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Mixed Finite Elements

K.-A. Mardal1,2 and H. P. Langtangen1,2

1 Simula Research Laboratory
2 Department of Informatics, University of Oslo

Abstract. This chapter explains the need for mixed finite element methods and
the algorithmic ingredients of this discretization approach. Various Diffpack tools
for easy programming of mixed methods on unstructured grids in 2D and 3D are
described. As model problems for exemplifying the formulation and implementa-
tion of mixed finite elements we address the Stokes problem for creeping viscous
flow and the system formulation of the Poisson equation. Efficient solution of the
linear systems arising from mixed finite elements is treated in the chapter on block
preconditioning.

4.1 Introduction

In this Chapter we will study two fundamental mathematical models in
physics and engineering: the Stokes problem for slow (creeping) incompress-
ible viscous fluid flow and the Poisson equation for, e.g., inviscid fluid flow,
heat conduction, porous media flow, and electrostatics. The Stokes problem
cannot be discretized by a straightforward Galerkin method as this method
turns out to be unstable in the sense of giving non-physical oscillations in
the pressure. Mixed finite element methods, however, result in a stable so-
lution. In this chapter we use the term mixed finite elements, when the dif-
ferent physical unknowns utilize different finite element basis functions. In
the Stokes problem, one example is quadratic elements for the velocity and
linear elements for the pressure. The Poisson equation, on the other hand,
does not need mixed finite element methods for a stable solution. However, if
the main interest regards the gradient of the solution of the Poisson equation,
the mixed formulation seems more natural because the gradient is one of the
unknowns.

In the past, two particular difficulties have prevented widespread applica-
tion of mixed finite element methods: (i) lack of convenient flexible implemen-
tations of the methods on general unstructured grids and (ii) the difficulty
of constructing efficient solvers for the resulting linear systems. This chap-
ter pays attention to the first issue, while a companion chapter [15] deals
with the second. Actually, the methods and software from this chapter have
applications far beyond the two model problems on which this exposition is
focused. To the authors knowledge, Diffpack is at the time of writing the only
software package that supports easy and flexible programming with mixed
finite element methods on unstructured grids, coupled with state-of-the-art
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iterative schemes, like multigrid, for optimal solution of the linear systems
[15].

4.2 Model Problems

4.2.1 The Stokes Problem

The Stokes problem can be formulated as follows:

−µ∇2u + ∇p = f in Ω, (equation of motion), (4.1)

∇ · u = 0 in Ω, (mass conservation), (4.2)

u = h on ∂ΩE , (4.3)

∂u

∂n
+ pn = 0 on ∂ΩN . (4.4)

Here, u is the velocity of the fluid, p is the pressure in the fluid, f represents
body forces and n is the unit normal vector pointing out of Ω. The bound-
ary ∂Ω = ∂ΩE ∪ ∂ΩN , where ∂ΩE and ∂ΩN are the parts with essential
and natural boundary conditions, respectively. The Stokes equation is the
stationary linearized form of the Navier-Stokes equations and describes the
creeping (low Reynolds number) flow of an incompressible Newtonian fluid.

4.2.2 The Mixed Poisson Problem

The Poisson equation

−∇ · (λ∇p) = g in Ω, (4.5)

p = h on ∂ΩE , (4.6)

∂p

∂n
= k on ∂ΩN , (4.7)

appears in many physical contexts. The boundary ∂Ω = ∂ΩE ∪ ∂ΩN , where
∂ΩE and ∂ΩN are the parts with essential and natural boundary condi-
tions, respectively. The λ is here assumed to be a scalar function such that
λmin ≤ λ(x) ≤ λmax, where λmin and λmax are positive real numbers and
x ∈ Ω. One interpretation regards porous media flow, where (4.5) arises
from a conservation equation combined with Newton’s second law. The mass
conservation equation reads ∇ · u = g, where u is some flux and g denotes
the injection or production through wells in groundwater flow or oil recovery.
Newton’s second law can be expressed by Darcy’s law u = −λ∇p, where λ
denotes the mobility. This equation can be established as an average of the
equation of motion in Stokes problem over a large number of pores. In porous
media flow we are primarily interested in u, which is usually computed by
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solving the Poisson equation and computing u = −λ∇p numerically. The nu-
merical differentiation implies a loss of accuracy. The mixed formulation of
the Poisson equation allows us to approximate the velocity u as one of the un-
knowns. When applying mixed finite element methods the Poisson equation
is reformulated as a system of partial differential equations (PDEs):

1

λ
u + ∇p = 0 in Ω (Darcy’s law), (4.8)

∇ · u = g in Ω (mass conservation), (4.9)

p = h on ∂ΩN , (4.10)

∂p

∂n
= u · n = k on ∂ΩE . (4.11)

Notice that the essential boundary conditions in (4.6) appear as natural con-
ditions in this formulation, while the natural conditions in (4.7) are essential.

Although the Stokes problem and the Poisson equation have seemingly
similar mathematical structure, they require different types of mixed finite
element methods. Knowing how to solve these two classes of problems should
provide sufficient information to solve a wide range of systems of PDEs by
mixed finite element methods.

The present chapter is organized as follows. In Section 4.3, we present the
basic theory of mixed systems in an abstract setting. This abstract theory
will introduce the Babuska-Brezzi conditions, i.e., the conditions that the
mixed elements should meet. In Section 4.4, we present finite element spaces
appropriate for solving our model problems and the corresponding software
tools. We present the implementation of the simulators in Sections 4.5 and
4.6. Efficient iterative schemes, with multigrid, are described in [15]. The
mixed finite element method is analyzed in [3,9].

4.3 Mixed Formulation

In this section we shall derive the finite element equations for our two model
problems. First, we apply the weighted residual method [9] to the systems
of PDEs and derive the resulting discrete equations. Thereafter, we present
continuous mixed variational formulations, which can be discretized by intro-
ducing appropriate finite-dimensional function spaces [9]. The discretization
of our problems needs to fulfill the discrete version of the Babuska-Brezzi
conditions, which motivates the special finite elements presented in Section
4.4.

4.3.1 Weighted Residual Methods

The Stokes Problem. The starting point of a weighted residual formulation
is the representation of the unknown scalar fields in terms of sums of finite
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element basis functions. In the Stokes problem we need to use different basis
functions for the velocity components and the pressure. Hence, we may write

u ≈ v̂ =

d
∑

r=1

nv
∑

j=1

vr
j erNj , (4.12)

p ≈ p̂ =

np
∑

j=1

pjLj . (4.13)

We use u for the continuous vector field, while v is the vector consisting of
the velocity values at the nodal points. The Nj and Lj denote the j-th basis
functions for the velocity and the pressure, respectively. The {er} are the
unit vectors in Cartesian coordinates and d is the number of space dimen-
sions. The number of nodes for the velocity and the pressure are nv and np,
respectively. Notice that the nodal points of the velocity and pressure fields
do not necessarily coincide. The unknowns {vr

j} and {pj} are represented as
vectors,

v = [v1
1 , v1

2 , . . . , v1
nv

, v2
1 , . . . , v2

nv
, . . . , vd

1 , . . . vd
nv

], (4.14)

p = [p1, p2, . . . , pnp ] . (4.15)

The numbering used in (4.14) and (4.15) is only one of many possible
numberings, which are described in Section 4.4.4.

Inserting the approximations v̂ and p̂ in the equation of motion and the
equation of continuity results in a residual since neither v̂ nor p̂ are in general
exact solutions of the PDE system. The idea of the weighted residual method
is to force the residuals to be zero in a weighted mean. Galerkin’s method
is a version of the weighted residual method where the weighting functions
are the same as the basis functions Ni and Li. Application of Galerkin’s
method in the present example consists of using Ni as weighting function
for the equation of motion and Li as weighting function for the equation
of continuity. In this way we generate dnv + np equations for the dnv + np

unknowns in d space dimensions. The second-order derivative term in the
equation of motion is integrated by parts. This is also done with the pressure
gradient term ∇p̂. The resulting weighted residual or discrete weak form is
as follows:

∫

Ω

(

µ∇v̂r · ∇Ni −
∂Ni

∂xr
p̂

)

dΩ =

∫

Ω

frNi dΩ, r = 1, . . . , d, (4.16)

∫

Ω

Li∇ · v̂ dΩ = 0 . (4.17)

Notice that we have assumed open boundary conditions, ∂v

∂n + pn = 0. The
notation v̂r means the r-th component of v̂,

v̂r = v̂ · er =
∑

i

vr
i Ni, (4.18)
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with a similar interpretation for the other quantities with superscript r.
Inserting the finite element expressions for v̂ and p̂ in (4.16)–(4.17), gives

the following linear system:

nv
∑

j=1

Aijv
r
j +

np
∑

j=1

Br
ijpj = cr

i , i = 1, . . . , nv, r = 1, . . . , d, (4.19)

d
∑

r=1

nv
∑

j=1

Br
jiv

r
j = 0 i = 1, . . . , np, (4.20)

where

v̂r =

nv
∑

j=1

vr
j Nj , (4.21)

p̂ =

np
∑

j=1

pjLj , (4.22)

Aij =

∫

Ω

µ

(

d
∑

k=1

∂Ni

∂xk

∂Nj

∂xk

)

dΩ, (4.23)

Br
ij = −

∫

Ω

∂Ni

∂xr
LjdΩ, (4.24)

cr
i =

∫

Ω

frNidΩ . (4.25)

The Poisson Problem. The expansions (4.12)–(4.13) are natural candidates
when formulating a weighted residual method for the Poisson equation ex-
pressed as a system of PDEs (4.8)–(4.9). A Galerkin approach consists of
using Ni as weighting functions for (4.8) and Li as weighting functions for
(4.9). The pressure gradient term in (4.8) is integrated by parts, resulting in
the following system of discrete equations:

nv
∑

j=1

Aijv
r
j +

np
∑

j=1

Br
ijpj = 0 i = 1, . . . , nv, r = 1, . . . , d, (4.26)

d
∑

r=1

nv
∑

j=1

Br
jiv

r
j = gi i = 1, . . . , np, (4.27)
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where

v̂r =

nv
∑

j=1

vr
j Nj , (4.28)

p̂ =

np
∑

j=1

pjLj , (4.29)

Aij =

∫

Ω

NiNjdΩ, (4.30)

Br
ij = −

∫

Ω

∂Ni

∂xr
LjdΩ, (4.31)

gi =

∫

Ω

gLidΩ . (4.32)

4.3.2 Mixed Elements, Do We Really Need Them?

It is natural to ask whether mixed finite elements are actually needed. What
will happen if one just discretizes the problem with a standard technique?
One will then often experience non-physical pressure oscillations. The reason
is that the pressure is not uniquely determined. This ambiguity comes in
addition to the fact that the pressure is only determined up to a constant.

In this Section, the problem is presented from a purely algebraic point of
view, to motivate that a naive discretization may lead to trouble (see also
[18]). A typical discretization of the above described problems results in a
matrix equation of the form:

A
[

v

p

]

=

[

A BT

B 0

] [

v

p

]

=

[

f

g

]

. (4.33)

When is A invertible? The matrix is of dimension (n + m)× (n + m), where
n is the length of the vector v and m is the length of p. A is an n×n matrix,
which is invertible for the problems considered here, and B is m×n. We may
therefore multiply the first equation by A−1 and obtain

v = A−1f − A−1BT p . (4.34)

We insert (4.34) in the second equation of (4.33) and get,

Bv = B(A−1f − A−1BT p) = g,

or in other words, we must solve

−BA−1BT p = g − BA−1f .
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Hence, the system (4.33) is invertible if BA−1BT is. The BA−1BT is usually
called the pressure Schur complement. Since B is a m × n matrix it is not
obvious that BA−1BT is invertible. In fact, if the matrices come from a
discretization where the velocity and the pressure are approximated with the
same type of elements, then the pressure Schur complement is singular. This
may result in pressure oscillations. The following algebraic analogy of the
Babuska-Brezzi conditions ensure an invertible matrix A,

vT Av > 0, ∀v ∈ Kernel(B), (A is sufficiently invertible), (4.35)

and
Kernel(BT ) = {0}. (BA−1BT is invertible). (4.36)

Although, it is not easy to deduce pressure oscillations from this algebraic
discussion, it should be clear that a naive discretization does not necessarily
lead to a well posed (at least non-singular) numerical problem.

We also supply the discussion with the following remark on standard
linear elements approximation of fields with zero divergence. This is often
refereed to as the locking phenomenon in elasticity theory (see, e.g., [2]).

Remark: The Locking Phenomenon. In the Stokes problem the approximate
solution of the velocity should be divergence free, and it is not obvious that
standard linear elements will give a good approximation under this constraint.
In fact, an example of extremely poor approximation properties can be con-
structed with linear continuous elements and homogeneous Dirichlet bound-
ary conditions. The only divergence free function satisfying these conditions
is v̂ = 0, regardless of the mesh parameter h. (This result depends on the
geometry of the triangulation, but it will often hold.) Hence, regardless of
the equation we want to solve, the constraint, div v̂ = 0, enforces v̂ = 0.

These phenomena clearly shows that a careful discretization of our model
problems is needed. We will now address the abstract properties that should
be met by the mixed elements. The following conditions will ensure a well-
posed discrete problem (i.e., there exist a unique solution depending contin-
uously on the data).

4.3.3 Function Space Formulation

Both our problems can be viewed within the same abstract setting. Let H

and P be suitable Hilbert spaces for u and p, respectively. Then both these
model problems can be formulated as follows:
Find (u, p) ∈ H × P such that

a(u, w) + b(p, w) = (f , w), ∀w ∈ H,
b(q, u) = (g, q), ∀q ∈ P .

(4.37)

The analysis of the mixed finite elements is related to this specific structure
of the problem. We will need the following spaces:
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– L2(Ω) = { w |
∫

Ω

w2dΩ < ∞}

– Hk(Ω) = { w | ∑

|α|≤k

∫

Ω

(Dαw)2dΩ < ∞}, where k = |α| and

Dαwi =
∂|α|wi

∂xα1
1 · · · ∂xαd

d

– H(div; Ω) = { w ∈ L2(Ω) | ∇ · w ∈ L2(Ω)}
These spaces are Hilbert spaces of vector functions, the corresponding spaces
for scalar functions, L2(Ω) and H1(Ω), are also used. Note that the deriva-
tives are in distribution sense.

The Stokes Problem. The bilinear forms associated with the Stokes problem
are:

a(u, w) =

∫

Ω

µ∇u · ∇wdΩ, (4.38)

b(p, w) = −
∫

Ω

p∇ · wdΩ . (4.39)

(4.40)

The product ∇u · ∇w is the “scalar tensor product”

∇u · ∇w =

d
∑

i=1

∇ui · ∇wi =

d
∑

i=1

d
∑

j=1

∂ui

∂xj

∂wi

∂xj
.

Suitable function spaces for this model problem are H = H1(Ω) and P =
L2(Ω). The linear forms (the right-hand sides of (4.37)) are:

(f , w) =

∫

Ω

f · w dΩ +

∫

∂ΩN

(µw · ∂u

∂n
− pn · w) ds, (4.41)

(g, q) = 0, (4.42)

where (∂u

∂n −pn) is known at the (parts of the) boundary with natural bound-
ary condition.

The Poisson Problem. The bilinear forms in the mixed formulation of the
Poisson equation read:

a(u, w) =

∫

Ω

λ−1u · w dΩ, (4.43)

b(q, u) =

∫

Ω

∇q · u dΩ = −
∫

Ω

q∇ · u dΩ +

∫

ΩN

pu · n . (4.44)
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The natural conditions here are the essential boundary conditions (4.6) As we
see from (4.44), we have two possible choices for b(·, ·). The first alternative
is b(p, w) = (∇p, w). We must then require that p ∈ H1(Ω) and u ∈ L2(Ω).
Another formulation is b(p, w) = −(p,∇ · w) +

∫

ΩN
pu · n, where we have

used integration by parts. We must then require that u ∈ H(div; Ω) and that
p ∈ L2(Ω). The difference between H(div; Ω) and H1(Ω) will be important
in the construction of the finite elements and the preconditioner in [15]. The
linear forms for the Poisson problem (the right-hand sides of (4.37)) are,

(f , w) =

∫

∂ΩN

p n · wds, (4.45)

(g, q) =

∫

Ω

g · q dΩ . (4.46)

4.3.4 The Babuska-Brezzi Conditions

In the previous section we saw that the fields u and p had different regularity
requirements. The discrete analogy should reflect these differences and we
therefore use elements designed for the problem at hand. Any combination of
elements will not work. Let us assume that we have chosen two sets of basis
functions {N i} and {Li} that span Hh and Ph, respectively. We will in the
following assume that Hh ⊂ H and Ph ⊂ P . The norms in Hh and Ph can
then be derived from H and P , respectively. The Galerkin formulation of the
problem can be written on the form:
Find (v̂, p̂) ∈ Hh × Ph such that

a(v̂, m) + b(p̂, m) = (f , m), ∀m ∈ Hh,
b(n, v̂) = (g, n), ∀n ∈ Ph .

(4.47)

This is just an abstract formulation of (4.19)-(4.20) and (4.26)-(4.27). The
matrix equation of this problem is on the form (4.33). From the above defi-
nitions of the H and P we have that a(·, ·) and b(·, ·) are bounded for both
model problems, i.e.,

a(u, v) ≤ C‖u‖H‖v‖H , ∀u, v ∈ H , (4.48)

b(q, v) ≤ C‖q‖P ‖v‖H , ∀v ∈ H , q ∈ P . (4.49)

However, the two following conditions will in general not be fulfilled. The
elements must be ”designed” to meet them.

Condition 1. There exists a constant α (independent of h) such that a(·, ·)
is H-elliptic on Hh:

a(ŵ, ŵ) ≥ α‖ŵ‖2
H

, ∀ŵ ∈ Hh . (4.50)
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This property is trivially satisfied for the Stokes problem. Elements for the
mixed Poisson problem are designed to meet this condition.

Condition 2. There exists a constant β (independent of h) such that

0 < β := inf
q̂∈Ph

sup
wh∈Hh

b(ŵ, q̂)

‖ŵ‖H‖q̂‖P
, (4.51)

The condition 2 is often called the Babuska-Brezzi condition or the inf-sup
condition. These two conditions (in addition to (4.48) and (4.49)) are nec-
essary for a well-posed discrete problem [3]. The algebraic analogies of the
conditions 1 and 2 are (4.35) and (4.36), respectively. However, there is an
important difference. The conditions are designed to ensure optimal accuracy.
Hence, for (v̂, p̂) found by (4.47) we have,

‖u − v̂‖H + ‖p − p̂‖P ≤ c( inf
v∈Hh

‖v − u‖H + inf
q∈Ph

‖p − q‖P ) . (4.52)

To get optimal accuracy, we must have β > 0 independently of h (see, e.g.,
[3]). This is not needed to ensure that the algebraic system in (4.33) is in-
vertible. The β may then decrease towards zero as the grid is refined.

Regularization of Stokes problem. We can avoid the Babuska-Brezzi condi-
tions by perturbing the problem. We restate the problem as:
find (v̂ε, p̂ε) such that

a(v̂ε, ŵ) + b(pε
h, ŵ) = (f , ŵ), ∀ŵ ∈ Hh,

b(q̂, v̂ε) − εc(q̂, p̂ε) = (g, q̂), ∀q̂ ∈ Ph,
(4.53)

where ε should be small. With this perturbation of the original problem, we
get the non-singular matrix equation,

A
[

vε

pε

]

=

[

A BT

B −εM

] [

vε

pε

]

=

[

f

g + εd

]

. (4.54)

There are mainly three methods used to construct εM , all based on perturbed
versions of the equation of continuity,

∇ · v = ε∇2p, (4.55)

∇ · v = −εp, (4.56)

∇ · v = −ε
∂p

∂t
. (4.57)

The approach (4.55) was derived with the purpose of stabilizing pressure os-
cillations and allowing standard grids and elements (see, e.g., [8]). The ε is
usually αh2, where α can be tuned. This approach is usually preferred and
does in fact satisfy a slightly more complicated version of the Babuska-Brezzi
conditions, regardless of the choice of elements. The equations (4.56) and
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(4.57) were not derived as stabilization methods, but were initiated from al-
ternative physical and mathematical formulations of viscous incompressible
flow. They are usually referred to as the penalty method and the artificial
compressibility method, respectively [7]. The penalty method allows for elim-
ination of the pressure and is usually used together with reduced integration.
A Navier-Stokes solver using the penalty method is implemented in Diffpack
and is described in [9]. The regularization techniques have relations to com-
mon operator splitting techniques [17].

4.4 Some Basic Concepts of a Finite Element

This Section presents the basics of a general finite element. We will focus on a
definition that should be easy to use in a general implementation with mixed
elements on a general unstructured mesh. This will be needed later when we
implement the finite elements appropriate to our model problems. For further
reading about the finite element method, see [2,3,10,9]. Detailed information
on finite element programming in Diffpack can be found in [9,13].

4.4.1 A General Finite Element

Consider a spatially varying scalar field f(x), where x ∈ Ω ⊂ IRd. The

field f(x) has the following approximate expansion f̂(x) in a finite element
method:

f(x) ≈ f̂(x) =

n
∑

j=1

αjNj(x) . (4.58)

If f also depends on time, we write

f(x, t) ≈ f̂(x, t) =

n
∑

j=1

αj(t)Nj(x) . (4.59)

We refer to Nj(x) as the basis functions in global coordinates and αj are the
coefficients in the expansion, or the global degrees of freedom of the discrete
scalar field. The choice of basis functions Nj(x) is problem dependent, and we
”should” choose them based on the regularity requirements of the differential
equation. The basis functions are piecewise polynomials and we can therefore
deduce the following (see page 67 in [10]):

Vh ⊂ H1(Ω) ⇔ Vh ⊂ C0(Ω), (4.60)

Vh ⊂ L2(Ω) ⇔ Vh ⊂ C−1(Ω), (4.61)

where C0(Ω) is the space of continuous functions and C−1(Ω) is the space
of discontinuous functions (with finite discontinuities). A vector element can
often be made as a superposition of scalar elements.
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Central to the finite element method is the partition of Ω into non-
overlapping subdomains Ωe, e = 1, . . . , E, Ω = Ω1 ∪ · · · ∪ΩE . In each subdo-
main Ωe we define a set of basis functions with support only in Ωe and the
neighboring subdomains. The basis functions are associated with a number
of local degrees of freedom. A subdomain, along with its basis functions and
degrees of freedom, defines a finite element, and the finite elements through-
out the domain define a finite element space. The finite element space has a
global number of degrees of freedom. These degrees of freedom can be the
values of the unknown functions at a set of points (nodes). From an imple-
mentational point of view, a great advantage of the finite element method is
that it can be evaluated locally and thereafter be assembled to a global lin-
ear system. We therefore focus on a local consideration of the finite element
method. Similar definitions of finite elements and more information can be
found in [2,10,9].

For each Ωe there is a parametric mapping M−1
e from the physical sub-

domain to a reference subdomain:

ξ = M−1
e (x), x = Me(ξ), ξ ∈ Ωr ⊂ IRd, x ∈ Ωe ⊂ IRd . (4.62)

The Ωr domain is often called the reference domain. The mapping of this
reference domain to the physical coordinate system is defined by a set of
geometry functions Gi(ξ), i.e., Me is defined in terms of some Gi functions.
Normally, we associate the term reference element with the reference domain
together with its degrees of freedom and basis functions.

Definition 3. An isoparametric element is a finite element for which the
basis functions and the geometry functions coincide.

However, most mixed elements are not isoparametric. Diffpack therefore has
a very general definition of a finite element. This definition is implemented
in ElmDef which is the base class for all the elements.

Definition 4. A reference element is characterized by a reference subdomain
Ωr with a set of ng points p1, . . . png , referred to as geometry nodes, such
that the mapping Me from the reference domain Ωr onto the corresponding
physical domain Ωe has the form

x(ξ) =

ng
∑

k=1

Gk(ξ)xk . (4.63)

Here xk are the coordinates in physical space corresponding to the geome-
try node pj . Moreover, the geometry function Gj(ξ) has the property that
Gj(pi) = δij , where δij is the Kronecker delta. The (transposed) Jacobi ma-
trix element Jij of the mapping Me is then given by

Jij =

ng
∑

k=1

∂Gk(ξ)

∂ξi
xj

k, (4.64)
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where xj
k is the j-th component of xk.

