both Greedy and Random often perform similarly, the Greedy algorithm’s tendency
to find higher reductions more consistently for higher qubit counts suggests it may be more reliable for practical
applications. This is because more qubits, rather than fewer, will be required by future quantum programs to obtain

quantum advantage [12, 30].

Reduction-Circuit We see a practical limitation of our approach from how we perform the reduction. While our
reduction approach avoids exponential computation of the inverse matrix problem by performing reductions in the
reduction circuit, we assume that the circuit can be initialized to the “Default PS”. In our experiments, we initialize the
state vector directly for experimental simplicity. For a real device, gate instructions create this initialization instead.
However, we argue that this threat is mitigated by the same gate instructions that gave us the “Default PS” in the first

place. Thus, if we can obtain a “Default PS”, we can also initialize it.

7 Related Work

This section discusses related work.

Abstraction of Quantum Circuits To harness the benefits of quantum algorithms, efficient methods for designing
and automating software are crucial in quantum software engineering. The work of Wille et al. [74] tackles this by
abstracting quantum concepts, such as circuits and state vectors, using decision diagrams to simplify quantum design
automation. Similarly, our reduced program specification advances the abstraction of quantum program specifications
in QST by introducing basis dependence. Although our approach is complemented by the high level abstractions from

Wille et al. [74], our experimental evaluation demonstrates how these abstract concepts can practically improve QST.

Projective Measurements In the work of Li et al. [37], projective measurements are applied by runtime assertions
to obtain more efficient and effective testing. They provide an implementation strategy for their assertions along with a
case study of realistic quantum algorithms such as Shor’s algorithm and HHL. While our projective measurements
consider mixed Hadamard bases, similar to their superposition assertions, they also include projective measurements
for validating maximally entangled states, such as with the Bell basis. In their approach, knowledge about the quantum
algorithms is utilized to obtain their initial projections. Similarly, we do the same to obtain our “Default PS”, which we in

turn utilize through our approach to obtain our projective measurements. Thus, we view our approach as complimentary
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on the theoretical side, offering a similar approach, but we include program specifications as a high level software testing
component to guide QST on the implementation side. In addition, our experimental evaluation provides empirical

evidence of the success of projective measurements in general for more efficient and effective QST.

Other QST Methodologies In quantum symbolic execution, Nan et al. [45] exploit quantum superposition to provide
multiple inputs to a quantum program test SUT, effectively reducing the quantum resource requirements. Although
their approach does not detect end-circuit phase flip faults, as X basis measurements are required, they obtain a large
input coverage. We only use a single input for each of our study subjects, focusing on a larger coverage on the output
side.

Another approach by Paltenghi and Pradel [49] based on metamorphic testing utilizes metamorphic relations by
comparing the statistical distributions between a source and a transformed follow-up quantum program. Some benefits
of this approach is that it allows for a more high level handling of programming bugs on the language specific statement
level, in addition to requiring less knowledge about the quantum algorithm making it easily applicable. However, in
order to detect circuit faults efficiently and effectively, especially phase flip faults, a metamorphic relationship with
quantum-specific algorithmic knowledge could be required. By employing projective measurements such as in our

approach or in Li et al. [37], we may alleviate both efficiency of sampling and detection of phase flip faults.

8 Conclusions and Future Directions

In the growing field of quantum computing, efficient and effective quantum software testing is essential. To this aim,
we proposed an approach to reduce quantum program specifications to perform projective measurements in mixed
Hadamard bases. We empirically evaluated our approach and found that reduction is highly efficient and effective, with
the Greedy approach outperforming the Random baseline in terms of average reduction rate and runtime. Specifically,
reductions were most effective in the Grover Search (Grov) and Graph States (Gs) categories, demonstrating high and
consistent reduction rates, whereas Quantum Walk (Qwalk) and Various (Var) categories showed significantly poorer
performance.

Regarding the impact on quantum software testing (QST) efficiency, our reduction approach enhanced testing
efficiency compared to the Default approach where only computational basis measurements are performed, with the
Greedy method slightly more favorable in Gs programs for larger specifications. The greatest improvements were noted
in Grov and Gs categories, highlighting the influence of program characteristics on reduction success. However, the
correlation between the degree of reduction and actual runtime improvements was Moderate, indicating that reductions
do not uniformly predict efficiency improvements.

Regarding the effectiveness of QST, applying reduced specifications significantly improved mutation scores, partic-
ularly through enhanced detection of phase flip faults. Although the performance between reduction methods was
generally comparable, the Greedy approach showed a slight advantage in the Gs category. The overall correlation
between reduction and mutation score effectiveness was Negligible overall, driven by program characteristics and
the inverse relationship of detecting X and Z faults. These results underline the potential and limitations of reduction
approaches in enhancing the efficiency and effectiveness of QST, providing valuable insights into the dependency of
performance gains on specific program characteristics and reduction strategies.

Going forward, future research should explore two promising areas. The first involves developing methods to obtain

program specifications empirically or mathematically to streamline the reduction process. The second area focuses on
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generalizing the reduction algorithm using advanced search techniques like genetic algorithms, further extending the

types of projective measurements our approach can support.
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