If the element is non-isoparametric we must also specify the basis func-
tions. We define a number nbf of basis functions Nref

1 , . . . N ref
nbf

with nb as-
sociated nodes at points q1, . . . qnb

in the reference domain. These may in
principle be chosen arbitrarily, designed for different purposes. A global basis
function is then defined in terms of a mapping of the corresponding refer-
ence basis function. We can define a global element by using the geometry
mapping Me in (4.62);

Nglob
i (x) = Nref

i (M−1
e (x)) = Nref

i (ξ).

Definition 5. The restriction of a finite element scalar field, as in (4.58), to
a finite element in the reference domain is given by

f(x)|Ωr =

nbf
∑

j=1

βjNj(ξ), ξ = (ξ1, . . . , ξd) ∈ Ωr .

Here βj are the local expansion coefficients, corresponding to the local degrees
of freedom. The local basis functions are Nj(ξ) and nbf is the number of local
basis functions.

Finite element applications usually require the derivatives with respect to
the physical (global) coordinates, ∂Ni/∂xj . The relation between derivatives
with respect to local and global coordinates is given by

∂Ni

∂ξj
= Jij

∂Ni

∂xj
,

where Jij is given in (4.64).
The basis functions in the isoparametric elements are exactly the geom-

etry functions, and the degrees of freedom are represented in the geometry
nodes. This means that we get the physical elements (shape of the element
and the expressions for the basis function in physical coordinates) by applying
the parametric mapping Me(ξ) on the reference elements. Non-isoparametric
elements might also be defined in terms of a mapped reference element. How-
ever, such elements might also have other non-equivalent definitions, as we
will see for the elements used in H(div; Ω).

4.4.2 Examples of Finite Element Spaces

This section describes some typical mixed elements and their implementation.
We also list the error estimates for each element. These estimates are used
later in the Sections 4.6.3 and 4.6.5 to verify the simulators. We assume that
the triangulation is shape-regular and quasi-uniform. To clarify the notation
introduced in the previous section we apply it to some well-known finite
elements.
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The Linear Triangle. The popular linear 2D triangular element is defined as
follows. Let the reference domain be,

Ωr = {(ξ1, ξ2) | 0 ≤ ξ1 ≤ 1, ξ2 ≤ ξ1} . (4.65)

Moreover, ng = nbf = nb = 3, Gi = Ni and

N1(ξ1, ξ2) = 1 − ξ1 − ξ2, (4.66)

N2(ξ1, ξ2) = ξ1, (4.67)

N3(ξ1, ξ2) = ξ2 . (4.68)

The geometry and basis function nodes are the corner points of the triangle;
p1 = (0, 0), p2 = (1, 0) and p3 = (0, 1). This element is named ElmT3n2D

in Diffpack. The Figure 4.1 shows the element. The basis function nodes
are indicated by the black circles. More details on the local side and node

Fig. 4.1. Sketch of the 2D linear triangle element.

numbering can be found in [11].

The 2D Piecewise Constant Element. The 2D piecewise constant element over
a triangle is defined by Ωr in (4.65), nb = nbf = 1, ng = 3, N1(ξ1, ξ2) = 1
for all ξ1, ξ2 ∈ Ωr, while Gi and pi are identical to the expressions for the
standard linear triangle element, described above. The location of the basis
function node is arbitrary, but an obvious choice is q1 = (1/3, 1/3). The name
in Diffpack is ElmT3gn1bn2D, which refers to its basic properties. It is a triangle
element, ElmT, with three geometry nodes, 3gn, and one basis function node,
1bn, in 2D, 2D. The Figure 4.2 shows the element.

As we stated in Section 4.3, our model problems require delicate com-
binations of finite element spaces, i.e, they must satisfy the Babuska-Brezzi
conditions (2). Some appropriate mixed elements are presented here and we
also discuss the implementation of these.

Mixed Elements for the Stokes Problem. We will now describe the
mixed Stokes elements implemented in Diffpack. The Mini and Taylor-Hood
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Fig. 4.2. Sketch of the 2D piecewise const element.

elements satisfy the Babuska-Brezzi conditions (4.50)-(4.51) with H = H1(Ω)
and P = L2(Ω). The Crouzeix-Raviart element is non-conforming and the
‖ · ‖H1(Ω) norm has to be replaced with the element-wise norm ‖ · ‖Hh

1(Ω)

[5].

The Taylor–Hood element. When solving Stokes problem or Navier-Stokes-
type of equations for the pressure and velocity fields, mixed finite element
methods are traditionally used. A possible choice is to let the geometry be
described by six nodes in a triangle reference element. The velocity compo-
nents may then use basis functions that coincide with the geometry functions
(ng = nb = nbf , qi = pi and Ni = Gi). The pressure field, on the other hand,
is based on an element where the geometry is the same as for the velocity field,
but where the basis functions are linear. For such an element, we see that the
basis function nodes are identical to a subset of the geometry function nodes,
the corner nodes. The corresponding basis functions are the same as in the
linear triangle element (4.66)-(4.68). Both the velocity and the pressure ele-
ments are continuous (more regularity than strictly needed for the pressure).
For sufficiently regular (u, p) we have the following approximation result for
k = 1, 2 (e.g., [9]).

‖u − v̂‖H1(Ω) + ‖p − p̂‖L2(Ω) ≤ Chk(‖u‖Hk+1(Ω) + ‖p‖Hk(Ω)), (4.69)

‖p − p̂‖H1(Ω) ≤ Chk−1(‖u‖Hk+1(Ω) + ‖p‖Hk(Ω)) .(4.70)

If Ω is convex we have,

‖u − v̂‖L2(Ω) ≤ Chk+1(‖u‖Hk+1(Ω) + ‖p‖Hk(Ω)) . (4.71)

The constant C is here and in the following used as a generic constant inde-
pendent of the mesh size h.

These elements are implemented in Diffpack as ElmT6n2D (continuous quadratic
polynomials) and ElmT6gn3bn2D (continuous linear polynomials). The same el-
ements exist on quadrilaterals and is implemented as ElmB9n2D and ElmB9gn4bn2D.
The Figure 4.3 shows the degrees of freedom in the element. In this and the
following examples we have basis function nodes for both the pressure and
the velocity. The black circles are velocity nodes, while the black squares
denote nodes for both the pressure and the velocity.
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Fig. 4.3. Sketch of the 2D Taylor–Hood element; Quadratic velocity and linear
pressure elements.

The Mini element. Another approximation can be obtained by using the
so-called Mini element [1]. The starting point is continuous linear elements
for both the pressure and the velocity. This combination does not satisfy the
Babuska-Brezzi conditions, but if we enrich the velocity space with the so-
called “bubble” function, it does. Let the triangle be numbered such that ei

are the edges at the opposite side of the vertex vi. Let λi be a linear function
such that λi(vi) = 1, while λi(xj) = 0 ∀xj on ei. The function λ1λ2λ3 is the so
called bubble function. The bubble function is zero on the edge of the element
and has therefore support only in one element. The degrees of freedom are
the nodes at the vertices and the center of the triangle. Hence, this element is
simply a linear triangle element with one additional (bubble) basis function
and the associated basis function node. Hence, ng = 3, nbf = nb = 4. The
basis functions in the reference element are

Ni(ξ1, ξ2) = Gi(ξ1, ξ2), for i ≤ 3, (4.72)

N4(ξ1, ξ2) = 27 (1 − ξ1 − ξ2)ξ1ξ2, (4.73)

where the geometry functions, Gi, are defined by the linear triangle element
(page 166). The corresponding basis function nodes read,

qi = pi, for i ≤ 3, (4.74)

q4 = (1/3, 1/3) . (4.75)

We have the following error estimate (e.g., [9]) for the Mini element:

‖u − v̂‖H1(Ω) + ‖p − p̂‖L2(Ω) ≤ Ch(‖u‖H2(Ω) + ‖p‖H1(Ω)) . (4.76)

If Ω is convex we have,

‖u − v̂‖L2(Ω) ≤ Ch2(‖u‖H2(Ω) + ‖p‖H1(Ω)) . (4.77)

We note that the approximation results rely on the linear polynomials, whereas
the bubble functions give stability.

These elements are available in Diffpack as ElmT3gn4bn2D and should be
used together with linear pressure elements, ElmT3n2D. The degrees of freedom
is shown in figure 4.4.
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Fig. 4.4. Sketch of the 2D Mini velocity element and the linear pressure element.

Definition 6. A finite element space Vh is a conforming approximation of V
if it is a subspace of V . A non-conforming finite element space approximation
of V is an outer approximation, that is, the finite element space is not a
subspace of V .

The Crouzeix-Raviart elements. The Crouzeix-Raviart element is linear and
continuous at the midpoints of the triangle edges [5]. The midpoints are the
only points where it is continuous. Hence, this element is not in H1(Ω). It is
not conforming and H1(Ω) is therefore replaced with H1

h(Ω). The element
has three basis functions and three associated basis function nodes, ng =
nbf = nb = 3. The basis functions in the reference element are,

N1(ξ1, ξ2) = 1 − 2ξ2,

N2(ξ1, ξ2) = 2(ξ1 + ξ2) − 1,

N3(ξ1, ξ2) = 1 − 2ξ1,

and the corresponding basis function nodes are

q1 = (1/2, 0),

q2 = (1/2, 1/2),

q3 = (0, 1/2).

The error estimates for this element are [5],

‖u − v̂‖H1(Ω)h
≤ Ch(‖u‖H2(Ω) + ‖p‖H1(Ω)), (4.78)

‖p − p̂‖ ≤ Ch(‖u‖H2(Ω) + ‖p‖H1(Ω)) . (4.79)

If Ω is convex we have,

‖u − v̂‖L2(Ω) ≤ Ch2(‖u‖H2(Ω) + ‖p‖H1(Ω)) . (4.80)

It is implemented as ElmT3gn3bn2D and is used with the discontinuous
constant pressure element ElmT3gn1bn2D. The degrees of freedom is shown in
figure 4.5. The white circle shows the pressure node. Note that this element
only work with essential boundary conditions.
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Fig. 4.5. Sketch of the 2D Crouzeix–Raviart element.

Mixed Elements for the Poisson Problem. This section describes mixed
elements suitable for the mixed Poisson problem. They satisfy the Babuska–
Brezzi conditions (4.50)-(4.51) with H = H(div; Ω) and P = L2(Ω). In
H(div; Ω) continuity is only needed in the normal direction on the sides of the
elements [3]. The following elements are designed to meet this requirement.

The Raviart–Thomas elements. A popular choice of elements is the Raviart-
Thomas element [19] of order 0 for the velocity approximation v̂ and discon-
tinuous piecewise constants for p̂. The Raviart-Thomas elements are designed
to approximate H(div; Ω). They are continuous only in the normal direction
across the elements boundaries. The Raviart-Thomas elements of order 0 are
on the form:

N i =





a + dx
b + dy
c + dz



 in 3D and N i =

(

a + dx
b + dy

)

in 2D . (4.81)

The constants a, b, c, d are determined such that

N i · nj =

{

1 if i = j
0 if i 6= j

. (4.82)

where N i are the basis functions and nj are the normal vectors associated
with the side i and j, respectively. This yields a global definition of the
elements.

Using (4.81)-(4.82) to the reference element geometry we get the following
basis functions in the reference element. The element has three basis functions
and three associated basis function nodes, ng = nbf = nb = 3. The ξ1

components are,

N1(ξ1, ξ2) = −ξ1,

N2(ξ1, ξ2) = −
√

2 ξ1,

N3(ξ1, ξ2) = 1 − ξ1,
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and the ξ2 components read,

N1(ξ1, ξ2) = 1 − ξ2,

N2(ξ1, ξ2) = −
√

2 ξ2,

N3(ξ1, ξ2) = −ξ2 .

The basis function nodes are,

q1 = (1/2, 0),

q2 = (1/2, 1/2),

q3 = (0, 1/2) .

While the previously mentioned elements is used such that the vector field is
composed by scalar elements,

v̂ =
∑

i

aiNi,

the Raviart-Thomas element is a vector element in the sense that

v̂ =
∑

i

aiN i .

Moreover, these vector elements need to satisfy (4.82) globally, and this is not
necessarily the case. We wish to define these elements in terms of a mapped
reference element, because this is a very flexible strategy.

Following the basic concept of scalar elements we wish to use the defi-
nition for the reference element to map the reference element to the global
element. However, the usual geometry mapping Me does not preserve the con-
tinuity in the normal direction and the mapped elements will therefore not
be in H(div; Ω). A slightly modified mapping does preserve the continuity
in the normal direction, but unfortunately the mapping can not be defined
componentwise by scalar elements. We remember the geometry mapping:

x = M e(ξ) .

In order to make elements that are continuous in the normal direction of the
mapped reference element, we must assume that the geometry mapping is
affine. Affine mappings can be expressed by

x = M e(ξ) = xe + Beξ .

for some matrix Be and a fixed point xe in physical space. The mapped
reference element can then be defined as:

N(x) =
1

det Be
Be · N ref (M−1

e (x)) . (4.83)

This mapping is implemented in MxMapping. The element is a vector element
and this is reflected in the code:
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mfe.N(d,i);
mfe.dN(d,i,k);

Here, MxFiniteElement uses MxMapping to compute the basis function and its
derivatives. Notice that this is in contrast to the standard use of vector ele-
ments composed by scalar elements,

mfe(d).N(i);
mfe(d).dN(i,k);

An example of use can be found in PoissonMx.cpp. To check whether the
element requires the special mapping one can check the boolean variable
special mapping in ElmDef or MxFiniteElement. Vector fields based on these
elements require a special initialization. This is described in section 4.6.4

The 2D Raviart-Thomas reference element is shown in Figure 4.6 and we
refer to [3,19] for more information. We have the following approximation
properties [6]:

‖u − v̂‖L2(Ω) ≤ ch‖u‖H1(Ω)) (4.84)

‖p − p̂‖L2(Ω) ≤ c(h‖p‖H1(Ω) + h2‖p‖H2(Ω)) . (4.85)

Figure 4.6 shows the degrees of freedom in the element.

Fig. 4.6. Sketch of the 2D Raviart-Thomas element for the mixed formulation of
the Poisson equation.

A Mixed Poisson Element Which is Robust for Stokes Problem All the pre-
vious elements discussed have been designed either for the Stokes problem or
the mixed Poisson problem. We will now introduce a new element described
in [16] which has good approximation properties in both cases. We will refer
to this as the ”robust” element, in lack of a better name. The polynomial
space is defined by:

V (T ) = {v ∈ P 2
3 : ∇ · v ∈ P 0, (v · n)|e ∈ P 1, ∀E(T )},
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where E(T ) is the set of edges in triangulation. This element is designed
such that the normal components on the faces are continuous, as is needed
in H(div; Ω). The tangential components are not continuous, but their mean
value are. Hence, the element is conforming in H(div; Ω), but non-conforming
in H1(Ω). The element has nine basis functions and nine associated basis
function nodes, ng = nbf = nb = 9. The ξ1 components of the basis functions
in the reference element read,

N1(ξ1, ξ2) = 2 ξ1 + 9 ξ1ξ2 − 7.5 ξ1
2 + 6 ξ1

3 − 18 ξ2
2ξ1,

N2(ξ1, ξ2) = 6 ξ1 − 36 ξ1ξ2 − 6 ξ1
2 + 36 ξ2

2ξ1 + 24 ξ1
2ξ2,

N3(ξ1, ξ2) = 6 ξ1 − 51 ξ1ξ2 − 13.5 ξ1
2 + 6 ξ1

3 + 54 ξ2
2ξ1 + 48 ξ1

2ξ2,

N4(ξ1, ξ2) =
√

2 (−7.5 ξ1 + 48 ξ1ξ2 + 18 ξ1
2 − 9 ξ1

3 − 45 ξ2
2ξ1 − 48 ξ1

2ξ2),

N5(ξ1, ξ2) =
√

2 (−3 ξ1 + 18 ξ1ξ2 + 9 ξ1
2 − 6 ξ1

3 − 18 ξ2
2ξ1 − 24 ξ1

2ξ2),

N6(ξ1, ξ2) =
√

2 (8.5 ξ1 − 36 ξ1ξ2 − 24 ξ1
2 + 15 ξ1

3 + 27 ξ2
2ξ1 + 48 ξ1

2ξ2),

N7(ξ1, ξ2) = −0.5 − 7 ξ1 + 2 ξ2 + 27 ξ1ξ2 + 25.5 ξ1
2 − 18 ξ1

3 − 18 ξ2
2ξ1 − 48 ξ1

2ξ2,

N8(ξ1, ξ2) = 6 ξ1 − 12 ξ1ξ2 − 18 ξ1
2 + 12 ξ1

3 + 24 ξ1
2ξ2,

N9(ξ1, ξ2) = 1.5 − 3 ξ1 − 2 ξ2 + 15 ξ1ξ2 − 4.5 ξ1
2 + 6 ξ1

3 − 18 ξ2
2ξ1,

and the ξ2 components are,

N1(ξ1, ξ2) = 1.5 − 2 ξ1 − 3 ξ2 + 15 ξ1ξ2 − 4.5 ξ2
2 + 6 ξ2

3 − 18 ξ1
2ξ2,

N2(ξ1, ξ2) = −6 ξ2 + 12 ξ1ξ2 + 18 ξ2
2 − 12 ξ2

3 − 24 ξ2
2ξ1,

N3(ξ1, ξ2) = 0.5 + 2 ξ1 − 7 ξ2 + 27.0 ξ1ξ2 + 25.5 ξ2
2 − 18 ξ2

3 − 48 ξ2
2ξ1 − 18 ξ1

2ξ2,

N4(ξ1, ξ2) =
√

2 (8.5 ξ2 − 36 ξ1ξ2 − 24 ξ2
2 + 15 ξ2

3 + 48 ξ2
2ξ1 + 27 ξ1

2ξ2),

N5(ξ1, ξ2) =
√

2 (−3 ξ2 + 18 ξ1ξ2 + 9 ξ2
2 − 6 ξ2

3 − 24 ξ2
2ξ1 − 18 ξ1

2ξ2),

N6(ξ1, ξ2) =
√

2 (−7.5 ξ2 + 48 ξ1ξ2 + 18 ξ2
2 − 9 ξ2

3 − 48 ξ2
2ξ1 − 45 ξ1

2ξ2),

N7(ξ1, ξ2) = 6 ξ2 − 51 ξ1ξ2 − 13.5 ξ2
2 + 6 ξ2

3 + 48 ξ2
2ξ1 + 54 ξ1

2ξ2,

N8(ξ1, ξ2) = −6 ξ2 + 36 ξ1ξ2 + 6 ξ2
2 − 24 ξ2

2ξ1 − 36 ξ1
2ξ2,

N9(ξ1, ξ2) = 2 ξ2 + 9 ξ1ξ2 − 7.5 ξ2
2 + 6 ξ2

3 − 18 ξ1
2ξ2 .
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The corresponding basis function nodes are,

q1 = (1/4, 0),

q2 = (2/4, 0),

q3 = (3/4, 0),

q4 = (3/4, 1/4),

q5 = (2/4, 2/4),

q6 = (1/4, 3/4),

q7 = (0, 3/4),

q8 = (0, 2/4),

q9 = (0, 1/4),

We have the error estimates for the mixed Poisson equation,

‖u − v̂‖L2(Ω) ≤ Ch2‖u‖H2(Ω), (4.86)

‖div (u − v̂)‖L2(Ω) ≤ Ch‖div u‖H1(Ω), (4.87)

‖p − p̂‖L2(Ω) ≤ Ch(‖p‖H1(Ω) + h‖u‖H2(Ω)) . (4.88)

The corresponding estimates for Stokes problem reads,

‖u − v̂‖H1(Ω) ≤ Ch‖u‖H2(Ω),

‖p − p̂‖L2(Ω) ≤ Ch(‖p‖H1(Ω) + ‖u‖H2(Ω)) .

The element is implemented in Diffpack as ElmT3gn9bn2Du and ElmT3gn9bn2Dv

and should be combined with the piecewise constant pressure elements, ElmT3gn1bn2D.
Figure 4.7 shows the basis function nodes.

Fig. 4.7. The degrees of freedom of the robust element.
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Remark: Stokes elements for the Poisson problem The mixed elements for
the Poisson problem considered above were such that v ∈ H(div; Ω) and
p ∈ L2(Ω). One alternative approach is to seek an approximation where
v ∈ L2(Ω) and p ∈ H1(Ω). Several of the above mentioned Stokes elements
have continuous pressure elements and one might therefore suspect that these
elements could be used. This is indeed true, at least for the Mini element and
the Taylor–Hood element. Some numerical experiments in Section 4.6.5 show
the behavior of these elements (c.f. also [16]). However, usually the highest
level of accuracy is wanted in the velocity (or else one would not use the
mixed formulation) and therefore this formulation is not often used.

4.4.3 Diffpack Implementation

The definition of the reference element is provided by a subclass of ElmDef.
This definition is based on parameters (variables) in the base class ElmDef as
well as virtual functions defined in ElmDef. For example, nb, nbf and ng are
integers in the class ElmDef having the names nne basis, nbf and nne geomt,
respectively. The virtual function geomtFunc defines the geometry functions
Gi(ξ), while the virtual function basisFunc defines the basis functions Ni(ξ).
The derivatives ∂Ni/∂ξj and ∂Gi/∂ξj are provided by the virtual functions
dLocBasisFunc and dLocGeomtFunc, respectively. Notice that the derivatives
refer to the reference coordinates ξ. It is the derivatives with respect to the
physical coordinates that are of interest. Class BasisFuncAtPt is designed
for evaluating and storing the geometry and basis functions, their global
derivatives and the (transposed) Jacobi matrix determinant, at a particular ξ
point. This class relies on information from ElmDef and the global coordinates
of the geometry nodes of the element.

Class FiniteElement is designed to offer the programmer easy access to the
global element: the basis functions, their global derivatives, and the Jacobi
determinant, evaluated at a point ξ in the reference domain Ωr (correspond-
ing to a physical point x in Ωe). Class FiniteElement is naturally based on
a layered design where it gains its information from BasisFuncGrid, ElmDef,
BasisFuncAtPt and GridFE objects. In the case of mixed finite elements, one
needs a FiniteElement object for each type of basis functions. This is provided
by the class MxFiniteElement, which contains an array of pointers (handles) to
FiniteElement objects and much of the same interface as class FiniteElement.
Scalar finite element fields are represented by FieldFE and rely on informa-
tion from FiniteElement, BasisFuncGrid and GridFE objects. FieldFE objects
are designed to represent the solution field and can be evaluated and differ-
entiated at arbitrary points.

The initial version of Diffpack was written for isoparametric elements.
Hence, most of the virtual functions in the ElmDef have a default implemen-
tation in class ElmDef for isoparametric elements (if the function will depend
on the element shape, the default version assumes a box shape).
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For instance, the Mini element is implemented in a subclasses ElmT3gn4bn2D,
which is a subclass of ElmT3n2D, which is a subclass of the base class for all
elements, ElmDef. In this case ElmT3n2D supply the information related to the
geometry of the element. All that was needed to implement ElmT3gn4bn2D was
the basis functions and the location of the basis function nodes.

The information on the elements, in particular the geometry nodes, their
connectivity and boundary indicators [9,4], is represented by class GridFE in
Diffpack. Class BasisFuncGrid contains the basis function nodes, their con-
nectivity, the boundary indicators at basis function nodes etc. In addition,
class BasisFuncGrid has a GridFE object (or rather a pointer or handle to such
an object) such that a BasisFuncGrid object has complete information of all
the geometry and basis function nodes and their relevant associated data.

When working with isoparametric elements, class BasisFuncGrid simply
uses the GridFE object for looking up information on basis function nodes and
degrees of freedom in scalar fields. For a user it is then only necessary to create
a GridFE object. When other classes are initialized with a GridFE object, and
they need information on the basis functions (class FieldFE is an example),
it is assumed that the elements are isoparametric and a BasisFuncGrid object
is easily constructed internally in these classes. None of the terms related to
the distinction between basis and geometry functions need to be familiar to
the user in the isoparametric case. In particular, class BasisFuncGrid is not
apparent at all, see for example [9].

If non-isoparametric elements are applied, the user must allocate and ini-
tialize a BasisFuncGrid for each scalar field. In this way, the extra complexity
associated with the details of non-isoparametric elements is only visible when
it is really needed. One should notice that this design goal is readily achieved
due to our usage of abstract data types and object-oriented programming.

The GridFE and BasisFuncGrid classes organize the global topology of the
geometry and basis function information. The (local) definition of the basis
functions are provided by an ElmDef subclass.

4.4.4 Numbering Strategies

Having performed the mixed finite element discretization, we end up, as usual,
with a system of linear algebraic equations. The book-keeping of element
degrees of freedom and linear system degrees of freedom is non-trivial in
mixed methods and is described in the following.

The special numbering. It is assumed that isoparametric elements are used
and that there are m unknowns per node and a total of n nodes. In other
words, one needs to use the same element type for all the unknown fields
that enter a system of partial differential equations. Problems for which this
is a suitable approach, involve the Navier equations of elasticity, the incom-
pressible Navier-Stokes equations treated by a penalty function approach,
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and simultaneous (implicit) solution of pressures and concentrations (satu-
rations) in multi-phase porous media flow. The geometry and basis function
nodes coincide, and it is natural to number the degrees of freedom of the
linear system in this sequence:

u1
1, u

2
1, . . . , u

m
1 , u1

2, . . . , u
m
2 , . . . , u1

n, . . . , um
n , (4.89)

where uj
i is the degree of freedom of scalar field no. j at node i. Given a global

node i and a scalar field number j, the global degree of freedom number is
m(i − 1) + j. The DegFreeFE class in Diffpack takes care of computing the
global degree of freedom number according to this formula.

At the element level, the structure of the special numbering is the same as
at the global level. That is, if i is a local node and j is the field number, the
associated local degree of freedom of the merged fields is m(i − 1) + j. This
information is very important since the local numbering is fundamental when
setting up the elemental matrix and vector contributions in the integrands

functions in Diffpack. The book [9] contains some relevant examples. As an
example on the special numbering, consider the 2×2 grid of bilinear elements

1 2

43

3

4 5

7 8 9

6

21

Fig. 4.8. Sketch of a 2 × 2 grid, with bilinear elements, and the corresponding
numbering of elements and nodes.

in Figure 4.8. If there is only one scalar field, the degrees of freedom number-
ing in the linear system naturally follows the nodal numbering. A measure of
the associated matrix bandwidth could be the largest difference between two
degree freedom numbers in the same element. Here this is 4 (e.g. 5 − 1 = 4
in the first element). With two unknown scalar fields, u(1) and u(2), there
are two ways of structuring the degrees of freedom in the linear system. The
suggestion above results in

u1
1, u

2
1, u

1
2, u

2
2, . . . , u

1
n, u2

n (4.90)

and depicted in Figure 4.9. Instead of numbering the local degrees of freedom
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1 2

43
9,10

1,2 3,4 5,6

7,8 11,12

13,14 15,16 17,18

Fig. 4.9. The special numbering of degrees of freedom in the linear system arising
from two unknown scalar fields over the grid in Figure 4.8.

at each node consecutively, we could first number all the degrees of freedom
of scalar field one and then number the degrees of freedom of scalar field two:

u1
1, u

1
2, . . . , u

1
n, u2

1, . . . , u
2
n (4.91)

The numbering on a 2× 2 grid is displayed in Figure 4.10. The impact of the

1 2

43
5,14

1,10 2,11 3,12

6,154,13

9,188,177,16

Fig. 4.10. A possible numbering of degrees of freedom in the linear system arising
from two unknown scalar fields over the grid in Figure 4.8.

two numberings on the bandwidth of the coefficient matrix should be clear:
9 in the first case and 13 in the second case. On a grid with q × q elements
the corresponding figures read 2q + 5 and q2 + 3q + 3!

The general numbering. The general numbering is based on the following
strategy. At the element level, a field-by-field numbering like (4.91) is used
for the element degrees of freedom,

u1
1, u

1
2, . . . , u

1
n, u2

1, . . . , u
2
n, . . . , um

1 , . . . , um
n
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where now n is the number of nodes in the element and m is the number of
unknown scalar fields. More generally, if we have nj degrees of freedom for
field no. j, we order the unknowns like this:

u1
1, u

1
2, . . . , u

1
n1

, u2
1, . . . , u

2
n2

, . . . , um
1 , . . . , um

nm
.

The corresponding global numbering is constructed from a simple (and gen-
eral) algorithm that yields a reasonable small bandwidth: For each element
we run through each local degree of freedom and increase the corresponding
global number by one, provided the local degree of freedom has not been given
a global number in a previously visited element. Such numbering of the de-
grees of freedom applied to a single scalar field is exemplified in Figure 4.11.
In element 1 we go through the local nodes 1-4 and assign corresponding

1 2

43

5

7 8 9

6

21

3 4

Fig. 4.11. The general numbering applied to a single scalar field over the grid in
Figure 4.8.

global degree of freedom numbers 1-4. In element 2, the first local degree of
freedom was already treated in element 1. The next local degree of freedom
(local node no. 2) has not been treated before and can therefore be given
the global degree of freedom number 5. The reader is encouraged to continue
the algorithm and understand how the rest of the degree of freedom numbers
arise.

Let us extend the general number example on a 2 × 2 grid to the case
where we have two scalar fields as unknowns. In the first element we then run
through the local degrees of freedom 1-4 of the first scalar field and generate
corresponding global numbers 1-4. Then we run through the four degrees of
freedom of the second scalar field and assign them to the global numbers
5-8. Proceeding with element two, the two nodes on the left have already
been treated in element 2 so the second degree of freedom of scalar field
no. 1 is assigned the global number 9, while the fourth degree of freedom of
scalar field no. 1 corresponds to the global number 10. The second scalar field
contributes with two new degrees of freedom, 11 and 12. Also in this case the
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reader should understand the rest of the global degree of freedom numbers.
Figure 4.12 shows the numbering.

1 2

43
4,8

2,6 9,11

3,7 10,12

13,15 14,16 17,18

1,5

Fig. 4.12. The general numbering applied to two scalar fields over the grid in
Figure 4.8.

Finally, we consider an example involving different number of degrees of
freedom in different fields. Again we focus on the grid in Figure 4.8, but now
we have two scalar fields with bilinear elements and one scalar field with
piecewise constant elements. The location of the degree of freedom for the
constant value in an element could be the centroid. (This example could cor-
respond to bilinear elements for a vector field and piecewise constant elements
for a scalar field.) Figure 4.13 shows the complete numbering.

4,8

2,6 10,12

3,7 11,13

15,17 16,18 20,21

1,5

19 22

9 14

Fig. 4.13. The general numbering applied to two scalar fields with 9 nodes and one
scalar field with 4 nodes over the grid in Figure 4.8.

As one can see, the general numbering requires quite some book-keeping.
This is performed by the DegFreeFE object. However, the programmer must
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explicitly deal with the local degrees of freedom numbering when setting up
the element matrix and vector, but this is quite simple, as one applies either
the special numbering or the field-by-field numbering on the element level.
The complicated details arise when going from the element to the global
degrees of freedom numbering, but class DegFreeFE hides the book-keeping
from the programmer. Some program examples appear later and illustrates
the usage of various Diffpack tools.

4.5 Some Code Examples

In this Section we will build simulators appropriate for mixed systems, step
by step. We begin with a simple demonstration program for the number-
ing schemes in Section 4.4.4 for scalar and vector fields. Then the usage of
BasisFuncGrid and special vs. general numbering in a Poisson1-like (cf. [9])
solver is shown. The next step concerns a simple version of a Stokes-problem
solver before we end up with a sophisticated block/multigrid solver for the
Stokes problem.

4.5.1 A Demo Program for Special Versus General Numbering

Section 4.4.4 presents a series of examples, Figures 4.8–4.13, on various degree
of freedom numbering strategies. Here we shall make a simple demo program
that produces these numberings. The program is found in

$NOR/doc/mixed/src/numbering/numbering.cpp

Assume we have a finite element grid stored in a GridFE object grid. Making
a DegFreeFE object directly from the grid, with one unknown per node,

DegFreeFE dof (grid, 1);

results in a standard numbering of the unknowns, which coincides with the
nodal numbering (cf. Figure 4.8). If we have two fields over the grid, i.e.,
two unknowns per node, we just alter the second parameter to the DegFreeFE

constructor:

DegFreeFE dof (grid, 2);

The resulting degree of freedom numbering corresponds to the special num-
bering (cf. Figure 4.9).

The general numbering requires a slightly different initialization procedure
of the DegFreeFE object. Now we must explicitly define a BasisFuncGrid for the
basis functions over the grid and tie a finite element field to this BasisFuncGrid
object:

BasisFuncGrid f_grid (grid);
FieldFE f (f_grid, "f");
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Notice that the field will here be isoparametric. Having the field f we can
initialize the DegFreeFE object:

DegFreeFE dof (f);

The corresponding numbering of the degrees of freedom is shown in Fig-
ure 4.11. Notice that sending a field, instead of a grid, as argument to a
DegFreeFE constructor implies the general numbering of the degrees of free-
dom.

With two scalar fields, having the same number of degrees of freedom, the
fields must be attached to a FieldsFE collector prior to initializing the degree
of freedom handler:

BasisFuncGrid u_grid (grid);
FieldFE u (u_grid, "u");
FieldFE v (u_grid, "v");
FieldsFE collection (2, "coll");
collection.attach (u, 1);
collection.attach (v, 2);

DegFreeFE dof (collection);

The degree of freedom numbering is depicted in Figure 4.12.
Our final example concerns two fields with isoparametric elements, like

u and v above, plus one field having (possibly) non-isoparametric elements.
In other words, we address the general case with several fields and different
elements in the different fields. The set-up is the same:

BasisFuncGrid u_grid (grid);
FieldFE u (u_grid, "u");
FieldFE v (u_grid, "v");

BasisFuncGrid p_grid (grid);
p_grid.setElmType (p_elm); // can change to non-isoparametric elm
FieldFE p (p_grid, "p");

FieldsFE collection (3, "coll");
collection.attach (u, 1);
collection.attach (v, 2);
collection.attach (p, 3);

DegFreeFE dof (collection);

Figure 4.13 displays the associated degree of freedom numbering.

4.6 Programming with Mixed Finite Elements in a

Simulator

Programming with mixed finite elements is closely related to programming
with isoparametric elements. The structure of the class that represents the
simulator is the same in the two cases. The basic differences are
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– Class FEM is replaced by its subclass MxFEM.

– Class FiniteElement is replaced by MxFiniteElement, which contains a set
of FiniteElement objects, each corresponding to the element type of a
field involved in the partial differential equations being solved.

– integrands is replaced by

void integrandsMx (ElmMatVec& elmat, MxFiniteElement& mfe)

– Similarly, integrands4side is replaced by integrands4sideMx, makeSystem
is replaced by makeSystemMx (with a slightly different argument list).

– The programmer must explicitly declare a BasisFuncGrid or

VecSimplest(BasisFuncGrid)

for each field type that corresponds to a primary unknown.

– All the BasisFuncGrid objects must be explicitly created and initialized
by the programmer (but the initialization is trivial, just call a function
with the element type for each field). The creation of DegFreeFE, FieldFE
and FieldsFE objects must be based on a BasisFuncGrid object as input
rather than on a straight GridFE object.

4.6.1 A Standard Solver with Some New Utilities

Consider the Poisson1 class from [9, ch. 3.1]. Now we change the test problem
a bit such that we have a numerical solution that coincides with the exact
solution regardless of the number of elements. The test problem for this
purpose reads ∇2u = 0 in [0, 1]d, with ∂u/∂n = 0 on the boundary, except
at x1 = 0 where u = 0 and at x1 = 1 where u = 1. The exact solution is then
given as u(x1, . . . , xd) = x1. This should be reproduced by any grid.

The test problem is implemented in class Laplace1 whose directory is
found in $NOR/doc/mixed/src. This class is a slight edit of Poisson1 where
we basically have thrown away the flux computations, fixed the domain, and
changed the analytical solution and the fillEssBC function. Of course, the
define and scan functions are significantly changed.

Our first task is to extend class Laplace1 to allow for a general node num-
bering, just for the purpose of explaining how one introduces BasisFuncGrid

objects in a solver and how the DegFreeFE object must be initialized. The
following modifications to class Laplace1 must be performed:

– inclusion of a BasisFuncGrid object in the class:

Handle(BasisFuncGrid) bgrid;

– definition of a menu item for the type of numbering
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– creation of the unknown field from the BasisFuncGrid object1:

bgrid.rebind (new BasisFuncGrid (*grid));
u.rebind (new FieldFE (*bgrid, "u"));

– creation of the DegFreeFE object in two ways, depending on whether the
user has chosen the special or general numbering:

if (numbering == "special")
dof.rebind (new DegFreeFE (*grid, 1));

else
dof.rebind (new DegFreeFE (*u));

– of reasons to be explained later, the fillEssBC function needs to be rewrit-
ten

These extra statements are conveniently placed in a subclass of Laplace1:

class Laplace1GN : public Laplace1
{
public:

Handle(BasisFuncGrid) bgrid;
Laplace1GN () : Laplace1() {}
~Laplace1GN () {}
virtual void define (MenuSystem& menu, int level = MAIN);
virtual void scan ();
virtual void fillEssBC ();

};

The source code is placed in a subdirectory Laplace1GN of Laplace12.
The redefinition of fillEssBC is perhaps not obvious. If we use the familiar

constructions for setting boundary conditions, e.g.,

if (grid->boNode (i, 1)) // i=geometry node, bo.ind.=1
dof->fillEssBC (i, 1.0);

a wrong solution is computed in the case of a general numbering. The reason
is that using the node counter i in dof->fillEssBC(i,1.0) implies that the
numbering of the unknowns in the linear system coincides with the numbering
of the geometry nodes. Instead of the node number i we should use the global
degree of freedom number corresponding to this node3. This number is in
general computed by

idof = dof->fields2dof (i, 1);

1 The field has a BasisFuncGrid which contains a GridFE object, making the access
to all grid information complete from a field object.

2 We have run AddMakeSrc .. to tell the makefile for Laplace1GN that the source
depends on files in the parent directory.

3 The numbering of the geometry nodes and the linear system degrees of freedom
with a general numbering differ even when there is only one unknown scalar field.
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Moreover, we should for the case of generality in the non-isoparametric case
ask BasisFuncGrid if a basis function node is subject to the boundary condi-
tion:

if (bgrid->essBoNode (i, 1))
dof->fillEssBC (idof, 1.0);

With isoparametric elements this can be simplified to

if (grid->boNode (i, 1))
dof->fillEssBC (idof, 1.0);

i.e. asking the geometry nodes for essential boundary conditions. (If there is
only one unknown per node, we have idof=i, of course.)

The next natural extension of class Laplace1GN is Laplace1Mx that allow for
the mixed versions of FEM and FiniteElement. This class is essentially a merge
of classes Laplace1 and Laplace1GN, where FEM and FiniteElement are replaced
by MxFEM and MxFiniteElement. In addition, we need a FieldsFE collection of
all fields that enter as unknowns in the linear system. Notice that changing
the elements even in the standard formulation of the Poisson problem has an
effect. The Crouzeix-Raviart element is often used in to compute the pressure
in porous media flow, because of better results than standard elements.

The new parts of the code contain the construction of a Handle(FieldsFE)

collection object, which is used in many of the mixed finite element utilities:

collection.rebind (new FieldsFE (1 /*no of fields*/, "collection"));
collection->attach (*u, 1);
dof.rebind (new DegFreeFE (*collection));

The collection object is needed when making the linear system:

makeSystemMx (*dof, *lineq, *collection, 1);

The final argument 1 represents the field number in collection whose grid
should be used for the numerical integration. (Usually, this should be the
field that has the BasisFuncGrid with the highest order elements).

The integrands routine is replaced by integrandsMx and works with an
array of FiniteElement objects, one entry for each unknown field in the
collector collection of fields. Here things are as simple as possible, i.e., only
one unknown field.

void Laplace1Mx:: integrandsMx (ElmMatVec& elmat,
const MxFiniteElement& mfe)

{
int i,j,q;
if (mfe.size() != 1)

errorFP("Laplace1Mx:: integrandsMx",
"Wrong size of MxFiniteElement");

const FiniteElement& fe = mfe(1);
const real detJxW = mfe.detJxW();
...

}

The rest of the routine is identical to Laplace1::integrands.
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4.6.2 A Simulator for the Stokes Problem

The linear system arising from the Stokes problem can be written on the
form (4.19)–(4.20). In our first implementation of the Stokes problem we
shall assemble a single merged linear system, suitable for direct methods.
The linear system is then not of the form (4.19)–(4.20), because the degrees
of freedom and equations are merged according to the general numbering.
However, at the element level, the discrete equations are on the form (4.19)–
(4.20) with nv being the number of velocity nodes and np the number of
pressure nodes in an element.

The simulator is realized as a class Stokes. Its basic contents are, as
usual, handles to a GridFE, LinEqAdmFE, DegFreeFE, FieldFE, and SaveSimRes

objects. In addition we need some new data structures for mixed methods:
BasicFuncGrid objects for specifying basis function nodes in mixed elements
and FieldsFE objects for collecting unknown fields for book-keeping of the
global set of degrees of freedom in the DegFreeFE object.

An outline of the class Stokes is listed next.

class Stokes : public MxFEM
{
protected:

Handle(GridFE) grid; // underlying finite element grid
Handle(BasisFuncGrid) v_grid, p_grid;
Handle(FieldFE) p; // Pressure
Handle(FieldsFE) v; // Velocity
Handle(FieldsFE) coll; // (v_1, ..., v_d, p)
Handle(DegFreeFE) dof;
Vec(real) linsol;
Handle(LinEqAdmFE) lineq;
Handle(SaveSimRes) database;

Ptv(real) v_inlet; // velocity at inlet
Test_case test_case;

Handle(FieldFE) error;

// used to partition scan into manageable parts:
void scanGrid();
virtual void scanData();
virtual void initFieldsEtc();
virtual void numbering();

// standard functions:
virtual void fillEssBC ();
virtual void fillEssBC4V (DegFreeFE& dof);
virtual void fillEssBC4P (DegFreeFE& dof, int P);

virtual void calcElmMatVecMx
(int e, ElmMatVec& elmat, MxFiniteElement& mfe);

virtual void integrandsMx
(ElmMatVec& elmat, const MxFiniteElement& mfe);

void makeSystemMx
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(
DegFreeFE& dof,
LinEqAdmFE& lineq,
FieldsFE& all_unknowns,
int itgrule_manager, // one of the all_unknowns components
bool compute_A = true,
bool compute_RHS = true

);

public:

Handle(FieldsFunc) usource;
Stokes ();

~Stokes ();

virtual void adm (MenuSystem& menu);
virtual void define (MenuSystem& menu, int level = MAIN);
virtual void defineData (MenuSystem& menu, int level = MAIN);
virtual void scan ();

virtual void solveProblem ();
virtual void saveResults ();
virtual void resultReport ();

};

The coll field contains all the unknown scalar fields and is required in some
mixed finite element routines. The v field is simply the velocity field as a
vector field suitable for dumping to a simres database and used later for
visualization purposes.

The first non-trivial part of the code in class Stokes concerns initialization
of the data structures. First we compute the grid, then the basis function
grids, followed by the fields, then the degree of freedom handler, and finally
the linear system. The element used in each basis function grid can be set on
the menu. A typical initialization of a basis function grid object is then like

v_grid.rebind (new BasisFuncGrid (*grid));
String v_elm_tp = menu.get ("v element");
v_grid->setElmType (v_grid->getElmType(), v_elm_tp);

with similar code for p grid. The string v element is read from the input
file, where the Crouzeix-Raviart velocity elements and the constant pressure
element is specified as,

set u element = ElmT3gn3bn2D
set p element = ElmT3gn1bn2D

The field objects for the velocity and the pressure are created from the basis
function grids:

v.rebind (new FieldsFE (*v_grid, nsd, "v"));
p.rebind (new FieldFE (*p_grid, "p"));
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The next step is to create a collector of all unknown vector and scalar fields.

coll.rebind (new FieldsFE (nsd+1,"collector"));
for (int k=1; k<=nsd; k++)

coll->attach (v()(k), k);
coll->attach (*p, nsd+1);
dof.rebind (new DegFreeFE (*coll));

In the last line the dof is made from the FieldsFE object coll. This causes
the general numbering to be used.

A central function is fillEssBC. The following code segment assigns the
essential boundary conditions (by calling up functors for the exact v at the
boundary):

const int v_nno = v_grid->getNoNodes();
int idof, i;
Ptv(real) x (nsd), values(nsd);
dof.initEssBC ();

// boundary indicators: Assume the default ones from PreproBox

// we assume that the v_x and v_y basis func nodes coincides such
// that we can use the same loop for all velocity components

for ( i=1; i<= v_nno; i++) {
if ( v_grid->essBoNode(i)) {

v_grid->getCoor(x,i);
v_anal->valuePt(values,x);
for (int d=1; d<= nsd; d++) {

idof = dof.fields2dof(i,d);
dof.fillEssBC(idof, values(d));

}
}

}

In this example we have splitted the fillEssBC function in two functions,
fillEssBC4V and fillEssBC4P. The reason is that we want to reuse these
functions in the block solvers [15] that are derived from this class. The state-
ments should be obvious from the previous material on the Laplace1GN and
Laplace1Mx solvers.

The heart of any Diffpack finite element simulator is the integrands func-
tion. In the present case this routine is more complicated than in scalar
PDE problems. The discrete equations (4.19)–(4.20) interpreted at the ele-
ment level have the suitable form for direct implementation in an integrands

routine, as we have already stated in Section 4.4.4 that the numbering of
equations and degrees of freedom at the element level is always of the field-
by-field form. We exemplify this in 2D, while the following code also works
in 3D. The element equations consist of nv equations from the x components
of the equation of motion, then nv equations from the y component (these
two correspond to r = 1 and r = 2 in (4.19)). The last np equations stem
from the continuity equation (4.20). The unknowns are the nv nodal values
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of v̂1, the nv nodal values of v̂2, and the np nodal values of p̂. The element
equations can be partitioned like this in 2D:
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(B1)T (B2)T 0
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with A = {Aij}, Br = {Br
ij}, (Br)T = {Br

ji} and ci = {ci
i}. In integrands

it is convenient to generate four block matrices: the upper left matrix, corre-
sponding to the Laplace term ∇2v,

(

A 0
0 A

)

.

The upper right matrix, corresponding to the pressure term −∇p,

(

B1

B2

)

.

The lower left matrix, corresponding to the divergence term ∇ · v,

(

(B1)T (B2)T
)

.

Finally, the lower right matrix, which is 0. With the above formulas we are
ready to present the gory details of the integrands function:

void Stokes:: integrandsMx (ElmMatVec& elmat, const MxFiniteElement& mfe)
{

const int nsd = mfe.getNoSpaceDim();
const int nvxbf = mfe(1).getNoBasisFunc();
const int nvbf = nvxbf*nsd;
const int npbf = mfe(nsd+1).getNoBasisFunc();
const real detJxW = mfe.detJxW();
real nabla;
Ptv(NUMT) values(nsd);
Ptv(NUMT) x(nsd);
mfe.getGlobalEvalPt(x);
if (usource.ok()) usource->valuePt(values,x,DUMMY);
else values.fill(0.0);
int i,j,k,d,s;
int ig,jg;

// upper left block matrix, the term -Laplace(u)*mfe(U).N(i)

for (d = 1; d <= nsd; d++){
for (i = 1; i <= nvxbf; i++) {

ig = (d-1)*nvxbf+i;
for (j = 1; j <= nvxbf; j++) {

jg = (d-1)*nvxbf+j;
nabla = 0;
for (k = 1; k <= nsd; k++)

nabla += mfe(d).dN(i,k)*mfe(d).dN(j,k);
elmat.A(ig,jg) += nabla*detJxW;
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}
elmat.b(ig) += values(d)*mfe(d).N(i)*detJxW;

}
}

// upper right block matrix, the term (dp/dx)*mfe(U).N(i)
for (s = 1; s <= nsd; s++)

for (i = 1; i <= nvxbf; i++) {
ig = (s-1)*nvxbf+i;
for (j = 1; j <= npbf; j++) {

jg = nvbf+j;
elmat.A(ig,jg) -= mfe(s).dN(i,s)*mfe(nsd+1).N(j)*detJxW;

}
}

// lower left block matrix, the term du/dx*mfe(P).N(i),
// eq.no. nubf+i
for ( d=1 ; d<= nsd; d++)

for (i = 1; i <= npbf; i++) {
ig = nvbf+i;
for (j = 1; j <= nvxbf; j++) {

jg = (d-1)*nvxbf+j;
elmat.A(ig,jg) -= mfe(nsd+1).N(i)*mfe(d).dN(j,d)*detJxW;

}
}

}

Notice that both mfe(d) hold the Ni functions and their derivatives (because
d <= nsd), whereas mfe(nsd+1) holds the Li functions. The program admin-
istration takes place in solveProblem:

void Stokes:: solveProblem ()
{

fillEssBC ();
makeSystemMx (*dof, *lineq, *coll, 1);
linsol.fill(0.0);
lineq->solve();
dof->vec2field (linsol, *coll);

database->dump(*v);
database->dump(*p);

}

The contents of solveProblem follows the set-up from the examples in [9],
except that we call makeSystemMx and use the coll collection of fields, con-
taining both v and p, both in makeSystemMx and when storing the solution of
the linear system (linsol) back in the fields (dof->vec2field).

At last, we compute the L2, L1 and L∞ norms of the error in both velocity
and pressure. This is accomplished with some functions defined in ErrorNorms,

ErrorNorms::Lnorm (*v_anal, // supplied function (see above)
*v, // numerical solution
DUMMY, // point of time
L1_error, L2_error, Linf_error, // error norms
GAUSS_POINTS); // point type for numerical integr.
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s_o <<oform("L2 error of v=%12.5e \n", L2_error);
ErrorNorms::Lnorm (*p_anal, // supplied function (see above)

*p, // numerical solution
DUMMY, // point of time
L1_error, L2_error, Linf_error, // error norms
GAUSS_POINTS); // point type for numerical integr.

s_o <<oform("L2 error of p=%12.5e \n", L2_error );

The complete source code is found in

$NOR/doc/mixed/src/Stokes

4.6.3 Numerical Experiments for the Stokes Simulator

In this section we investigate the behaviour of the error in terms of the mesh
size h. We manufacture a non-polynomial smooth solution, simply by chosing
some solutions (u, p) and then compute f . Low-order polynomial solutions
are avoided because these often lead to super convergence. Notice that u

must be divergence free and that
∫

Ω
p dΩ = 0. The manufactured solutions

and the corresponding data read,

u =

(

−sin(xy)x
sin(xy)y

)

,

p = cos(xy) − a,

a =

∫

Ω

cos(xy) dΩ,

µ = 1,

f = −∆u + ∇p .

We use this solution instead of a physical relevant problem, to verify the
implementation. It is recommended to always do such study of error behavior
to eliminate bugs before advancing to more challenging physical problems.
We measure the errors,

εv

L2(Ω) = ‖u − v̂‖L2(Ω), (4.92)

εp
L2(Ω) = ‖p − p̂‖L2(Ω) . (4.93)

(4.94)

The estimated errors are listed in Table 4.1. The Crouzeix-Raviart element
and the Mini element show second order accuracy for the velocity and first
order accuracy for the pressure, as expected from (4.76)-(4.77) and (4.79)-
(4.80). The Taylor-Hood elements are better for smooth solutions, we get
third order for the velocity and second order for the pressure, again in com-
plete agreement with (4.69)-(4.71). The results listed below are made with
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ˆ� -element error\h 2−2 2−3 2−4 2−5

Crouzeix-Raviart ε
�

L2(Ω) 2.68e-3 7.00e-4 1.78e-4 4.47e-5

Crouzeix-Raviart εp

L2(Ω)
2.18e-2 9.75e-3 4.53e-3 2.19e-3

Taylor-Hood ε
�

L2(Ω) 3.52e-4 4.39e-5 5.49e-6 6.85e-7

Taylor-Hood εp

L2(Ω)
2.06e-3 4.66e-4 1.14e-4 2.85e-5

Mini ε
�

L2(Ω) 1.63e-3 3.98e-4 9.84e-5 2.45e-5

Mini εp

L2(Ω)
4.59e-2 1.55e-2 5.51e-3 1.96e-3

Table 4.1. Error obtained with different elements.

the solver described in [15]. That is, we have used the SymMinRes solver with
a multigrid block preconditioner. It is worth noting that using a Krylov
method, like SymMinRes, without a preconditioner leads to very slow conver-
gence. Moreover, a standard preconditioner, e.g., RILU, actually often results
in breakdown, because the system is indefinite. Instead block preconditioners,
together with multigrid techniques from [14], should be used. In fact, optimal
preconditioners are constructed in [15].

4.6.4 A Simulator for the Mixed Poisson Problem

We will now describe a mixed Poisson simulator, which is very similar to the
Stokes simulator, but where we need to use some other elements. We have
mentioned earlier that the Raviart-Thomas element and the robust element
are implemented in Diffpack. Typical Stokes elements can also be used, but
then lower accuracy of the velocity is obtained. The H(div; Ω) elements are
vector elements, in the sense that the degrees of freedom correspond to vec-
tors. These elements require special initialization. Therefore, we use a boolean
variable special mapping to distinguish vector elements from the other ele-
ments. The initialization of the velocity fields reads,

if (special_mapping) {
u_x.rebind (new FieldFE (*u_bx, "u_x"));
u_y.rebind (new FieldFE (*u_by, u_x->values (), "u_y"));

} else {
u_x.rebind (new FieldFE (*u_bx, "u_x"));
u_y.rebind (new FieldFE (*u_by, "u_y"));

}

Hence, in the case of vector elements, the same vector of unknowns, u x->values(),
is used both in the u x field and the u y field. However, these fields can be
used as usual, e.g., a collection of all the fields is made as:

fields_all.rebind (new FieldsFE (3, "u-collector"));
fields_all->attach (*u_x, 1);
fields_all->attach (*u_y, 2);
fields_all->attach (*p, 3);
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The fields all object is suitable for post-processing. In the simulator for
the Stokes problem we based the DegFreeFE on coll which is similar to the
fields all object made here. However, because u x and u y share the same
unknowns we would then end up with too many degrees of freedom. Instead
only one of the velocity fields is used to initialize the DegFreeFE.

fields_numbering.rebind (new FieldsFE (2, "u-collector"));
fields_numbering->attach (*u_x, 1);
fields_numbering->attach (*p, 2);
dof_numbering.rebind (new DegFreeFE (*fields_numbering));

The degrees of freedom in the Raviart-Thomas and the robust element are
vectors (normal and tangential) rather than scalar values, and therefore the
fillEssBC routine is slightly different. We need to know the normal direction
on a side, as well as the value in a given point. To achieve this we make a
loop that goes through all local nodes in all elements,

void PoissonMx:: fillEssBC4V (DegFreeFE& dof) {
... // initialization

if (special_mapping) {

for (e=1; e<= no_elms; e++) {
nl = v_grid.getNoNodesInElm(e);
for (l=1; l<= nl; l++) {

idof = dof.loc2glob(e,l);
dof.dof2fields(idof, i, f );
if (v_grid.essBoNode (i)) {

v_grid.getCoor (x, i);
dof.fillEssBC (idof, uanalcomp->valuePt (x,e,l));

}
}

}

The element number and the local node can be used to compute the nor-
mal vector by MxMapping. This is done in the uAnalVecComp functor holding a
pointer to the analytical solution uAnal functor anal funcs. The uAnal con-
tains the analytical solution in vector form, while the uAnalVecComp computes
the value in either the normal or tangential direction. The code reads,

real uAnalVecComp:: valuePt (const Ptv (real) & p,
int elm_no, int loc_node, real t ) {

Ptv (real) values;
anal_funcs->valuePt (values, p);
MxFiniteElement mfe (data->fields_all ());
mfe.setItgRuleManager (1);
mfe.refill (elm_no);
MxMapping & mxmapping = mfe.map ();
Ptv(real) dummy(2); dummy = 0;
Ptv(real)& vector = dummy;

if (data->special_mapping) {
if (data->u_bx->getElmType () == "ElmT3gn3bn2Du") {

int side = loc_node;
vector = mxmapping.getNormalVector (side);
return values.inner(vector);
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The integrandsMx function also needs to be modified slightly. When using
vector elements, the basis functions mfe.N(1,i) and mfe.N(2,i) correspond to
the same entry in the element matrix. We manage this by using an additional
integer D, which is set to one in case of vector elements, while it is set to d

(as usual) for standard elements. The (div v̂, Li) term then reads,

// lower left block matrix, the term du/dx*mfe(P).N(i), eq.no. nubf+i
for ( d=1 ; d<= nsd; d++) {

if ( special_mapping ) D = 1;
else D = d;
for (i = 1; i <= npbf; i++)

for (j = 1; j <= nuxbf; j++)
elmat.A(nUbf+i,(D-1)*nuxbf+j) += mfe.N(3,i)*mfe.dN(d,j,d)*detJxW;

}

A suitable makeSystemMx is,

makeSystemMx (*dof_numbering, *lineq, *fields_all, 1);

This variant of makeSystemMx makes a matrix based on the numbering of
dof numbering, but base the mixed elements on fields all.

We can estimate the error with a varity the functions in ErrorNorms. Func-
tions suitable for our purpose are,

ErrorNorms::HdivNorm(*uanal, *fields_u, Hdiv_error_norm,
L2_part_error, div_part_error, inf_error, DUMMY, false);

ErrorNorms::Lnorm(*panal, *p, DUMMY, L1_error_of_p,
L2_error_of_p, Linf_error_of_p);

The complete source code is found in

$NOR/doc/mixed/src/PoissonMx

4.6.5 Numerical Experiments for the Mixed Poisson Simulator

To verify the program we construct a simple problem with a known analytical
solution,

λ = 1, (4.95)

p = cos(x ∗ y), (4.96)

v = ∇p, (4.97)

f = ∇ · v . (4.98)

We have changed the sign of p to obtain symmetry. Krylov solvers that utilize
the symmetry, like SymMinRes and Symmlq, are much more efficient than the
methods that do not, e.g, BiCGStab and Orthomin. In addition to the norms
of the errors in (4.92)-(4.93), we also measure the H(div; Ω) norm,

εv

H(div;Ω) = ‖u − v̂‖H(div;Ω), (4.99)
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The Table 4.2 shows the errors associated with the Raviart-Thomas element,
the robust element and the Mini element. Both the Raviart-Thomas element
and the robust element are designed for this problem and we get linear con-
vergence of the velocity error in H(div; Ω) and L2(Ω), whereas the pressure
converges linearly in L2(Ω), as expected from (4.84)-(4.85) and (4.86)-(4.88).
On the other hand, the Mini element approximation does not converge in
H(div; Ω). However, the velocity shows linear convergence in L2(Ω) and we
have quadratic convergence of the pressure in L2(Ω) (c.f [16]).

ˆ� -element error\h 2−2 2−3 2−4 2−5

Raviart-Thomas ε
� �

(div;Ω) 1.00e-1 5.05e-2 2.53e-2 1.26e-2

Raviart-Thomas ε
�
L2(Ω) 6.72e-2 3.36e-2 1.68e-2 8.39e-3

Raviart-Thomas εp

L2(Ω)
1.60e-2 7.69e-3 3.74e-3 1.85e-3

Robust ε
� �

(div;Ω) 6.41e-2 3.22e-2 1.62e-2 8.08e-3

Robust ε
�
L2(Ω) 5.81e-3 1.49e-3 3.79e-4 9.65e-5

Robust εp

L2(Ω)
1.48e-2 7.34e-3 3.66e-3 1.83e-3

Mini ε
� �

(div;Ω) 1.26e+0 1.32e+0 1.35e+0 1.36e+0

Mini ε
�
L2(Ω) 4.82e-2 2.42e-2 1.22e-2 6.09e-3

Mini εp

L2(Ω)
2.89e-2 8.75e-3 2.58e-3 7.42e-4

Table 4.2. Error obtained with different elements.
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Ö »YÎ�Ç�ÈÉ½�Æ�ÔA½�ÈÌ°�¯�¯�ÄÌ¯�Ç�¯�½W°�¾�ÈÉÒ�À�Î�¯p°�ÈÉö�º>°�ÈÌ»Y½�ÈÉÒ�°�Í�¯�½ÐÂ�Î�»YÂ1»YÒe¯�¾¹ÈÌ½HC0K £ úü¯ÕÒ�Í�»xÊ
°�ÍAºK°#°�Í�ÈÌÒ#½�¯�Êê¾�ÈÉÒeÀ�Î�¯p°�ÈÌökº>°�ÈÉ»Y½9ÈÌÒ#¼�½�È Ö »SÎ�Ç�ÄÌÅ�Òe°�ºS¸�ÄÉ¯>ðAºS½�¾EðAºSÒ�º�À�»Y½�Òe¯���¼�¯�½�À�¯
ÊQ¯�¯�ÒU°�ºS¸�ÄÉÈÉÒeÍ�ð7ÈÉ½LCFMHð(¯�ÎeÎ�»YÎï¯�ÒU°�ÈÌÇ$º>°�¯�Ò�Ê�Í�ÈÌÀ�ÍûºSÎe¯²¼�½�È Ö »YÎeÇ ÈÌ½ Ü ¼�½�¾�¯�Î�°�Í�¯
ºSÒ�Òe¼�Ç�Â�°�ÈÌ»Y½¹°�ÍAºK°ïÂ�Î�»YÂ1¯�ÎÓÎ�¯�ÆS¼�ÄôºSÎeÈÌ°JÅ�¯�ÒU°�ÈÉÇ²º>°�¯�Ò�Í�»SÄÉ¾ Ö »YÎ�°�Í�¯�Ò�»YÄÌ¼�°�ÈÌ»Y½ £ïÑ ½
C < Ê~¯²°�Í�¯�½ûÒe°�¼�¾�Åü°�Í�¯²ºSÒeÅ�Ç�Â�°�»S°�ÈÉÀ�Ò�Ç�»H»>°�Í�½�¯�Ò�Ò�» Ö °�Í�¯$Òe»YÄÉ¼�°�ÈÉ»Y½G» Ö Ø ¢Y£Ì¢xÙ
ºSÒ Ü °�¯�½�¾�Ò�°�»Gö�¯�Îe» £ON ºSÒ�¯�¾Ã»Y½�°�Í�¯�Ò�¯�Î�¯�ÆY¼�Äôº>Î�ÈÌ°JÅûÎ�¯�Ò�¼�Ät°�Ò"ÊQ¯�Ò�Í�»xÊ °�ÍAº>°kð
Ö »YÎ�Ô � ¯�¾Ð¾Aº>°�º å ºS½�¾ è ðrº²¼�½�È Ö »YÎeÇQP ØSR�TVU · Ù ¯�ÎeÎ�»YÎ�¯�ÒU°�ÈÉÇ²º>°�¯�ÈÌ½¹º$Òe¼�ÈÌ°�ºS¸�ÄÉ¯
¯�½�¯�Î�ÆSÅ�½�»YÎ�Ç ÀkºS½�¸r¯ï¾�¯�Î�ÈtçY¯�¾ £
Ñ ½¹°�Í�¯ÕÔ�½AºSÄsÒe¯�Àp°�ÈÉ»S½G» Ö °�Í�ÈÌÒ�ÂAºSÂ1¯�Î�Ê~¯�Òe°�¼�¾�ÅÐº>½G¯�ÄÉÄÌÈÉÂ�°�ÈÉÀïÒeÅ�Òe°�¯�Ç Ê�Í�ÈÉÀ�Í

Ö »YÎ�Ç²ºSÄÌÄÌÅ�ÈÉÒ�º�ÆY¯�½�¯�Î�ºSÄÉÈÌökº>°�ÈÉ»Y½�» Ö Ø ¢Y£t¢CÙu£/õ Í�ÈÉÒ�ÒeÅ�ÒU°�¯�ÇýÈÌÒ#ÆYÈÌçS¯�½�¸WÅ

Ø ¢Y£ E Ù ØcÚ9ÛËÜ ·uÝ ÙUÞ ÛLW�X · ß1àCáAâQØ ¾�Ètç Þ Ûûè Ù ä�å ÈÌ½�±�æ
Þ ä é »Y½�Ï<±�æ

Ê�Í�¯�Îe¯ Ü æ W�íÁØcé æ ¢�îc£�N Å�ÈÉ½W°�Î�»�¾�¼�À�ÈÌ½�Æ ã�äYW�X · Ø ¾�Ètç Þ Û�è Ù °�Í�ÈÌÒ�ÒUÅHÒU°�¯�Ç¶À�ºS½
¸r¯�ºSÄt°�¯�Î�½Aº>°�ÈÌçS¯�ÄÌÅ�Ê�Î�Èt°�°�¯�½�»Y½�°�Í�¯ïÇ�È � ¯�¾ Ö »YÎeÇ

Ø ¢Y£ZAWÙ
ØcÚ�ÛËÜ · Ý ÙUÞ Û�ß<àCáAâ�ã ä�å ÈÉ½�±�æ

¾�ÈÌç Þ ÛLW · ã ä è ÈÌ½�±�æ
Þ äêé »Y½�Ï1±�ë

��»S°�¯�°�Í�º>°�°�Í�ÈÌÒ�ÒeÅ�ÒU°�¯�Ç ºSÄÉÒe»�ÍAºSÒ�Ç�¯kºS½�ÈÉ½�Æ$Ê�Í�¯�½ W²ä é ð)ºS½�¾ÐÈÌ½¹°�Í�ÈÌÒ�ÀkºSÒe¯
°�Í�¯ïÒUÅHÒU°�¯�Ç Î�¯�¾�¼�À�¯�Ò�°�» Ø ¢Y£Ì¢xÙp£
õ Í�¯9ÒeÅ�Ç�Ç²¯p°�ÎeÈÉÀ�º>½�¾�Âr»SÒ�ÈÌ°�ÈÌçS¯$¾�¯pÔA½�ÈÌ°�¯�ÒeÅ�ÒU°�¯�Ç Ø ¢Y£ E Ù ÈÌÒ�¾�ÈÌÒ�À�Îe¯�°�ÈÉö�¯�¾�¸�Å

ºËÒe°�Î�ºSÈÌÆYÍW° Ö »YÎUÊ�ºSÎe¾øÔA½�Èt°�¯¹¯�ÄÉ¯�Ç²¯�½�°9ºSÂ�Â�Îe»WºSÀ�Í ¼�°�ÈÉÄÉÈÌö�ÈÌ½�ÆG°�Í�¯Ð½�¯pÊ ½�»S½�À�»Y½J@
Ö »YÎ�Ç�ÈÉ½�Æ�çY¯�ÄÉ»�À�Èt°JÅ²ÒeÂAºSÀ�¯�À�»Y½�ÒU°�Îe¼�À�°�¯�¾�¯kºSÎeÄÉÈÉ¯�Î~ÈÌ½$°�Í�ÈÉÒ�ÂAº>Âr¯�Î�ð�È £ ¯ £ °�Í�¯ÓÇ²È � ¯�¾
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ÒeÅ�Òe°�¯�Ç Ø ¢Y£ZAWÙ ÈÌÒÓ½�»S°ÓÈÉ½W°�Îe»H¾�¼�À�¯�¾ÐÈÉ½	°�Í�¯Õ¾�ÈÌÒ�À�Îe¯�°�ÈÉökºK°�ÈÉ»S½ £ úü¯ÕÒ�Í�»CÊïð)¸WÅ	½�¼J@
Ç²¯�Î�ÈÌÀkºSÄ�¯ � Âr¯�Î�ÈÉÇ�¯�½W°�Ò$ºS½�¾Á°�Í�¯�»YÎUÅYðw°�ÍAº>°�¼�½�¾�¯�Î"°�Í�¯�ºSÒeÒ�¼�Ç�Â�°�ÈÌ»Y½Á» Ö Òe¼��	@
À�ÈÌ¯�½W°�ÄtÅ�Î�¯�ÆS¼�ÄôºSÎ�Ò�»SÄÉ¼�°�ÈÉ»Y½�Ò�ðAÊQ¯Õ»S¸�°�ºSÈÌ½	¯�Î�Î�»SÎ�¯�Òe°�ÈÌÇ$ºK°�¯�Ò�Ê�Í�ÈÉÀ�Í¹ºSÎ�¯�¼�½�È Ö »YÎ�Ç
¸r»>°�Í�ÈÉ½ Ü º>½�¾ W £

E £��Ó§�����¬���¬¥��(§)¬����
úû¯�Ê�ÈÉÄÌÄ�¼�Ò�¯���� ä ��� Ø ± Ù °�»Ë¾�¯�½�»S°�¯�°�Í�¯ þ�»Y¸r»SÄÉ¯�çÁÒeÂAºSÀ�¯	» Ö Ò�À�ºSÄôº>Î

Ö ¼�½�Àp°�ÈÉ»S½�Ò�»S½Ë± Ê�ÈÌ°�Í�� ¾�¯�Î�Ètç>º>°�ÈtçY¯�Ò�ÈÉ½� · ä  · Ø ± Ù ð5Ê�ÈÌ°�Íû½�»SÎ�Ç !#"$! � £%A¼�Îe°�Í�¯�ÎeÇ²»YÎe¯Sð�°�Í�¯�½�»S°�º>°�ÈÉ»Y½&!'"(! �*) + ÈÌÒQ¼�Òe¯�¾9°�»�ÈÌ½�¾�ÈÌÀkº>°�¯�°�Í�º>°�°�Í�¯�½�»YÎeÇ ÈÌÒ¾�¯�Ô�½�¯�¾ Ê�ÈÌ°�ÍGÎe¯�ÒeÂr¯�À�°ï°�»�º9¾�»YÇ²ºSÈÉ½-, ¾�È/.E¯�Î�¯�½�° Ö Îe»YÇ ± £�õ Í�¯"Ò�¯�Ç�ÈÉ½�»YÎ�Ç
¾�¯�ÎeÈÌçS¯�¾ Ö Îe»YÇ °�Í�¯�ÂAºSÎU°�Èôº>Ä)¾�¯�ÎeÈÌç>º>°�ÈtçY¯�Ò�» Ö »YÎ�¾�¯�Î�¯>��¼AºSÄ0�´ÈÉÒ�¾�¯�½�»S°�¯�¾213"�1 � ðÈ £ ¯ £ 14"�1 ·� ä !5"6! ·� Û !7"8! ·� X T £~õ Í�¯�ÒeÂAºSÀ�¯9���: ä ���: Ø ± Ù Ê�ÈÌÄÉÄ�¾�¯�½�»S°�¯�°�Í�¯À�ÄÌ»YÒ�¼�Îe¯�ÈÌ½;����» Ö=<?>: Ø ± Ùp£Lõ Í�¯�¾�¼AºSÄ<ÒeÂAºSÀ�¯Ó» Ö ���: Ê�Èt°�Í$Îe¯�ÒeÂr¯�À�°Q°�»�°�Í�¯� ·ÈÉ½�½�¯�ÎïÂ�Î�»�¾�¼�Àp°�Ê�ÈÌÄÉÄ/¸1¯²¾�¯�½�»S°�¯�¾Ë¸WÅ@� X � £ %A¼�ÎU°�Í�¯�Î�Ç�»YÎ�¯>ðA ·: Ê�ÈÉÄÉÄ/¾�¯�½�»S°�¯°�Í�¯9ÒeÂAºSÀ�¯9» Ö  · Ö ¼�½�À�°�ÈÌ»Y½�Ò�Ê�Èt°�Í�Ç�¯kºS½Ëç>ºSÄÌ¼�¯�ö�¯�Î�» £H8 ÒeÂAºSÀ�¯�Ê�ÎeÈÌ°e°�¯�½�ÈÌ½
¸r»SÄÉ¾ Ö ºSÀ�¯ï¾�¯�½�»>°�¯�Ò�º EK��çS¯�Àp°�»YÎ�ç>ºSÄÉ¼�¯�¾¹ºS½�ºSÄÉ»YÆ�» Ö °�Í�¯�À�»YÎeÎ�¯�ÒeÂr»S½�¾�ÈÉ½�Æ$Ò�À�ºSÄôº>Î
Ò�ÂAº>À�¯ £ õ Í�¯$½�»S°�ºK°�ÈÉ»S½ Ø "ÌæB" Ù ÈÉÒ�¼�Ò�¯�¾�°�»Ð¾�¯�½�»S°�¯$°�Í�¯C · ÈÉ½�½�¯�ÎÕÂ�Î�»�¾�¼�À�°Õ»Y½
Ò�À�ºSÄôºSÎ�ð�çY¯�À�°�»YÎ�ð1ºS½�¾�Ç²º>°�ÎeÈ � ç>ºSÄÉ¼�¯�¾ Ö ¼�½�À�°�ÈÉ»Y½�Ò £
N ¯�ÄÌ»xÊ¿Ê~¯�ÒeÍAºSÄÌÄA¯�½�À�»Y¼�½W°�¯�Îw°�Í�¯�ÈÌ½W°�¯�ÎeÒ�¯�À�°�ÈÌ»Y½�ºS½�¾�Ò�¼�Ç » Ö ì�ÈÌÄÉ¸1¯�ÎU°/Ò�ÂAº>À�¯�Ò £

úû¯�°�Í�¯�Îe¯ Ö »YÎe¯�Î�¯�ÀkºSÄÌÄr°�Í�¯�¸AºSÒeÈÉÀ�¾�¯pÔA½�Èt°�ÈÉ»S½�Ò�» Ö °�Í�¯�Ò�¯�À�»Y½�À�¯�Â�°�Ò £wÑ Ö0D º>½�¾FE
ºSÎ�¯�ì�ÈÉÄÌ¸r¯�Îe°QÒ�ÂAºSÀ�¯�Ò�ðA¸r»S°�Í�À�»S½�°�ÈÉ½�¼�»Y¼�Ò�ÄÌÅ$À�»Y½W°�ºSÈÉ½�¯�¾9ÈÉ½�Òe»YÇ�¯�ÄôºSÎeÆY¯�ÎQì�ÈÌÄÉ¸1¯�Îe°
Ò�ÂAº>À�¯�Ò�ðH°�Í�¯�½$°�Í�¯�ÈÉ½W°�¯�Î�Ò�¯�À�°�ÈÉ»Y½ DHG E ºS½�¾$°�Í�¯�Ò�¼�Ç DJI E ºSÎe¯�°�Í�¯�Ç�Ò�¯�ÄÌçS¯�Ò
ì�ÈÌÄÉ¸1¯�Îe°�Ò�ÂAºSÀ�¯�Ò�Ê�ÈÌ°�Í�°�Í�¯ï½�»YÎeÇ²Ò!K�!MLON4P ä Ø !K�! ·L I !KQ! ·P Ù TVU ·
ºS½�¾ !K�!MLOR6P ä ÈÉ½ ÖSUT�V R�WVBX L ) W X P Ø !MYO! ·L I ![Z0! ·P Ù TVU · ë
%A¼�Îe°�Í�¯�ÎeÇ²»YÎe¯Sð�È Ö\D]G E ÈÉÒ�¾�¯�½�Ò�¯�ÈÌ½Á¸1»S°�Í D º>½�¾^E °�Í�¯�½ Ø D_G E ÙU` äD ` I E `�£ úû¯ïÎ�¯ Ö ¯�Î#°�» : K�ð�aQÍAºSÂH°�¯�Î E î Ö »SÎ�°�Í�¯�Ò�¯�Î�¯�Òe¼�ÄÌ°�Ò £
Ñ Ö'b ÈÉÒ�º"Ò�Àkº>ÄôºSÎ�ÔA¯�ÄÌ¾�°�Í�¯�½ ß1àCáAâ b Ê�ÈÌÄÉÄ�¾�¯�½�»S°�¯�°�Í�¯�ÆSÎ�ºS¾�ÈÌ¯�½W°�» Ö'b ð1Ê�Í�ÈÉÄÉ¯

¾�ÈÌç5cË¾�¯�½�»S°�¯�Ò�°�Í�¯�¾�ÈtçY¯�ÎeÆY¯�½�À�¯Õ» Ö º�çS¯�À�°�»YÎÓÔA¯�ÄÉ¾�c £ úû¯�Ò�ÍAºSÄÌÄ(ºSÄÉÒe»²¼�Òe¯�°�Í�¯
¾�Èd.r¯�½W°�ÈôºSÄr»YÂr¯�Î�º>°�»YÎ�Ò

egf à3h b ä]i Û Ï bkj Ï6Y ·Ï b
j Ï6Y T?l ºS½�¾ Î�»>°8c ä Ï8c T j Ï6Y · Û Ï8c · j Ï6Y T ë
��»S°�¯#°�ÍAº>°�ð�¾�¼�¯�°�» > Îe¯�¯�½3�aÒ�°�Í�¯�»YÎ�¯�Ç�ðW°�Í�¯�Òe¯Ó¾�¯pÔA½�ÈÌ°�ÈÉ»Y½�ÒwÄÌ¯kºS¾�°�»�°�Í�¯ Ö »SÄÉÄÉ»xÊ�@
ÈÉ½�Æü÷eÈÌ½W°�¯�ÆSÎ�º>°�ÈÉ»Y½�¸WÅ�ÂAº>Îe°�Ò Ö »SÎ�ÇÕ¼�ÄÉºSù

Ø E £t¢CÙ m�n egf à3h b "oc?pkY ä m8n b Îe»S°8c?pkY I m�qn b Ø c�"Br Ù pks�æ
Ê�Í�¯�Îe¯�r�ÈÌÒL°�Í�¯�¼�½�Èt°/°�ºS½�ÆY¯�½W°wçY¯�Àp°�»YÎwÈÉ½"°�Í�¯�À�»Y¼�½W°�¯�Î~À�ÄÉ»�À�ÿWÊ�ÈÉÒ�¯�¾�ÈÌÎ�¯�Àp°�ÈÌ»Y½"»Y½
Ï<±�ðrº>½�¾�s�ÈÌÒ�°�Í�¯�ºSÎeÀ�ÄÉ¯�½�ÆS°�Í £
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õ Í�¯ïÆYÎ�º>¾�ÈÉ¯�½�°�» Ö ºÕçS¯�À�°�»YÎ#ÔA¯�ÄÌ¾FcüÈÌÒ�¾�¯�½�»S°�¯�¾�� c/ðAÈ £ ¯ £ � cüÈÉÒ�°�Í�¯ E�� E

Ç$ºK°�Î�È � Ê�Èt°�Í�¯�ÄÌ¯�Ç�¯�½W°�Ò
Ø � c Ù�� ) � ä Ï�c � j Ï6Y � ¢	��
 æ� � EHë

ì�¯�½�À�¯>ð Ö »SÎ�ºS½WÅ Þ í�� · ºS½�¾�c í�� T: Ê~¯�ÍAºkçY¯
Û�Ø Ý Þ æ c Ù ä Ø � Þ æ�� c Ù�� m n � Þ ×�� c9pkY7æ

Ê�Í�¯�Îe¯�°�Í�¯�À�»YÄÌ»Y½�¾�¯�½�»S°�¯�Òw°�Í�¯�Ò�À�ºSÄôºSÎ/Â�Î�»�¾�¼�À�°w» Ö Ç²º>°�ÎeÈ � ÔA¯�ÄÌ¾�Ò £�� ¯�À�ºSÄÉÄ�ºSÄÉÒe»
°�Í�¯ïÈÌ¾�¯�½W°�Èt°JÅ
Ø E £ E Ù Ý ä ß<àCáAâ ¾�Ètç Û egf à3h Î�»>°�æ
Ê�Í�ÈÉÀ�ÍÐÀ�ºS½Ð¸1¯�çY¯�Î�ÈÌÔ�¯�¾ ¸WÅÐº$¾�ÈÌÎ�¯�À�°�À�»YÇ²Â�¼�°�º>°�ÈÉ»Y½ £98 Ò�º�À�»Y½�Òe¯���¼�¯�½�À�¯>ð(Ê~¯
»Y¸�°�ºSÈÉ½�°�Í�¯ïÈÉ¾�¯�½�°�ÈÌ°JÅ
Ø E £ZAWÙ Ø � Þ æ�� c Ù ä Ø ¾�Ètç Þ æ�¾�ÈÌç5c Ù I Ø Îe»S° Þ æ�Î�»S°6c Ù �rÞ í�� T æ8c í�� T: ë
Ñ ½�ºS¾�¾�Èt°�ÈÉ»S½²°�»�°�Í�¯ Ö ¼�½�Àp°�ÈÉ»S½9Ò�ÂAºSÀ�¯�Ò�ÈÉ½W°�Î�»�¾�¼�À�¯�¾�ºS¸r»xçS¯ïÊ~¯�Ê�ÈÉÄÌÄEºSÄÌÒ�»�¼�Òe¯

°�Í�¯�Ò�Â�ºSÀ�¯ � Ø ¾�Ètç Ù ä�� Ø ¾�ÈÌç���± Ù À�»Y½�ÒeÈÉÒU°�ÈÉ½�Æ�» Ö ºSÄÉÄ�çS¯�Àp°�»YÎ�ÔA¯�ÄÌ¾�ÒwÈÉ½�� · Ê�ÈÌ°�Í
¾�ÈÌçS¯�ÎeÆY¯�½�À�¯�ÈÌ½� · ðAÈ £ ¯ £

� Ø ¾�Ètç Ù ä�� c í � · ×W¾�ÈÌç c í  ·�� ë
þHÈÉÇ�ÈÉÄÉºSÎ�ÄtÅYð

� Ø Îe»S° Ù ä�� c í � · ×WÎ�»S°6c í  ·�� æ
ºS½�¾�°�Í�¯�½�»YÎ�Ç�Ò/» Ö °�Í�¯�Ò�¯�Ò�ÂAº>À�¯�Ò~ºSÎe¯�¾�¯�½�»S°�¯�¾�¸WÅ-!�" !! #" $�ºS½�¾�!�" !!%'&)(�ð�Îe¯�Ò�Â1¯�À�@
°�ÈtçY¯�ÄtÅ £ %A¼�ÎU°�Í�¯�Î�Ç�»YÎ�¯>ð � : Ø ¾�ÈÌç Ù ÈÉÒ�°�Í�¯ÓÀ�ÄÌ»YÒ�¯�¾�Ò�¼�¸�Ò�ÂAº>À�¯�» Ö � Ø ¾�ÈÌç Ù À�»Y½�Ò�ÈÌÒe° @ÈÉ½�ÆÐ» Ö�Ö ¼�½�À�°�ÈÉ»Y½�ÒÕÊ�Èt°�ÍËç>ºS½�ÈÌÒ�Í�ÈÌ½�ÆÐ½�»YÎeÇ$º>ÄQÀ�»SÇ²Â1»Y½�¯�½�°Õ»Y½�°�Í�¯9¸1»Y¼�½�¾�ºSÎeÅSð
È £ ¯ £

� : Ø ¾�ÈÌç Ù ä�� c í�� Ø ¾�Ètç Ù ×kc�"+* äêé »Y½�Ï<± � æ
Ê�Í�¯�Îe¯,* ÈÉÒ�°�Í�¯ï¼�½�ÈÌ°�»S¼�°JÊ�º>Î�¾	½�»YÎ�Ç²ºSÄrçS¯�Àp°�»YÎ £
õ Í�Î�»S¼�ÆYÍ�»Y¼H°Q°�Í�ÈÉÒ�ÂAº>Âr¯�Î.-0/ Ø "ÉæB" Ù × � T � � T�12 µ Ê�ÈÉÄÉÄ<¾�¯�½�»S°�¯�°�Í�¯�¸�ÈÉÄÉÈÌ½ @

¯kºSÎ Ö »YÎeÇ
-3/ Ø Þ æ c Ù ä Ø Þ æ c Ù I Ü · Ø � Þ æ!� c Ù ë

8 ÊQ¯�ºSÿ Ö »YÎeÇÕ¼�ÄôºK°�ÈÉ»S½�» Ö Â�Î�»Y¸�ÄÉ¯�Ç Ø ¢Y£t¢CÙ ÈÉÒ#ÆSÈÌçY¯�½�¸�Å1×%sÈÉ½�¾ Ø Þ æ ã Ù í�� T: �� ·: Ò�¼�À�Í�°�ÍAºK°
Ø E £ K Ù -3/ Ø Þ æ c Ù I Ø ã æ�¾�Ètç5c Ù ä Ø�å æ c Ù � c í�� T: æØ ¾�Ètç Þ æ b Ù ä Øè æ b Ù � b í  ·: ë
ì�¯�Î�¯�ÊQ¯�ºSÒeÒ�¼�Ç�¯�°�ÍAº>°�¾�º>°�º ØJå æ è Ù ÈÉÒ�ÆYÈtçY¯�½�ÈÌ½ � X T �- ·: £õ Í�¯�Â�Î�»S¸�ÄÉ¯�Ç Ø E £ K Ù Í�ºSÒ"ºÐ¼�½�È���¼�¯�Òe»YÄÉ¼�°�ÈÉ»Y½ Ø Þ æ ã Ù í4� T: �  ·: £Ëõ Í�ÈÌÒÖ »YÄÉÄÌ»xÊ�Ò Ö Î�»YÇ ÒU°�ºS½�¾AºSÎ�¾�Î�¯�Ò�¼�Ät°�Ò Ö »YÎ�þ�°�»SÿS¯�Ò�Â�Î�»S¸�ÄÉ¯�Ç�ð�À Ö £ Ö »SÎ�¯ � ºSÇ²Â�ÄÉ¯#: ¢S¢�îy£
ì�»xÊ~¯�çY¯�Î�ð/°�Í�¯$¸1»Y¼�½�¾Ë»S½ Ø Þ æ ã Ù í5� T: �  ·: Ê�ÈÉÄÉÄ�¾�¯�ÆY¯�½�¯�Î�ºK°�¯9ºSÒ Ü °�¯�½�¾�Ò°�»�ö�¯�Îe» £9Ñ ½ Ö ºSÀp°kð Ö »YÎï°�Í�¯�Î�¯�¾�¼�À�¯�¾�Â�Î�»S¸�ÄÉ¯�Ç Ø E £ K Ù Ê�ÈÌ°�Í Ü�ä é °�Í�¯²Ò�ÂAºSÀ�¯
� T: �  ·: ÈÉÒ#½�»S°�º�Â�Î�»YÂ1¯�Î Ö ¼�½�À�°�ÈÌ»Y½�Ò�ÂAº>À�¯ Ö »YÎ�°�Í�¯�Òe»YÄÉ¼H°�ÈÉ»S½ £ ì�»CÊ~¯�çS¯�Î�ð1°�Í�¯°�Í�¯�»YÎeÅ�¾�¯�çY¯�ÄÉ»YÂ1¯�¾¿ÈÉ½ : <>î ÀkºS½Á¸r¯�ºSÂ�Â�ÄÉÈÉ¯�¾�ÈÉ½�°�Í�ÈÌÒ"ÀkºSÒe¯�È Ö Ê~¯�Òe¯�¯�ÿ Ø Þ æ ã Ù
¯�Èt°�Í�¯�Î/ÈÉ½ � : Ø ¾�ÈÌç Ù �  ·: »YÎ�ÈÌ½�� · � Ø � T G  ·: Ù ð�ºS½�¾�Ê�ÈÌ°�Í²¾�º>°�º ØJå æ è Ù ÈÉ½�°�Í�¯
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Â�Î�»SÂr¯�Î�¾�¼AºSÄEÒ�ÂAºSÀ�¯�Ò £wõ Í�¯�Ò�¯ïÎe¯�Ò�¼�ÄÌ°�Ò�º>Î�¯�ÈÌ½ Ö ºSÀ�°#À�»Y½�Òe¯���¼�¯�½�À�¯�Ò�» Ö Òe°�ºS½�¾Aº>Î�¾
Î�¯�Ò�¼�Ät°�Ò Ö »YÎ�°�Í�¯ �(»YÈÉÒeÒ�»Y½�¯���¼AºK°�ÈÉ»S½ £
õ Í�¯ Ö º>À�°�°�ÍAº>°�°�Í�¯²Î�¯�ÆY¼�Äôº>Î�ÈÌ°JÅ¹» Ö °�Í�¯$Ò�»SÄÉ¼�°�ÈÉ»Y½GÈÉÒ�À�ÍAºS½�ÆS¯�¾ËÊ�Í�¯�½ Ü ¸r¯�@

À�»YÇ�¯�Ò�ö�¯�Î�»ÁÒe°�Î�»Y½�ÆSÄÌÅ Ò�¼�ÆYÆY¯�ÒU°�Ò�°�ÍAºK° Ü ��¾�¯�Âr¯�½�¾�¯�½�°�½�»YÎeÇ²Ò�ºS½�¾ Ö ¼�½�Àp°�ÈÌ»Y½
Ò�ÂAº>À�¯�Òïº>Î�¯�Îe¯���¼�ÈÌÎ�¯�¾ÐÈÌ½	»YÎe¾�¯�Î�°�»�»Y¸H°�ºSÈÌ½	Òe°�ºS¸�ÈÌÄÉÈÌ°JÅ�¯�Òe°�ÈÉÇ²º>°�¯�Ò�ÈÌ½�¾�¯�Â1¯�½�¾�¯�½W°
» Ö Ü £ %<¼�Îe°�Í�¯�Î�Ç�»YÎe¯SðSÒeÈÉ½�À�¯~°�Í�¯QÎe¯�¾�¼�À�¯�¾�Â�Îe»Y¸�ÄÌ¯�Ç�ÈÉÒ(ÊQ¯�ÄÉÄ�Â1»YÒ�¯�¾ Ö »YÎ(°JÊ~»�À�»YÇ @
Â�ÄÉ¯p°�¯�ÄÌÅÕ¾�Èd.r¯�Î�¯�½W°~À�Í�»YÈÉÀ�¯�Ò�» Ö1Ö ¼�½�À�°�ÈÉ»Y½"ÒeÂAºSÀ�¯�Ò�ð�°�Í�ÈÌÒ/ÈÉ½�¾�ÈÌÀkº>°�¯�ÒL°�ÍAº>°/°�Í�¯�Î�¯�ºSÎe¯
º>°�ÄÌ¯kºSÒU°Ó°JÊ~»9¾�Èd.r¯�Îe¯�½W°�À�Í�»SÈÉÀ�¯�Ò�» Ö Ü ��¾�¯�Âr¯�½�¾�¯�½�°�½�»YÎ�Ç�Ò £ÓÑ ½¹Â�Î�¯�Ò�¯�½�°�ÂAº>Âr¯�Î
ÊQ¯�Ê�ÈÉÄÌÄ�Òe°�¼�¾�Å�°�Í�¯�Â�Îe»Y¸�ÄÉ¯�Ç Ø ¢Y£t¢CÙ Ê�ÈÌ°�Í�Îe¯�ÒeÂr¯�À�°Ó°�»�ºS½ Ü ��¾�¯�Âr¯�½�¾�¯�½W°�½�»YÎ�Ç
Ê�Í�ÈÉÀ�Í Îe¯�¾�¼�À�¯�Òï°�»9°�Í�¯�½�»YÎ�Ç ÈÉ½ � : Ø ¾�Ètç Ù �� ·: Ê�Í�¯�½ Ü$ä é £�� ¼�Î�ÆY»YºSÄsÈÌÒ°�»�¾�¯�Î�ÈÌçS¯²¾�ÈÉÒ�À�Î�¯p°�ÈÉö�º>°�ÈÌ»Y½�Ò�Ê�Í�ÈÌÀ�Íûº>Î�¯"¼�½�È Ö »YÎ�Ç�ÄÌÅ�Òe°�ºS¸�ÄÌ¯"Ê�Èt°�ÍGÎ�¯�Ò�Â1¯�À�°�°�» Ü
ÈÉ½�°�Í�ÈÌÒ~½�»SÎ�Ç £Lõ Í�ÈÉÒ~ºSÂ�Â1¯kº>Î�Ò~°�»�¸1¯�°�Í�¯ÓÂ�Îe»YÂ1¯�ÎQÀ�Í�»YÈÉÀ�¯ÓÈ Ö ÊQ¯�Ê�ºS½W°~°�»�ÒU°�¼�¾HÅ
¾�ÈÉÒeÀ�Îe¯�°�ÈÌökº>°�ÈÉ»Y½�ÒwÊ�Í�ÈÌÀ�Í9ºSÄÌÒ�»�ÀkºS½�¸1¯ÓÆS¯�½�¯�Î�ºSÄÌÈÉö�¯�¾²°�»Õ½�»Y½ @�Ç²È � ¯�¾²ºSÂ�Â�Îe» � ÈÌÇ$º @
°�ÈÌ»Y½�Ò#» Ö ¯�ÄÌÄÉÈÉÂH°�ÈÉÀ�Â�Î�»S¸�ÄÉ¯�Ç²Ò#» Ö °�Í�¯ Ö »SÎ�Ç Ø ¢Y£ E Ùp£
� .�� 5430,�� ú Í�¯�½ïÊQ¯�Î�¯ Ö ¯�Î)°�»�°�Í�¯ 3 . 1��
	0. 1 /��-/F(+.�� À�»SÎ�Î�¯�Ò�Â1»Y½�¾�ÈÌ½�Æ�°�» Ø ¢Y£Ì¢xÙ

ÊQ¯$Î�¯ Ö ¯�Î�°�»�°�Í�¯�ÒeÅ�Òe°�¯�Ç Ø ¢Y£t¢CÙ Ê�ÈÌ°�Í Ü�ä é ºS½�¾û°�Í�¯$¸1»Y¼�½�¾AºSÎeÅGÀ�»Y½�¾�Èt°�ÈÉ»S½
Þ äêé Î�¯�Â�ÄôºSÀ�¯�¾�¸WÅ Þ "* äêé £5õ Í�ÈÉÒ�ÒUÅHÒU°�¯�Ç ÍAºSÒ~º�Ê~¯kº>ÿ Ö »YÎ�ÇÕ¼�Äôº>°�ÈÉ»Y½ÕÆSÈÌçY¯�½
¸WÅ Ø E £ K Ù ðA¸�¼�°�Ê�ÈÌ°�Í9°�Í�¯ïÒ�»YÄÌ¼�°�ÈÌ»Y½9Ò�ÂAº>À�¯ � T: Î�¯�Â�Äôº>À�¯�¾�¸WÅ � : Ø ¾�Ètç Ùu£�õ Í�¯ïÒ�ÂAº>À�¯ � : Ø ¾�ÈÌç Ù G Ü " � T: ðHÊ�ÈÌ°�Í�½�»YÎeÇ 1 1 14"61 1 1 /#ÆYÈtçY¯�½�¸WÅ1 1 1 c51 1 1 ·/ ä ![c5! ·: I !r¾�Ètç5c5! ·: I Ü · ! � c5! ·: æ
ÈÉÒ#¯>��¼�ºSÄ�°�» � T: ºSÒ�º"Ò�¯p° Ö »YÎ Ü�� é ð�¸�¼�°�¯���¼Aº>Ä7°�» � : Ø ¾�ÈÌç Ù Ö »YÎ Üïä é £�õ Í�¯ÒeÅ�Òe°�¯�Ç Ø E £ K Ù ÀkºS½�ºSÄÌ°�¯�Îe½Aº>°�ÈtçY¯�ÄÌÅ�¸1¯�Ê�Î�Èt°�°�¯�½�ºSÒ#°�Í�¯ïÒeÅ�ÒU°�¯�Ç

� / i Þ ã l ä i å è l æ
Ê�Í�¯�Îe¯�°�Í�¯ïÀ�»�¯ ��À�ÈÌ¯�½W°�»YÂ1¯�Î�ºK°�»YÎ � /#ÈÌÒ#ÆYÈÌçS¯�½�¸WÅ
Ø E £ M Ù � / ä i Ú9ÛûÜ · Ý Û¹ß<àKá�â

¾�ÈÌç é l ë
®)¯�°�� /ï¸1¯�°�Í�¯"Â�Îe»H¾�¼�À�°�Ò�ÂAº>À�¯ Ø � : Ø ¾�Ètç Ù G Ü " � T: Ù �& ·: ºS½�¾�� `/ °�Í�¯

À�»YÎeÎ�¯�Ò�Â1»Y½�¾�ÈÌ½�Æ9¾�¼AºSÄsÒ�ÂAºSÀ�¯�Ê�ÈÌ°�ÍÐÎe¯�ÒeÂr¯�À�°ï°�»�°�Í�¯  · ��ÈÉ½�½�¯�Î�Â�Îe»H¾�¼�À�° £�õ Í�ÈÌÒ
Ò�ÂAº>À�¯�ÀkºS½�ºSÄÌÒ�»"¸r¯ï¯ � Â�Î�¯�ÒeÒ�¯�¾ÐºSÒ

� `/ ä Ø � X T Ø Î�»S° Ù I Ü X T � X T Ù �� ·: ë
ì�¯�Î�¯²°�Í�¯ I ÒeÈÉÆY½üÍAºSÒ�°�Í�¯²ÈÉ½W°�¯�Î�Â�Îe¯�°�ºK°�ÈÉ»S½ËºSÒ�°�Í�¯²Ò�¼�Ç » Ö ì�ÈÉÄÌ¸r¯�Îe°�Ò�ÂAº>À�¯�Ò�ð
ºS½�¾�°�Í�¯ïÒeÂAºSÀ�¯ � X T Ø Îe»S° Ù ÈÌÒ#ÆYÈÌçS¯�½�¸WÅ

� X T Ø Îe»S° Ù ä � c í�� X T ×WÎ�»S°8c í � X T � ë
õ Í�¯Õ»YÂ1¯�Î�º>°�»SÎ � /�ÀkºS½Ð¸1¯ÕÒ�¯�¯�½¹°�»9¸r¯�ºS½ÐÈÉÒe»YÇ²»SÎ�Â�Í�ÈÌÒ�Ç Ç²ºSÂ�Â�ÈÌ½�Æ�� /ÓÈÌ½�°�»
� `/ £ %A¼�ÎU°�Í�¯�Î�Ç�»YÎ�¯>ð�°�Í�¯�À�»YÎ�Îe¯�ÒeÂr»Y½�¾�ÈÉ½�Æ"»YÂ1¯�Î�º>°�»SÎ#½�»YÎ�Ç�Ò1 1 � /o1 1 ��� L�� ) L����� º>½�¾ 1d1 � X T/ 1 1 ��� L��� ) L�� �
ºSÎ�¯�ÈÉ½�¾�¯�Â1¯�½�¾�¯�½W°�» Ö Ü £$Ñ ½ Ö º>À�°kð7Ê�ÈÌ°�ÍG°�Í�¯�¾�¯�ÔA½�ÈÌ°�ÈÌ»Y½�Ò�ºS¸1»xçY¯Sð(°�Í�ÈÌÒïÈÉÒ�ºSÄÉÒe»
°�Îe¼�¯ Ö »YÎ ÜÕí : é æ ¢�î ð�È £ ¯ £ °�Í�¯ï¯�½�¾�Â1»YÈÉ½W° Üïäêé À�ºS½�¸1¯ïÈÉ½�À�ÄÉ¼�¾�¯�¾ £
õ Í�¯�¼�½�È Ö »SÎ�Ç ¸1»Y¼�½�¾�¯�¾�½�¯�Ò�ÒQ» Ö � /�ÈÌÒwÒU°�Î�ºSÈÉÆYÍW° Ö »YÎeÊQºSÎ�¾�°�»�À�Í�¯�À�ÿ Ö Îe»YÇ °�Í�¯

¾�¯�Ô�½�ÈÌ°�ÈÉ»Y½�Ò~ºS¸1»xçY¯Sð�Ê�Í�ÈÉÄÌ¯�°�Í�¯Ó¼�½�È Ö »YÎeÇ ¸r»S¼�½�¾�¯�¾�½�¯�ÒeÒ�» Ö °�Í�¯ÓÈÌ½�çS¯�ÎeÒ�¯�À�ºS½$¸1¯
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°�Í�¯�Ò�¯�À�»Y½�¾�ÈÌ°�ÈÉ»Y½�ÒQÎ�¯kº>¾�×
õ Í�¯�Îe¯�ºSÎ�¯ïÀ�»S½�Òe°�ºS½W°�Ò�� : æ�� : � é ð�ÈÉ½�¾�¯�Â1¯�½�¾�¯�½W°Ó» Ö Ü ð�Ò�¼�À�Í�°�Í�º>°

Ø E £Z<WÙ Òe¼�Â
� X��	� �  #" $ � N+/�
 ��� Ø b æ�¾�ÈÌç5c Ù1 1 1 c51 1 1 / � � : ! b ! : � b í  ·: æ

ºS½�¾
Ø E £��YÙ -0/ Ø c/æ c Ù � � : 1 1 1 c51 1 1 ·/ � c í�� æ
Ê�Í�¯�Îe¯ � ä � c í�� T: ×W¾�ÈÌç5c äêé � £þHÈÉ½�À�¯#ÈÌ°�ÈÌÒ/ÊQ¯�ÄÉÄAÿ�½�»xÊ�½�ð�À Ö £ Ö »YÎ/¯ � ºSÇ²Â�ÄÉ¯ : ¢Y¢ ð�aQÍAºSÂ�°�¯�Î ¢ ð�aQ»YÎe»YÄÉÄÉºSÎeÅ2E £ K î ð
°�ÍAºK°ÓÀ�»Y½�¾�Èt°�ÈÉ»S½ Ø E £ <YÙ Í�»SÄÉ¾�Ò Ö »YÎ Ü�ä ¢ Èt°Óº>ÄÉÒ�»²Í�»YÄÌ¾�Ò Ö »SÎÓºSÄÌÄ Ü$í : é æ ¢�î Ê�ÈÌ°�Í
°�Í�¯QÒ�ºSÇ�¯�À�»S½�Òe°�ºS½W°�� : £ %A¼�Îe°�Í�¯�ÎeÇ²»YÎe¯Sð>À�»Y½�¾�ÈÌ°�ÈÌ»Y½ Ø E £��SÙ Í�»YÄÌ¾�Ò5°�Î�ÈtçHÈÉºSÄÉÄtÅ�Ê�ÈÌ°�Í� : ä ¢ Ö »SÎ ÜÕí : é æ ¢�îc£

AH£���¥7¬���¨s§�� ��� �C¦ ���$�(�û©(¬��C«�§��A¦)¬��k��¦)¬¨5¥=�
õ Í�¯�Â�¼�Î�Â1»YÒ�¯#» Ö °�Í�ÈÉÒ5Ò�¯�Àp°�ÈÌ»Y½�ÈÉÒs°�»�¾�ÈÌÒ�À�¼�Ò�ÒLÔA½�Èt°�¯�¯�ÄÉ¯�Ç²¯�½�°L¾�ÈÉÒeÀ�Î�¯p°�ÈÌökº>°�ÈÉ»Y½�Ò

» Ö °�Í�¯�ÒeÅ�Òe°�¯�Ç Ø ¢Y£t¢CÙp£QÑ ½	ÂAºSÎU°�ÈÌÀ�¼�ÄÉºSÎ�ð�Ê~¯�ÒeÍAºSÄÌÄ(¸1¯�ÈÉ½W°�¯�Î�¯�ÒU°�¯�¾¹ÈÉ½�¾�ÈÉÒeÀ�Îe¯�°�ÈÌökº @
°�ÈÌ»Y½�Ò�Ê�Í�ÈÌÀ�Í	ºSÎe¯ïÒe°�º>¸�ÄÉ¯�¼�½�È Ö »YÎeÇ²ÄtÅ²ÈÌ½9°�Í�¯ïÂAºSÎ�ºSÇ�¯�°�¯�Î Ü�í�Ø�é æ ¢�îc£
®)¯�°�� ��³ � T: ºS½�¾"!#��³  ·: ¸1¯�ÔA½�ÈÌ°�¯�¯�ÄÌ¯�Ç�¯�½W°�ÒeÂAºSÀ�¯�Ò�ðHÊ�Í�¯�Îe¯ R�í�Ø�é æ ¢�îÈÉÒ�º�¾�ÈÌÒ�À�Îe¯�°�ÈÉökºK°�ÈÉ»S½�Â�ºSÎ�ºSÇ�¯�°�¯�Î £/õ Í�¯�Ê~¯kº>ÿ Ö »YÎ�ÇÕ¼�Äôº>°�ÈÉ»Y½ Ø E £ K Ù ÄÉ¯�ºS¾�Ò#°�»�°�Í�¯

Ö »YÄÉÄÌ»xÊ�ÈÉ½�ÆÕÀ�»YÎ�Îe¯�ÒeÂr»Y½�¾�ÈÉ½�Æ�ÔA½�ÈÌ°�¯ï¯�ÄÉ¯�Ç�¯�½W°�¾�ÈÌÒ�À�Î�¯�°�ÈÉö�º>°�ÈÌ»Y½�×%sÈÉ½�¾ Ø Þ �Wæ ã � Ù í � �	�$!#��Òe¼�À�Í�°�ÍAº>°
Ø A�£t¢CÙ -0/ Ø Þ �Yæ c Ù I Ønã �Wæ�¾�ÈÌç c Ù ä ØJå æ c Ù � c í �%�

Ø ¾�Ètç Þ �Wæ b Ù ä ØNè æ b Ù � b í !�Wë
� .�� 5430,�� N ¯�ÄÌ»CÊÁÊ~¯�ÒeÍAºSÄÌÄAºSÄÉÒe»�¯�½�À�»Y¼�½W°�¯�Î~Òe¯�çS¯�Î�º>Ä1¯ � ºSÇ²Â�ÄÉ¯�Ò/» Ö ½�»S½�À�»Y½J@

Ö »YÎ�Ç�ÈÉ½�Æ²º>Â�Â�Î�» � ÈÉÇ²º>°�ÈÉ»Y½�Ò#» Ö Ø E £ K Ù ð<È £ ¯ £ °�Í�¯�ÒeÂAºSÀ�¯&� �(' � T: £�Ñ ½¹ºSÄÌÄ�°�Í�¯�Ò�¯¯ � ºSÇ�Â�ÄÉ¯�ÒÓ°�Í�¯Õ¸�ÈÉÄÌÈÉ½�¯�ºSÎ Ö »YÎ�Ç -0/ Ø "ÉæB" Ù ÈÉÒ�¼�½�¾�¯�Î�ÒU°�»�»H¾¹°�»9¸r¯�°�Í�¯�Ò�¼�Ç » Ö °�Í�¯
À�»YÎeÎ�¯�Ò�Â1»Y½�¾�ÈÌ½�Æ¹ÈÉ½W°�¯�ÆYÎ�ºSÄÉÒ�»xçY¯�Î�¯kºSÀ�Í�¯�ÄÉ¯�Ç�¯�½W° £ ��»	¯ � °�Î�º*)e¼�Ç�Âû°�¯�Î�Ç�ÒÕºSÎe¯
ºS¾�¾�¯�¾ £�õ Í�¯�Ò�ºSÇ�¯�Î�¯�Ç$ºSÎeÿ�ºSÂ�Â�ÄÉÈÌ¯�Ò�°�»�°�Í�¯ï¯�½�¯�Î�ÆSÅ�½�»SÎ�Ç�ðA1 1 14"�1 1 1 / £ �
õ Í�¯Ó¾�ÈÉÒ�À�Î�¯p°�ÈÉö�º>°�ÈÌ»Y½ Ø A�£t¢CÙ ÈÌÒ~ÒU°�ºS¸�ÄÉ¯ÓÈÌ½²°�Í�¯�Ò�¯�½�Ò�¯Ó» Ö : <Cî È Ö Â�Îe»YÂr¯�ÎQ¾�ÈÌÒ�À�Î�¯�°�¯

ºS½AºSÄÌ»YÆYÒ�» Ö °�Í�¯ïÀ�»Y½�¾�ÈÌ°�ÈÌ»Y½�Ò Ø E £ <YÙ ºS½�¾ Ø E £��YÙ Í�»YÄÌ¾�Ò £/õ Í�¯�Ò�¯�À�»S½�¾�ÈÌ°�ÈÉ»Y½�Ò�ºSÎ�¯>×
')( 5,+.-�/0- ( � 	0*21
13- (4-S*21�/ �
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Ø A�£ E Ù Òe¼�Â

� X�798 Ø b æ�¾�ÈÌç c Ù1 1 1 c51 1 1 / � �\! b ! : � b í !#�Wæ
ºS½�¾
Ø A�£ZAWÙ -0/ Ø c/æ c Ù � � 1 1 1 c51 1 1 ·/ � c í�� �Wæ
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°�Í�¯#Òe¯�À�»Y½�¾�À�»Y½�¾�ÈÌ°�ÈÌ»Y½ÕÈÌÒL»Y¸Wç�ÈÉ»Y¼�Ò £sÑ ½�°�Í�ÈÉÒLÀ�ºSÒ�¯#°�Í�¯�Î�¯�º>Î�¯#Ò�¯pçY¯�Î�ºSÄAÀ�Í�»SÈÉÀ�¯�Ò/» Ö
ÂAºSÈÌÎ�Ò�» Ö ÔA½�Èt°�¯�¯�ÄÉ¯�Ç²¯�½W°ÓÒeÂAºSÀ�¯�ÒÓÊ�Í�ÈÌÀ�Í¹Ò�º>°�ÈÉÒUÔA¯�Ò Ø A�£ E Ù Ê�Èt°�Í:�ÁÈÌ½�¾�¯�Â1¯�½�¾�¯�½W°
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» Ö R £ úü¯ïÇ²¯�½W°�ÈÉ»S½ Ö »SÎ�¯ � ºSÇ�Â�ÄÉ¯�°�Í�¯���ÈÉ½�È�¯�ÄÌ¯�Ç�¯�½W°�Â�Î�»SÂr»YÒe¯�¾�ÈÉ½H: ¢�î »YÎ�°�Í�¯
� · Û � : ¯�ÄÉ¯�Ç²¯�½�°�ð<È £ ¯ £ Ê~¯�À�Í�»H»YÒe¯�À�»Y½W°�ÈÉ½�¼�»S¼�Ò���¼Aº>¾�Î�º>°�ÈÉÀ�çY¯�ÄÉ»�À�Èt°�ÈÉ¯�Ò Ö »YÎ � �ºS½�¾Õ°�Í�¯#À�»YÎeÎ�¯�Ò�Â1»Y½�¾�ÈÌ½�Æ�Ò�ÂAº>À�¯#» Ö Â�ÈÌ¯�À�¯pÊ�ÈÉÒe¯�À�»Y½�Òe°�º>½�°�Ò Ö »YÎ !#��ðYÀ Ö £ : ¢ é îy£ %<»SÎ
º�ÆY¯�½�¯�Î�ºSÄ)Îe¯�ç�ÈÉ¯pÊ » Ö Òe°�ºS¸�ÄÉ¯�þ�°�»Yÿ>¯�Ò�¯�ÄÉ¯�Ç²¯�½W°�Ò#ÊQ¯ïÎe¯ Ö ¯�Î#°�» :�� îc£
ì�»xÊ~¯�çY¯�Î�ð5Ç²»YÒU°ï» Ö °�Í�¯�Ò�¯�Ò�ÂAºSÀ�¯�Ò�¾�» 1�* ( ÄÉ¯kº>¾ °�»�¾�ÈÉÒeÀ�Î�¯p°�ÈÌökº>°�ÈÉ»Y½�Ò�Ê�Í�ÈÉÀ�Í

ºSÎ�¯�Òe°�ºS¸�ÄÌ¯�¼�½�È Ö »YÎeÇ²ÄtÅËÈÉ½ Ü £Ãõ Í�¯�Ç$ºSÈÌ½¿Îe¯kºSÒe»Y½ Ö »SÎ�°�Í�ÈÉÒ"ÈÉÒ"°�Í�º>°²Ê�Í�¯�½ Ü
ºSÂ�Â�Îe»WºSÀ�Í�¯�Ò�ö�¯�Îe»�°�Í�¯�Ò�¯�À�»Y½�¾	À�»S½�¾�ÈÌ°�ÈÉ»Y½$ÈÉÒ#½�»"ÄÉ»S½�ÆY¯�ÎQ»Y¸WçHÈÌ»Y¼�Ò £wÑ ½ Ö ºSÀp°kð Ö »SÎ
°�Í�¯ïÎe¯�¾�¼�À�¯�¾�Â�Î�»Y¸�ÄÉ¯�ÇñÊ�ÈÌ°�Í Ü�ä é °�Í�¯ïÀ�»S½�¾�ÈÌ°�ÈÉ»Y½ Ø A�£ZAWÙ Î�¯>��¼�ÈÉÎ�¯�Ò![c5! ·: � � ![c5! · #" $ � c í�� �Wë
ì�¯�½�À�¯>ð<Ê~¯�ÇÕ¼�Òe°�Í�ºxçS¯
Ø A�£ K Ù !E¾�Ètç5c5! : ��� ![c5! : � c í � �
Ö »YÎ�ºÕÒe¼�ÈÌ°�ºS¸�ÄÌ¯�À�»Y½�Òe°�ºS½W° � ÈÌ½�¾�¯�Â1¯�½�¾�¯�½W°�» Ö R ð�º>½�¾�°�Í�ÈÌÒQÀ�»Y½�¾�Èt°�ÈÉ»S½�¾�»�¯�Ò�½�»>°
Í�»YÄÌ¾ Ö »SÎ�°�Í�¯ïÀ�»SÇ²Ç�»Y½9À�»S½ Ö »YÎ�Ç�ÈÉ½�Æ�Òe°�º>¸�ÄÉ¯�þ�°�»YÿS¯�Ò�¯�ÄÉ¯�Ç²¯�½�°�Ò £

�
	 5���� /%.� ��� úû¯�À�»S½�Ò�ÈÌ¾�¯�Î"°�Í�¯�Â�Îe»Y¸�ÄÌ¯�Ç Ø ¢Y£Ì¢xÙ Ê�ÈÌ°�Í¿±ñ°�ºSÿS¯�½ÃºSÒ�°�Í�¯
¼�½�Èt°�Ò���¼AºSÎe¯ £�õ Í�¯�¾�»YÇ²ºSÈÉ½�ÈÌÒ�°�ÎeÈôºS½�ÆS¼�Äôº>°�¯�¾9¸WÅ�ÔAÎeÒe°�¾�ÈtçHÈÌ¾�ÈÉ½�ÆÕÈÌ°�ÈÌ½�°�» R � R
Ò���¼AºSÎe¯�Ò £�õ Í�¯�½�ð(¯kºSÀ�ÍGÒ���¼Aº>Î�¯"ÈÉÒ�¾�Ètç�ÈÉ¾�¯�¾GÈÌ½W°�»9°JÊQ»�°�ÎeÈôºS½�ÆYÄÉ¯�ÒÓ¸WÅÐ°�Í�¯�¾�ÈôºSÆG@
»Y½AºSÄ/Ê�Èt°�ÍËº�½�¯�ÆYº>°�ÈtçY¯�Ò�ÄÉ»SÂr¯ £9õ Í�¯$ÒUÅHÒU°�¯�Ç�ÈÌÒ�°�Í�¯�½Ë¾�ÈÉÒ�À�Î�¯p°�ÈÉö�¯�¾ü¼�Ò�ÈÌ½�Æ�°�Í�¯
� · Û � : ¯�ÄÉ¯�Ç²¯�½�°�Ê�ÈÌ°�Í�Îe¯�ÒeÂr¯�À�°Ó°�»²°�Í�ÈÉÒ�°�ÎeÈôºS½�ÆS¼�Äôº>°�ÈÉ»Y½Eð�È £ ¯ £ � �Õ³ � T: À�»Y½J@Ò�ÈÌÒe°�Ò�» Ö Â�ÈÌ¯�À�¯pÊ�ÈÉÒe¯ ��¼AºS¾�Î�º>°�ÈÌÀ Ö ¼�½�Àp°�ÈÌ»Y½�Ò�ð5Ê�Í�ÈÉÄÌ¯ !#�Ð³  ·: ÈÉÒ�°�Í�¯�ÒeÂAºSÀ�¯�» Ö¾�ÈÉÒeÀ�»Y½W°�ÈÉ½�¼�»Y¼�Ò�Â�ÈÉ¯�À�¯�Ê�ÈÌÒ�¯ÕÀ�»Y½�Òe°�ºS½W°�Ò £�õ Í�ÈÌÒ�¾�ÈÉÒeÀ�Î�¯p°�ÈÌökº>°�ÈÉ»Y½�ÈÉÒ�ÿ�½�»xÊ�½ °�»�¸1¯
Òe°�ºS¸�ÄÉ¯�Ê�Í�¯�½ Ü � é ÈÉÒ�Ô � ¯�¾EðsÀ Ö £ : ¢ é îc£ ì�»xÊ~¯�çS¯�Î�ð5»Y¼�ÎïÂ�¼�ÎeÂr»SÒ�¯�Í�¯�Îe¯²ÈÌÒï°�»
ÈÉ½WçY¯�Òe°�ÈÉÆWº>°�¯ïÍ�»xÊê°�Í�¯�À�»Y½WçY¯�Î�ÆY¯�½�À�¯�¸r¯�ÍAºkçY¯�ºSÒ Ü ¸1¯�À�»SÇ²¯�Ò�ÒeÇ$º>ÄÉÄ £
úû¯QÀ�»Y½�ÒeÈÉ¾�¯�ÎL°�Í�¯QÒeÅ�Òe°�¯�Ç Ø ¢S£Ì¢CÙ Ê�ÈÌ°�ÍÕ°�Í�¯ Ö ¼�½�À�°�ÈÌ»Y½ è À�Í�»YÒe¯�½"°�»�¸1¯�ÈÉ¾�¯�½W°�ÈB@

ÀkºSÄSö�¯�Îe»�ðxÊ�Í�ÈÉÄÌ¯ åûä Þ Û�Ü · Ý Þ Û�ß1àCáAâÓã ðCÊ�Í�¯�Î�¯ Þ ä egf à3h ÒeÈÉ½ · Ø�� Y T Ù Ò�ÈÌ½ · Ø�� Y · ÙºS½�¾ ã¹ä ÒeÈÉ½ Ø�� Y T Ùu£ ì�¯�½�À�¯>ð)ÈÉ½�°�Í�ÈÉÒ�¯ � ºSÇ�Â�ÄÉ¯�°�Í�¯�Ò�»YÄÌ¼�°�ÈÌ»Y½	ÈÌÒ�ÈÌ½�¾�¯�Â1¯�½�¾�¯�½W°» Ö Ü £
Ñ ½ õ º>¸�ÄÉ¯ AH£Ì¢ ¸1¯�ÄÌ»CÊñÊ~¯9ÍAºkçY¯�À�»YÇ�Â�¼�°�¯�¾�°�Í�¯�Î�¯�Äôº>°�ÈÌçY¯; · ¯�Î�Î�»SÎ�ÈÉ½û°�Í�¯

çY¯�ÄÉ»�À�ÈÌ°JÅ Þ ðHÈ £ ¯ £�� ØVR Ù ä ! Þ Û Þ ��! : j ! Þ ! : ð Ö »YÎQ¾�È/.E¯�Î�¯�½�°#ç>ºSÄÌ¼�¯�ÒQ» Ö Ü º>½�¾ R £
8 °�Í�ÈÌÎ�¾�»YÎe¾�¯�Î > ºS¼�ÒeÒ @g®)¯�ÆY¯�½�¾�Î�¯�Î�¼�ÄÌ¯SðxÀ Ö £ : ¢ �Cî ðKÊQºSÒ7¼�Òe¯�¾�Í�¯�Îe¯Sð>ºS½�¾ïÈÉ½ïºSÄÌÄ>°�Í�¯
»S°�Í�¯�Î�¯ � ºSÇ�Â�ÄÌ¯�Ò�» Ö °�Í�ÈÌÒ�Ò�¯�À�°�ÈÌ»Y½�ð)°�»9Â1¯�Î Ö »YÎ�Ç °�Í�¯�½�¯�À�¯�Ò�Ò�º>ÎeÅGÈÉ½W°�¯�ÆYÎ�ºK°�ÈÉ»S½�Ò £%A»YÎ�¯kºSÀ�Í$Ô � ¯�¾ Ü °�Í�¯ÓÀ�»S½�çS¯�ÎeÆY¯�½�À�¯�Î�ºK°�¯�Ê�ÈÌ°�Í²Î�¯�Ò�Â1¯�À�°~°�» R ð��(ðHÈÌÒ�¯�Òe°�ÈÉÇ²º>°�¯�¾
¸WÅÐºSÒeÒ�¼�Ç�ÈÉ½�Æ � ØVR Ù ä � R�� ð)ºS½�¾Ð¸WÅÐÀ�»YÇ²Â�¼�°�ÈÌ½�Æ9º�ÄÉ¯�ºSÒe°�Ò���¼AºSÎe¯�Ò�Ô�°�°�»�°�Í�ÈÌÒ
ÄÉ»YÆ���ÄÉÈÌ½�¯kºSÎwÎ�¯�Äôº>°�ÈÉ»Y½ £

Ü�� Í E X · E X�� E X�� E X�� E X�� Î�º>°�¯
¢ A�£ �GKY¯F@+E K £�� MK¯F@ A <�£ K ¢ ¯�@ K ¢Y£ é KY¯�@ K E £Ì¢S¢ ¯F@+M E £�� E
E X · <�£Ì¢ M>¯F@+E ¢S£��4A ¯F@ E K £Z< M>¯�@ A ¢Y£ E é ¯�@ A A�£ é M>¯F@ K ¢Y£ � E
E X�� K £ M4M>¯F@ ¢ E £Ì¢ é ¯F@ ¢ <�£�� �S¯�@ E ¢Y£ � < ¯�@ E K £��!� ¯F@ A ¢Y£Z<,�
E X�" ��£ AH¢ ¯F@ ¢ �H£ < �>¯F@ ¢ ��£ K A ¯�@ ¢ � £t¢ KY¯�@ ¢ M £ A E>¯F@ ¢ é £t¢#�
é ��£ A M>¯F@ ¢ �H£ �4KS¯F@ ¢ ¢Y£ éSé ¢S£ é ¢ ¢Y£ é E @ é £ é A

$ ���$�(�&%('*)+'�õ Í�¯�Î�¯�Äôº>°�ÈÌçY¯; · ¯�ÎeÎ�»YÎ"ÈÌ½ËçY¯�ÄÌ»HÀ�ÈÌ°JÅû»Y¸�°�º>ÈÉ½�¯�¾
¸WÅ�°�Í�¯�� · Û � : ¯�ÄÉ¯�Ç²¯�½W° £
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ú Í�¯�½ Üûä ¢ °�Í�¯�À�»Y½WçS¯�Î�ÆS¯�½�À�¯¹Ò�¯�¯�Ç�Ò"°�»ü¸1¯�º>°"ÄÉ¯�ºSÒe° ��¼AºS¾�Î�º>°�ÈÉÀ�Ê�ÈÌ°�Í

Î�¯�Ò�Â1¯�À�°�°�» R ÈÌ½G°�Í�ÈÉÒïÀkº>Ò�¯ £ ì�»xÊ~¯�çY¯�Î�ðs°�Í�¯�À�»Y½WçY¯�Î�ÆY¯�½�À�¯²¾�¯�°�¯�ÎeÈÉ»YÎ�º>°�¯�Ò�ºSÒ Ü
¸r¯�À�»YÇ�¯�Ò�ÒeÇ$ºSÄÌÄÉ¯�Î�ð�º>½�¾ Ö »YÎ Ü�ä é °�Í�¯�Îe¯�ÈÌÒ#½�»"À�»Y½WçY¯�Î�ÆY¯�½�À�¯ £
õ º>¸�ÄÉ¯ A�£ E�ÈÉÒQ¸�ºSÒ�¯�¾�»S½�°�Í�¯�À�»YÎ�Îe¯�ÒeÂr»Y½�¾�ÈÉ½�Æ�Î�¯�ÄÉº>°�ÈtçY¯�¯�Î�Îe»YÎ�Ò#ÈÌ½²°�Í�¯�¯�½�¯�Î�ÆSÅ

½�»YÎeÇ�ð7È £ ¯ £ °�Í�¯"½�»SÎ�Ç 1 1 1g"$1 1 1 / Ö »YÎ�çS¯�ÄÉ»�À�Èt°JÅGºS½�¾ °�Í�¯  /·�½�»SÎ�Ç Ö »YÎïÂ�Îe¯�Ò�Òe¼�Î�¯ £%A»YÎ#Ò�ÈÌÇ²Â�ÄÌÈÉÀ�ÈÌ°JÅ�»Y½�ÄtÅ$°�Í�¯�¯�Òe°�ÈÉÇ²º>°�¯�¾�À�»Y½WçY¯�Î�ÆY¯�½�À�¯�Î�º>°�¯�Ò�ºSÎ�¯�ÆSÈÌçY¯�½ £
Ü ¢ E X · E X�� E X�" é

Î�º>°�¯Sð�çS¯�ÄÌ»HÀ�ÈÌ°JÅ ¢Y£ �4K ¢Y£ é ¢ é £�� é @ é £���� @ ¢Y£ é A
Î�º>°�¯Sð�Â�Î�¯�ÒeÒ�¼�Îe¯ ¢Y£ é < ¢Y£ é ¢ ¢Y£ é � é £t¢-A @ é £ E é

$ ���$�(� %('�� '�� Òe°�ÈÉÇ²º>°�¯�¾�À�»Y½WçY¯�ÎeÆY¯�½�À�¯�Î�º>°�¯�Ò Ö »YÎ)°�Í�¯wçS¯�ÄÌ»HÀ�ÈÌ°JÅ
ºS½�¾²Â�Î�¯�Ò�Òe¼�Î�¯>ð�Ç²¯�ºSÒ�¼�Î�¯�¾$ÈÉ½²°�Í�¯�¯�½�¯�Î�ÆSÅ²½�»YÎeÇ�ð Ö »YÎ�°�Í�¯�� · Û� : ¯�ÄÌ¯�Ç�¯�½W° £

õ Í�¯�Òe¯�Îe¯�Òe¼�ÄÌ°�Ò#ÈÉ½�¾�ÈÌÀkº>°�¯ïº�Ò�ÈÉÇ�ÈÉÄÉºSÎw¾�¯�ÆY¯�½�¯�Î�º>°�¯ï¸1¯�ÍAºkç�ÈÉ»SÎ�Ê�ÈÌ°�Í�Îe¯�Ò�Â1¯�Àp°�°�»
Ü £�Ñ ½ Ö ºSÀ�°�ð�Ê�Í�¯�½ Ü$ä é °�Í�¯�½�»YÎeÇ�ð51 1 1 Þ ��1 1 1 /�ð)Òe¯�¯�Ç²Ò�°�»9ÆSÎ�»xÊ ÄÌÈÉÿS¯ R�X T ºSÒ R
ºSÂ�Â�Îe»WºSÀ�ÍÐö�¯�Î�» £�õ Í�ÈÉÒÓÇÕ¼�Òe°Ó¸r¯�¾�¼�¯�°�»$°�Í�¯ Ö ºSÀ�°�°�ÍAº>°Ó»Y½�ÄtÅ�°�Í�¯ÕÂ�Îe»2)e¯�Àp°�ÈÌ»Y½
» Ö ¾�ÈÌç Þ ��ÈÉ½W°�»9Â�ÈÌ¯�À�¯�Ê�ÈÉÒe¯"À�»Y½�ÒU°�ºS½W°�Ò�ÈÌÒ�À�»S½�°�Î�»YÄÌÄÉ¯�¾Ð¸�Å	°�Í�¯�Ç�¯�°�Í�»H¾ ÈÌ½¹°�Í�ÈÌÒ
ÀkºSÒe¯ £ �
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	 5���� /%.  ��� úü¯�Î�¯�Âr¯�º>°�°�Í�¯Õ¯ � Â1¯�ÎeÈÉÇ�¯�½W°�ºS¸1»xçY¯>ð�¸�¼�°�Ê�ÈÌ°�Í�°�Í�¯Õ¾�Èd.r¯�Î @
¯�½�À�¯�°�ÍAº>°wÊQ¯�¼�Ò�¯�°�Í�¯�½�»Y½�À�»Y½ Ö »YÎeÇ²ÈÌ½�Æ aQÎe»Y¼�ö�¯�È � � � ºkç�ÈôºSÎU°Q¯�ÄÉ¯�Ç�¯�½W°~ÈÉ½�ÒU°�¯�ºS¾
» Ö °�Í�¯ � · Û � : ¯�ÄÉ¯�Ç²¯�½W°kð�È £ ¯ £ � �ïÀ�»Y½�Ò�ÈÌÒe°�Ò�» Ö Â�ÈÉ¯�À�¯pÊ�ÈÉÒ�¯ÓÄÉÈÉ½�¯kºSÎ�çY¯�À�°�»SÎ�ÔA¯�ÄÌ¾�ÒÊ�Í�ÈÉÀ�Í²ºSÎe¯#À�»Y½W°�ÈÌ½�¼�»Y¼�Òwº>°/°�Í�¯�Ç²ÈÌ¾�Âr»SÈÉ½W°L» Ö ¯kº>À�Í²¯�¾�ÆY¯�» Ö °�Í�¯#°�ÎeÈôºS½�ÆY¼�ÄôºK°�ÈÉ»S½�ð
Ê�Í�ÈÉÄÌ¯ !#� ³  ·: ÈÉÒ�°�Í�¯9Ò�Â�ºSÀ�¯�» Ö Â�ÈÉ¯�À�¯�Ê�ÈÌÒ�¯9À�»Y½�Òe°�ºS½W°�Ò £GÑ °�ÈÉÒ�ÊQ¯�ÄÉÄQÿ�½�»xÊ�½°�ÍAºK° Ö »SÎïºS½WÅ¹Ô � ¯�¾ Ü � é °�Í�ÈÉÒ�¯�ÄÉ¯�Ç�¯�½W°�ÄÉ¯�ºS¾�Ò�°�»	º9Òe°�ºS¸�ÄÌ¯�¾�ÈÉÒ�À�Î�¯p°�ÈÉö�º>°�ÈÌ»Y½�ð
À Ö £ : ¢ é îc£
Ñ ½ õ ºS¸�ÄÌ¯ A�£ZA Ê~¯�ÍAºkçY¯�ºSÆWºSÈÌ½ÁÀ�»YÇ�Â�¼�°�¯�¾Á°�Í�¯�Î�¯�Äôº>°�ÈÌçY¯F · ¯�Î�Îe»YÎ�ÈÉ½�°�Í�¯

çY¯�ÄÉ»�À�ÈÌ°JÅ Þ Ö »YÎ#¾�Èd.r¯�Îe¯�½W°#ç>ºSÄÉ¼�¯�Ò�» Ö Ü ºS½�¾ R £
Ü�� Í E X · E X�� E X�� E X�� E X�� Î�º>°�¯
¢ ¢Y£ � A ¯F@ ¢ K £ � � ¯F@ E ¢Y£ E < ¯�@ E A�£t¢#� ¯�@ A � £ é E>¯F@ K ¢Y£ ��<
E X · E £Ì¢ � ¯F@ ¢ <H£ � � ¯F@ E ¢Y£ ��¢ ¯�@ E K £ ��< ¯�@ A ¢Y£ E < ¯F@ A ¢Y£ � �
E X�� <�£ K�E>¯F@ ¢ AH£ � < ¯F@ ¢ ¢Y£ M A ¯�@ ¢ K £ M!� @ E ¢S£ E ¢ @ A ¢Y£ K�M
E X�" ��£ M ¢ ¯F@ ¢ ¢Y£ éYé ¢Y£ é ¢ ��£ K A ¯�@ ¢ �H£ K4KY¯F@ ¢ é £ é �
é ��£ M A ¯F@ ¢ ¢Y£ é ¢ ¢Y£ é K ¢S£ é M ¢Y£ é < @ é £ é K

$ ���$�(�&%(' %('�õ Í�¯�Î�¯�Äôº>°�ÈÌçY¯; · ¯�ÎeÎ�»YÎ"ÈÌ½ËçY¯�ÄÌ»HÀ�ÈÌ°JÅû»Y¸�°�º>ÈÉ½�¯�¾
¸WÅ�°�Í�¯�½�»Y½�À�»S½ Ö »YÎ�Ç�ÈÉ½�Æ aQÎ�»Y¼�ö�¯�È � � � ºkç�ÈôºSÎU°�¯�ÄÌ¯�Ç�¯�½W° £

õ Í�¯  · À�»Y½WçY¯�ÎeÆY¯�½�À�¯�ºSÂ�Â1¯kºSÎeÒÓ°�»²¸r¯ ��¼AºS¾�Î�º>°�ÈÌÀ�Ê�Í�¯�½ Ü ÈÌÒÓÄÉºSÎ�ÆY¯ £ ì�»xÊ�@
¯�çS¯�Î�ð1ºSÄÌÒ�»�ÈÉ½9°�Í�ÈÉÒ#Àkº>Ò�¯ï°�Í�¯�À�»Y½WçS¯�Î�ÆS¯�½�À�¯�¾�¯p°�¯�ÎeÈÉ»YÎ�º>°�¯�Ò�ºSÒ Ü ¾�¯�À�Î�¯�ºSÒ�¯�Ò�ð�º>½�¾
Ö »YÎ)°�Í�¯wÎ�¯�¾�¼�À�¯�¾ÕÂ�Îe»Y¸�ÄÌ¯�Ç�ðCÊ�Èt°�Í Üïäêé ðK°�Í�¯~»S¸�Ò�¯�ÎeçY¯�¾�ç>ºSÄÉ¼�¯�Ò Ö »YÎ)°�Í�¯�Î�¯�Äôº>°�ÈÌçS¯
¯�ÎeÎ�»YÎ#ÈÌÒ#Ç²»Y½�»S°�»Y½�ÈÉÀkº>ÄÉÄÌÅ�ÈÌ½�À�Îe¯kºSÒeÈÉ½�Æ £
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õ Í�¯�À�»YÎ�Îe¯�ÒeÂr»Y½�¾�ÈÉ½�Æ²¯�ÒU°�ÈÉÇ²º>°�¯�Ò�» Ö °�Í�¯�°�Í�¯�À�»Y½WçY¯�ÎeÆY¯�½�À�¯�Î�ºK°�¯�Ò�ÈÉ½�¯�½�¯�Î�ÆSÅ
½�»YÎeÇ�¾�¯�À�Îe¯kºSÒe¯�Ò Ö Î�»YÇ�ºSÂ�Â�Î�» � ÈÉÇ²º>°�¯�ÄÌÅ ÄÉÈÌ½�¯kº>Î�À�»S½�çS¯�ÎeÆY¯�½�À�¯9°�»Ð½�»ÐÀ�»Y½WçY¯�Î+@
ÆY¯�½�À�¯�ºSÒ�ÈÉÒ#ÒeÍ�»xÊ�½	¸WÅ õ º>¸�ÄÉ¯ A�£ K £

Ü ¢ E X · E X�� E X�" é
Î�º>°�¯Sð�çY¯�ÄÉ»�À�Èt°JÅ é £ � � é £ �,� é £�� K é £ é A @ é £ é A
Î�º>°�¯Sð�Â�Îe¯�ÒeÒ�¼�Îe¯ ¢Y£ éSé é £ ��A é £ � � é £t¢ E @ é £ é A

$ ���$�(� %('�� ' � Òe°�ÈÉÇ²º>°�¯�¾ÐÀ�»Y½WçY¯�Î�ÆY¯�½�À�¯�Î�ºK°�¯�Ò Ö »YÎ�°�Í�¯ÕçS¯�ÄÉ»�ÀF@
ÈÌ°JÅÐºS½�¾GÂ�Î�¯�Ò�Ò�¼�Î�¯SðsÇ²¯�ºSÒ�¼�Îe¯�¾GÈÉ½ °�Í�¯�¯�½�¯�Î�Æ>Å ½�»YÎ�Ç�ð Ö »YÎ�°�Í�¯aQÎ�»S¼�ö�¯�È � � � ºxç�ÈÉºSÎe°�¯�ÄÉ¯�Ç�¯�½W° £

Ñ ½ Ö ºSÀp°kðr°�Í�¯Õ¾�ÈtçY¯�Î�ÆY¯�½�À�¯�» Ö °�Í�¯ aQÎe»Y¼�ö�¯�È � � � ºkç�ÈôºSÎU°�¯�ÄÌ¯�Ç�¯�½W°�ÈÌ½	°�Í�¯ÕÀkºSÒe¯
Ü²ä é ÈÌÒ�½�»S°ïÒe¼�Î�Â�Î�ÈÉÒeÈÉ½�Æ £ þHÈÌ½�À�¯Õ°�Í�¯"¾�ÈÌçS¯�ÎeÆY¯�½�À�¯ Ö Î�¯�¯ÕçS¯�Àp°�»YÎ�ÔA¯�ÄÉ¾�Ò�ÈÌ½¹°�Í�ÈÌÒ
ÀkºSÒe¯�À�ºS½	¸1¯�Îe¯kºSÄÌÈÉö�¯�¾�ºSÒ�°�Í�¯�À�¼�ÎeÄ5»YÂ1¯�Î�º>°�»SÎ�º>Â�Â�ÄÉÈÌ¯�¾�°�»"°�Í�¯�À�»YÎeÎ�¯�Ò�Â1»Y½�¾�ÈÌ½�Æ
��»YÎeÄÉ¯�Å²Ò�Â�ºSÀ�¯>ð�°�Í�ÈÌÒ�¸1¯�ÍAºkç�ÈÉ»YÎQ» Ö °�Í�¯ aQÎ�»Y¼�ö�¯�È � � � ºkç�ÈôºSÎU°#¯�ÄÌ¯�Ç�¯�½W°#ÈÌÒQÀ�ÄÌ»YÒ�¯�ÄÌÅ
°�ÈÌ¯�¾9°�»�°�Í�¯�¾�ÈÌçY¯�Î�ÆY¯�½�À�¯ï» Ö °�Í�¯ ��»YÎ�ÄÌ¯�Å�¯�ÄÉ¯�Ç²¯�½�° Ö »SÎ�°�Í�¯��5»SÈÉÒ�Òe»Y½�¯���¼Aº>°�ÈÉ»Y½�ð
À Ö £ : ¢ K îc£ �
õ Í�¯	°JÊ~»Ë¯ � ºSÇ�Â�ÄÌ¯�Ò�º>¸r»xçY¯	Ò�Í�»xÊý°�ÍAºK°$°�Í�¯ � · Û � : ¯�ÄÉ¯�Ç�¯�½W°�ºS½�¾ø°�Í�¯½�»Y½�À�»Y½ Ö »YÎeÇ²ÈÌ½�Æ aQÎe»Y¼�ö�¯�È � � � ºkçHÈÉºSÎe°�¯�ÄÉ¯�Ç²¯�½�°�ðYÊ�Í�ÈÉÀ�Í�¸1»S°�Í�ºSÎe¯#ÿ�½�»CÊ�½�°�»�¸1¯

Òe°�ºS¸�ÄÉ¯ Ö »YÎ Ü9ä ¢ ð Ö ºSÈÉÄ5°�»�ÆYÈÌçS¯²Ç�¯�°�Í�»H¾�ÒïÊ�Í�ÈÉÀ�ÍûÀ�»Y½WçY¯�Î�ÆY¯²¼�½�È Ö »SÎ�Ç�ÄÌÅ�ÈÉ½ Ü £
õ Í�¯�¾�ÈtçY¯�ÎeÆY¯�½�À�¯�» Ö °�Í�¯ � · Û � : ¯�ÄÉ¯�Ç�¯�½W° Ö »SÎ Üïä é ÈÉÒ~¸AºSÒ�ÈÌÀkºSÄÌÄÌÅ"¾�¼�¯�°�»�°�Í�¯Ö ºSÀ�°ï°�ÍAº>°�°�Í�¯"¯�ÒU°�ÈÌÇ$º>°�¯ Ø A�£ K Ù ¾�»�¯�Ò�½�»S°�Í�»YÄÌ¾�ðsº>½�¾G°�Í�¯�Îe¯ Ö »YÎe¯�°�Í�¯�Ç²¯p°�Í�»�¾
ÈÉÒ�¼�½�Òe°�º>¸�ÄÉ¯>ð~Ê�Í�ÈÌÄÉ¯�°�Í�¯�¾�ÈÌçY¯�Î�ÆY¯�½�À�¯�» Ö °�Í�¯ aQÎ�»S¼�ö�¯�È � � � ºxç�ÈÉºSÎe°"Ç�¯�°�Í�»H¾�ÈÌÒ
ÀkºS¼�Ò�¯�¾�¸WÅ�°�Í�¯ïÈÌ½�À�»Y½�Ò�ÈÉÒU°�¯�½�À�Å�» Ö °�Í�¯�Ç�¯�°�Í�»�¾ £

�
	 5���� /%.  �  úü¯�Î�¯�Â1¯kºK°�°�Í�¯�¯ � Â1¯�ÎeÈÉÇ�¯�½W°�ºS¸1»xçY¯"»Y½�À�¯�Ç²»YÎe¯Sð)¸�¼H°�°�Í�ÈÌÒ
°�ÈÌÇ²¯�°�Í�¯ ÒeÅ�ÒU°�¯�Ç Ø ¢Y£t¢CÙ ÈÉÒ$¾�ÈÉÒeÀ�Î�¯p°�ÈÌö�¯�¾ ¸WÅ ¼�ÒeÈÉ½�ÆË°�Í�¯ ��ÈÌ½�È�¯�ÄÌ¯�Ç�¯�½W°kð�È £ ¯ £
� ��³ � T: À�»Y½�ÒeÈÉÒe°�Ò�» Ö ÄÉÈÌ½�¯kº>Î�À�»YÇÕ¸�ÈÌ½Aº>°�ÈÌ»Y½�Ò�» Ö Â�ÈÉ¯�À�¯pÊ�ÈÉÒ�¯�ÄÉÈÉ½�¯kºSÎ Ö ¼�½�À�°�ÈÉ»Y½�ÒºS½�¾ÃÀ�¼�¸�ÈÌÀ	¸�¼�¸�¸�ÄÉ¯ Ö ¼�½�À�°�ÈÉ»Y½�Ò²Ê�ÈÌ°�ÍøÒe¼�Â�Â1»YÎe°$»Y½ ºûÒeÈÉ½�ÆYÄÌ¯9°�Î�ÈÉºS½�ÆYÄÌ¯SðQÊ�Í�ÈÉÄÉ¯
!��³  ·: ÈÌÒ�°�Í�¯ïÒ�Â�ºSÀ�¯�» Ö À�»Y½W°�ÈÌ½�¼�»Y¼�Ò�Â�ÈÌ¯�À�¯pÊ�ÈÉÒe¯�ÄÌÈÉ½�¯�ºSÎ Ö ¼�½�Àp°�ÈÌ»Y½�Ò £Ñ ½ õ ºS¸�ÄÉ¯ A�£ M�¸1¯�ÄÌ»CÊ Ê~¯ÓÍ�ºxçS¯�À�»SÇ²Â�¼H°�¯�¾²°�Í�¯�Îe¯�ÄÉº>°�ÈtçY¯�¯�Î�Îe»YÎwÈÉ½²°�Í�¯�çS¯�ÄÌ»HÀ�@
ÈÌ°JÅSðHÊ�ÈÌ°�Í9Î�¯�Ò�Â1¯�À�°#°�»Õ°�Í�¯Ó¯�½�¯�Î�ÆSÅ$½�»YÎ�Ç 1 1 1 "g1 1 1 /�ð Ö »YÎ�¾�È/.E¯�Î�¯�½�°QçSº>ÄÉ¼�¯�Ò�» Ö Ü º>½�¾
R £

Ü�� Í E X · E X�� E X�� E X�� E X�� Î�º>°�¯
¢ AH£ é ¢ ¢Y£Z< M � £ K�E>¯F@ ¢ K £ E4E>¯F@ ¢ E £Ì¢Y¢ ¯F@ ¢ é £ ��<
E X · E £�� é ¢Y£ M�M �H£ � é ¯F@ ¢ A�£ � é ¯F@ ¢ ¢S£ � MK¯F@ ¢ é £ ��<
E X�� AH£��H¢ ¢Y£Z<,� �H£ � � ¯F@ ¢ A�£ � � ¯F@ ¢ ¢S£ � EK¯F@ ¢ ¢Y£ é �
E X�" ��£ A E K £ E�� E £���� ¢Y£Z< K <H£ M ¢ ¯F@ ¢ é £ �4K
é ��£ K�K K £��4< AH£�� é A�£ZA � A�£ZA é é £ E��

$ ���$�(� %('�� 'Óõ Í�¯�Î�¯�ÄÉº>°�ÈtçY¯"¯�ÎeÎ�»YÎïÈÌ½ çS¯�ÄÌ»HÀ�ÈÌ°JÅYð(Ç�¯kºSÒe¼�Î�¯�¾ûÈÉ½
°�Í�¯�¯�½�¯�ÎeÆSÅ9½�»SÎ�Ç�ð Ö »YÎ�°�Í�¯ ��ÈÉ½�È)¯�ÄÉ¯�Ç�¯�½W° £

ú Í�¯�½ Ü9ä ¢ °�Í�¯�À�»Y½WçY¯�Î�ÆY¯�½�À�¯$Ò�¯�¯�Ç²Òï°�»�¸1¯�ÄÌÈÉ½�¯�ºSÎÓÊ�Èt°�ÍGÎ�¯�ÒeÂr¯�À�°�°�» R £
õ Í�ÈÉÒ�ºSÆYÎ�¯�¯�Ò�Ê�Èt°�Í	°�Í�¯Õ°�Í�¯�»YÎ�¯p°�ÈÌÀkºSÄ5Î�¯�Òe¼�ÄÌ°�Ò�ÆYÈtçY¯�½ÐÈÌ½L: ¢�îy£ïõ Í�¯�À�»Y½WçY¯�Î�ÆY¯�½�À�¯
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¾�¯�°�¯�ÎeÈÉ»YÎ�º>°�¯�Ò$ºSÒ Ü ¸1¯�À�»YÇ²¯�Ò²ÒeÇ$º>ÄÉÄÉ¯�Î�ð~ºS½�¾ Ö »YÎ Ü�ä é °�Í�¯�Î�¯�Ò�¯�¯�Ç�Ò²°�»ü¸1¯
¯�ÒeÒ�¯�½W°�ÈôºSÄÌÄÌÅ�½�»²À�»Y½WçY¯�ÎeÆY¯�½�À�¯�ÈÌ½9°�Í�¯ï¯�½�¯�Î�Æ>Å9½�»YÎeÇ £
8 ½ ÈÉ½W°�¯�Î�¯�Òe°�ÈÉ½�Æ�»Y¸�Òe¯�ÎUçSºK°�ÈÉ»S½GÀ�ºS½ ¸r¯�Ç²ºS¾�¯ Ö »SÎ�°�Í�¯ ��ÈÌ½�ÈL¯�ÄÌ¯�Ç�¯�½W°ïÈ Ö Ê~¯

À�»Y½�Ò�ÈÉ¾�¯�Îs°�Í�¯�À�»SÎ�Î�¯�Ò�Â1»Y½�¾�ÈÌ½�Æ�¯�ÎeÎ�»YÎeÒ Ö »YÎ(°�Í�¯�Â�Î�¯�ÒeÒ�¼�Îe¯ ã £sÑ ½ õ ºS¸�ÄÌ¯ A�£Z< ¸r¯�ÄÉ»xÊ
ÊQ¯�Òe°�¼�¾�Å�°�Í�¯ïÎ�¯�Äôº>°�ÈÌçY¯�¯�Î�Îe»YÎ�ÆYÈÌçS¯�½�¸WÅ ! ã²Û�ã �6! : j ! ã ! : £

Ü ��R E X · E X�� E X�� E X�� E X�� Î�º>°�¯
¢ � £�� � E £ � ¢ � £ ��M>¯�@ ¢ E £ � M>¯F@ ¢ ¢S£ é EK¯F@ ¢ ¢Y£Z<�¢
E X · <H£ é � ¯F@ ¢ ¢Y£ �4KY¯�@ ¢ M £Z< E>¯�@ E ¢Y£ ��M>¯F@+E <H£ K é ¯F@ A ¢Y£Z< K
E X�� <H£ é �>¯F@ E ¢Y£ M ¢ ¯�@ E A�£ � �S¯�@ A ¢Y£ E ¢ ¯F@ A K £ é � ¯F@ K ¢Y£ � ¢
E X�" AH£ M��>¯F@ E ��£ ��A ¯�@ A E £ZA KY¯�@ A K £t¢ é ¯F@ K <H£ éYé ¯F@ M E £ZA é
é AH£ M � ¯F@ E ¢Y£ é E>¯�@ E E £�� M>¯�@ A �H£ E A ¯F@ K ¢S£ � � ¯F@ K ¢Y£ � é

$ ���$�(� %('��('Óõ Í�¯ Î�¯�Äôº>°�ÈÌçS¯� /·�¯�Î�Îe»YÎ9ÈÉ½Ã°�Í�¯ÐÂ�Î�¯�Ò�Òe¼�Î�¯ »Y¸ @
°�º>ÈÉ½�¯�¾�¸WÅ�°�Í�¯���ÈÉ½�È)¯�ÄÉ¯�Ç²¯�½W° £

õ Í�¯�Ò�¼�Î�Â�ÎeÈÉÒ�ÈÌ½�Æ9»Y¸�Òe¯�ÎUçSºK°�ÈÉ»S½GÈÌÒÓ°�Í�º>° Ö »YÎÓ°�Í�¯�Â�Î�¯�Ò�Òe¼�Î�¯"°�Í�¯�À�»Y½WçY¯�Î�ÆY¯�½�À�¯
Ò�¯�¯�Ç�Ò�°�»	¸1¯�¼�½�È Ö »YÎeÇ Ê�ÈÌ°�ÍüÎe¯�ÒeÂr¯�À�°�°�» Ü £�Ñ ½ Ö ºSÀp°kð7°�Í�¯�À�»Y½WçS¯�Î�ÆS¯�½�À�¯9Î�º>°�¯
Ò�¯�¯�Ç�Ò�°�»	ÈÉÇ�Â�Î�»xçY¯²ºSÒ Ü °�¯�½�¾�Ò�°�»	ö�¯�Î�»Ðº>½�¾ Ö »YÎ Ü Ò�Ç²ºSÄÉÄL°�Í�¯$À�»Y½WçY¯�Î�ÆY¯�½�À�¯
Ê�ÈÌ°�Í�Î�¯�Ò�Â1¯�À�°#°�» R ºSÂ�Â1¯kºSÎeÒQ°�»�¸r¯ ��¼Aº>¾�Î�º>°�ÈÉÀ £/õ Í�ÈÉÒ~ÈÉÒ�ºÕÒU°�ÎeÈÉÿ�ÈÉ½�Æ�¾�Èd.r¯�Îe¯�½�À�¯
°�»�Ê�ÍAº>°�Ê~¯ï»Y¸�Ò�¯�ÎeçS¯�¾¹ÈÌ½ � � ºSÇ�Â�ÄÌ¯�Ò A�£t¢ º>½�¾ AH£ E £/Ñ ½�¸1»S°�Í�°�Í�¯�Ò�¯ïÀ�ºSÒ�¯�Ò�°�Í�¯
¯�ÎeÎ�»YÎ#ÈÌ½�°�Í�¯�Â�Îe¯�ÒeÒ�¼�Îe¯�¾�ÈtçY¯�Î�ÆY¯�Ò�º>Ò Ü °�¯�½�¾�°�»�ö�¯�Î�»�ðAÀ Ö £/õ º>¸�ÄÉ¯�Ò A�£ E�ºS½�¾ AH£ K £
ú ÍAº>°�Ê~¯�ÍAºkçY¯"»Y¸�Ò�¯�ÎUçY¯�¾ûÍ�¯�Î�¯�ÈÉÒÓ½�»S°�ÒeÂr¯�À�Èôº>Ä5°�»�°�Í�¯�Â�Îe¯�Ò�¯�½W°�¯ � ºSÇ²Â�ÄÉ¯ £

õ Í�¯���ÈÌ½�ÈQ¯�ÄÉ¯�Ç²¯�½�°�ÄÉ¯�ºS¾�Ò�°�»Ðº¹¾�ÈÌÒ�À�Îe¯�°�ÈÉökºK°�ÈÉ»S½üÊ�Í�ÈÌÀ�Í�ÈÉÒ�¼�½�È Ö »YÎeÇ²ÄtÅÐÒe°�ºS¸�ÄÌ¯
Ê�ÈÌ°�ÍGÎe¯�ÒeÂr¯�À�°ï°�» Ü ÈÌ½ º9Â�Î�»YÂ1¯�Î Ü ��¾�¯�Âr¯�½�¾�¯�½�°�½�»SÎ�Ç ¾�È/.E¯�Î�¯�½�° Ö Îe»YÇ 1 1 1k"�1 1 1 / £
Ñ Ö Ê~¯�¾�¯�ÔA½�¯�°�Í�¯ïÒ�»YÄÌ¼�°�ÈÌ»Y½9Ò�ÂAº>À�¯ � /#¸WÅ
Ø A�£ M Ù � / ä Ø � · G Ü " � T: Ù � Ø�Ø � T G  ·: Ù I Ü X T "4 · Ù æ
°�Í�¯�½ ÈÌ°9À�ºS½ ¸r¯ÐÒeÍ�»xÊ�½ °�ÍAº>°�°�Í�¯ ��ÈÌ½�ÈÓ¯�ÄÉ¯�Ç�¯�½W°9Ê�ÈÌÄÉÄ�ÈÉ½ Ö ºSÀp°�Â�Î�»�¾�¼�À�¯ º
¼�½�È Ö »YÎ�Ç�ÄÌÅïÒU°�ºS¸�ÄÌ¯#¾�ÈÉÒeÀ�Îe¯�°�ÈÌökº>°�ÈÉ»Y½�ÈÉ½Õ°�Í�¯#À�»YÎeÎ�¯�ÒeÂr»S½�¾�ÈÉ½�Æ�¯�½�¯�ÎeÆSÅ�½�»SÎ�Ç £5õ Í�ÈÌÒ
½�»YÎeÇ ¾�¯�ÆY¯�½�¯�Î�º>°�¯�Ò�°�»�°�Í�¯�½�»YÎeÇ » Ö � · �@� T ºSÒ Ü °�¯�½�¾�Ò�°�»9ö�¯�Î�»�ð)À Ö £ °�Í�¯
¾�ÈÉÒeÀ�¼�ÒeÒ�ÈÌ»Y½¿ÈÌ½¿þH¯�Àp°�ÈÉ»S½ EÐºS¸1»xçY¯ £ÁÑ ½ø»SÎ�¾�¯�Î"°�» À�»Y½�Ô�Î�Ç °�Í�ÈÉÒ�¸1¯�ÍAºkç�ÈÉ»YÎ�Ê~¯
À�»YÇ�Â�¼�°�¯�¾�°�Í�¯�Îe¯�ÄôºK°�ÈÌçS¯9¯�ÎeÎ�»YÎ"ÈÉ½�çS¯�ÄÉ»�À�Èt°JÅ�»Y½�À�¯�Ç�»YÎe¯Sð�¸�¼�°�°�Í�ÈÌÒÕ°�ÈÌÇ²¯�Ê~¯
¼�Ò�¯�¾�°�Í�¯	 · ½�»YÎeÇ ÈÉ½�Òe°�¯�ºS¾�» Ö 1 1 14"61 1 1 / £/õ Í�¯�Î�¯�Òe¼�ÄÌ°�Ò�ºSÎ�¯�ÆYÈtçY¯�½�ÈÌ½ õ ºS¸�ÄÌ¯ A�£��H£

� ��R E X · E X�� E X�� E X�� E X�� Î�º>°�¯
¢ A�£ MGKY¯F@ ¢ ¢Y£ é A ¯F@ ¢ E £Z< KY¯�@ E <�£Z< é ¯�@ A ¢Y£Z< M>¯F@ A ¢S£ � M
E X · A�£t¢-< ¯F@ ¢ � £��!� ¯F@+E E £ E é ¯�@ E M £ K �S¯�@ A ¢Y£ZA,� ¯F@ A ¢S£ �,�
E X�� ¢Y£ � é ¯F@ ¢ K £ < é ¯F@+E ¢Y£ é � ¯�@ E E £ M � ¯�@ A <�£ K�E>¯F@ K E £ é <
E X�" ¢Y£ � ¢ ¯F@ ¢ �H£ E A ¯F@+E E £ � � ¯�@ E � £�� é ¯�@ A ¢Y£�� KY¯F@ A ¢S£ < K
é ¢Y£ ��E>¯F@ ¢ �H£ <4< ¯F@+E A�£ M � ¯�@ E ¢Y£��4< ¯�@ E � £�� M>¯F@ A ¢S£ é �

$ ���$�(�&%('�� '�õ Í�¯�Î�¯�Äôº>°�ÈÌçY¯; · ¯�ÎeÎ�»YÎ"ÈÌ½ËçY¯�ÄÌ»HÀ�ÈÌ°JÅû»Y¸�°�º>ÈÉ½�¯�¾
¸WÅ�°�Í�¯ ��ÈÉ½�È)¯�ÄÉ¯�Ç�¯�½W° £
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úû¯�»S¸�Ò�¯�ÎeçY¯�°�ÍAº>°ïºSÒ Ü ¾�¯�À�Î�¯�ºSÒ�¯�Ò Ö Îe»YÇ »S½�¯�°�»�ö�¯�Î�»9°�Í�¯�À�»YÎeÎ�¯�Ò�Â1»Y½�¾�ÈÌ½�Æ
À�»Y½WçS¯�Î�ÆS¯�½�À�¯$Î�ºK°�¯�¾�¯�À�Î�¯�ºSÒ�¯�Ò Ö Îe»YÇ º>Â�Â�Î�» � ÈÉÇ²º>°�¯�ÄÌÅ�°JÊ~»�°�»�»Y½�¯ £ ì�»xÊQ¯pçY¯�Î�ð
°�Í�¯�Î�¯�ÈÌÒs½�»ÓÒ�ÈÉÆS½�Ê�Í�ÈÉÀ�Í�ÈÉ½�¾�ÈÌÀkº>°�¯�Ò(°�ÍAº>°5°�Í�¯Q¸r¯�ÍAºkçHÈÌ»YÎ5Ê�ÈÌÄÉÄ�¾�¯p°�¯�ÎeÈÉ»YÎ�º>°�¯~¸r¯�ÄÉ»xÊ
ÄÉÈÌ½�¯kºSÎ�À�»Y½WçS¯�Î�ÆS¯�½�À�¯ £Áõ » À�»SÇ²Â�ÄÌ¯�°�¯�°�Í�¯9Â�ÈÌÀ�°�¼�Î�¯9Ê~¯�Í�ºxçS¯�ºSÄÉÒe»ÐÀ�»YÇ�Â�¼�°�¯�¾
°�Í�¯�¯�Òe°�ÈÌÇ$ºK°�¯�¾"À�»Y½WçY¯�ÎeÆY¯�½�À�¯ÓÎ�ºSÎ�¯�Ò Ö »YÎL°�Í�¯�Â�Îe¯�ÒeÒ�¼�Îe¯�ÈÌ½ � T £sõ Í�¯�Î�¯�Ò�¼�Ät°�ÒwºSÎe¯
ÆYÈÌçS¯�½�ÈÉ½ õ ºS¸�ÄÌ¯ AH£ � £

Ü ¢ E X · E X�� E X�" é
Î�º>°�¯ é £Z<�¢ é £Z< K é £ � < é £ � � é £ � �

$ ���$�(� %('��(' � Òe°�ÈÉÇ²º>°�¯�¾�À�»Y½WçY¯�Î�ÆY¯�½�À�¯�Î�º>°�¯�Ò Ö »YÎ�°�Í�¯	� T ¯�Î @
Î�»SÎ#» Ö °�Í�¯ïÂ�Î�¯�Ò�Òe¼�Î�¯�»Y¸�°�º>ÈÉ½�¯�¾�¸WÅ�°�Í�¯���ÈÉ½�È�¯�ÄÌ¯�Ç�¯�½W° £

õ Í�¯�¯�Òe°�ÈÉÇ²º>°�¯�¾�À�»Y½WçY¯�Î�ÆY¯�½�À�¯	Î�º>°�¯�ÈÌÒ"À�ÄÉ¯�ºSÎ�ÄtÅË¸1¯�ÄÌ»CÊ »Y½�¯�Ê�Í�¯�½ Üûä ¢ ð
Ê�Í�ÈÉÄÌ¯#ÈÌ°�ÈÌÇ²Â�Îe»xçY¯�Ò/°�»CÊQºSÎe¾�Ò~»S½�¯�ºSÒ Ü ÈÉÒ�¾�¯�À�Îe¯kºSÒe¯�¾ £�õ Í�ÈÌÒwÈÌÒ/À�»Y½�Ò�ÈÉÒU°�¯�½�°wÊ�ÈÌ°�Í
°�Í�¯ Ö ºSÀ�°w°�Í�º>°~°�Í�¯Ó½�»YÎ�Ç » Ö °�Í�¯ÓÂ�Î�¯�ÒeÒ�¼�Îe¯�À�»SÇ²Â1»Y½�¯�½�°Q» Ö °�Í�¯ÓÂ�Îe»H¾�¼�À�°QÒ�ÂAºSÀ�¯
Ø A�£ M Ù ÈÉÒÓÊ~¯kºSÿ>¯�Î�°�Í�ºS½¹°�Í�¯ � T ½�»YÎeÇ Ö »YÎ�¯kºSÀ�Í Ü ��é ðE¸�¼�°ïºSÂ�Â�Î�»Wº>À�Í�¯�Ò�°�Í�¯� T ½�»YÎeÇ ºSÒ Ü ºSÂ�Â�Î�ºSÀ�Í�ö�¯�Î�» £
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º�¼�½�È Ö »YÎeÇ²ÄtÅ¹À�»Y½WçY¯�ÎeÆY¯�½W°�¾�ÈÉÒeÀ�Î�¯p°�ÈÌökº>°�ÈÉ»Y½üºSÒïÄÉ»Y½�Æ	ºSÒ�°�Í�¯²¯�Î�Îe»YÎ�ÈÌÒïÂ�Î�»YÂ1¯�ÎeÄÌÅ
Ç²¯�ºSÒ�¼�Î�¯�¾ £ ì�»xÊ~¯�çS¯�Î�ðwºSÒ�Ç²»>°�ÈÌç>º>°�¯�¾GÈÉ½ËþH¯�Àp°�ÈÉ»S½LE�ºS¸1»xçY¯>ð/ÈÉ½ü°�Í�¯$Â�Î�¯�Òe¯�½W°
ÂAºSÂ1¯�Î�ÊQ¯9º>Î�¯$ÈÌ½W°�¯�Îe¯�ÒU°�¯�¾�ÈÌ½Ëº	¾�ÈÉÒ�À�Î�¯p°�ÈÉö�º>°�ÈÌ»Y½û» Ö °�Í�¯$ÒeÅ�Òe°�¯�Ç Ø ¢Y£t¢CÙ Ê�Í�ÈÉÀ�Í
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È Ö °�Í�¯¹ÒeÂAºSÀ�¯�Ò:� � � !� ºSÎe¯	À�»Y½�Òe°�Î�¼�Àp°�¯�¾ Òe¼�À�Í °�ÍAºK°9ºSÄÌÄ�¯�ÄÉ¯�Ç²¯�½�°�Ò$» Ö � �
ºSÎ�¯$¾�ÈÌçS¯�Î�ÆS¯�½�À�¯ Ö Îe¯�¯>ð/È £ ¯ £ � �G³ � £ Ñ ½ Ö ºSÀ�°�ð/½�¯kº>Î�ÄÌÅûºSÄÌÄ~Â�Îe»YÂ1»YÒ�¯�¾�Ô�½�ÈÌ°�¯
¯�ÄÌ¯�Ç�¯�½W°wÇ²¯p°�Í�»�¾�Ò Ö »YÎL°�Í�¯�Îe¯�¾�¼�À�¯�¾²Â�Î�»Y¸�ÄÉ¯�Ç Ê�ÈÉÄÉÄ�ÍAºkçY¯�°�Í�ÈÌÒwÂ�Î�»YÂ1¯�ÎU°JÅ £Lõ Í�ÈÌÒ
ÈÉÒ Ö »YÎ�¯ � º>Ç²Â�ÄÌ¯�°�Î�¼�¯ Ö »YÎ�°�Í�¯ � ºxç�ÈÉºSÎe°L� õ Í�»YÇ²ºSÒ�Ò�ÂAºSÀ�¯�Ò�ðwÀ Ö £ : ¢ M î ð�ºS½�¾ Ö »SÎ
°�Í�¯ N Î�¯�ö�ö�È � 	 »Y¼�ÆSÄôºSÒ#� �	ºSÎeÈÉ½�È/ÒeÂAºSÀ�¯�ÒÕ» Ö : �Kîc£ ì�»xÊ~¯�çY¯�Î�ð�ÈÉ½ËºSÄÉÄ/°�Í�¯�Ò�¯$ÀkºSÒe¯�Ò
°�Í�¯�Ò�ÂAº>À�¯�Ò �%��Ê�ÈÉÄÌÄ7»Y½�ÄÌÅ�¸1¯�º�Ò�¼�¸�ÒeÂAºSÀ�¯�» Ö � : Ø ¾�ÈÌç Ù º>½�¾¹½�»S°Ó» Ö � T: ðE¾�¼�¯°�»G°�Í�¯ Ö º>À�°�°�ÍAº>°$»Y½�ÄtÅ�°�Í�¯�½�»YÎ�Ç²ºSÄ�À�»SÇ²Â1»Y½�¯�½�°�Ò$» Ö °�Í�¯	¯�ÄÉ¯�Ç²¯�½�°�Ò$» Ö � �
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À�»Y½WçS¯�Î�ÆS¯�½�À�¯QÊ�ÈÌ°�Í�Îe¯�ÒeÂr¯�À�°s°�» R £ � ½�°�Í�¯�»S°�Í�¯�Î7ÍAºS½�¾�ð Ö »YÎ Ü��Ãé °�Í�¯�Ç²¯p°�Í�»�¾
ÈÉÒ�½�»Y½�À�»S½ Ö »YÎ�Ç�ÈÉ½�Æ�ºS½�¾Ð°�Í�¯�Îe¯ÕÒ�¯�¯�Ç�Òï°�»9¸r¯�½�»9Î�¯�ºSÒ�»Y½Ð°�»9¯ � Âr¯�À�°�°�ÍAº>°�°�Í�¯
Ç²¯p°�Í�»�¾�ÈÉÒ#À�»Y½WçY¯�ÎeÆY¯�½W°�ÈÉ½9°�Í�ÈÉÒ#Àkº>Ò�¯ £�Ñ ½ õ º>¸�ÄÉ¯ A�£ � ÊQ¯�ÍAºkçY¯�À�»SÇ²Â�¼H°�¯�¾9°�Í�¯
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$ ���$�(� %('��('�� ÒU°�ÈÉÇ²º>°�¯�¾¹À�»Y½WçY¯�ÎeÆY¯�½�À�¯"Î�º>°�¯�Ò Ö »SÎ�°�Í�¯  · ¯�Î @
Î�»SÎ�Ò/» Ö °�Í�¯�çS¯�ÄÌ»HÀ�ÈÌ°JÅ�º>½�¾²Â�Î�¯�ÒeÒ�¼�Îe¯ Ö »SÎs°�Í�¯ � ºkçHÈÉºSÎe°L� õ Í�»YÇ²ºSÒ
¯�ÄÌ¯�Ç�¯�½W° £

8 Ò�¯ � Â1¯�Àp°�¯�¾Eð<°�Í�¯ïÇ²¯p°�Í�»�¾�ºSÂ�Â1¯kºSÎeÒ#°�»"¸r¯ï¾�ÈtçY¯�Î�ÆY¯�½�° Ö »YÎ Ü �Ãé £ �
K £�� §r¨%�rª0�x¦¿¥7¨s¥7«�¨s¥ ��¨s§��Ó¬¥�� ��¬¥7¬ô¦�� ���(�����<¥)¦ ���
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� Ø � Ù ä � c í�� ·� ×W¾�ÈÌç c í�� : æ Ø c�"+* Ù 1  í�� T � � í�!�Ø � Ù � ë
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Ö »YÎ�º�Ò�¼�Èt°�ºS¸�ÄÉ¯�Ò�À�ºSÄôº>Î Ö ¼�½�À�°�ÈÉ»Y½ ��í�� � £ %A¼�ÎU°�Í�¯�Î�Ç�»YÎ�¯>ð�Ò�ÈÌ½�À�¯

Ø�ß<àCáAâ�� "Br Ù 1  ä Ø c�"+* Ù 1  äêé
Ö »YÎ�¯kºSÀ�Í�¯�¾�ÆY¯ � ðLÊ~¯�À�»S½�À�ÄÌ¼�¾�¯²°�ÍAº>° ß1àCáAâ�� "kr � é »Y½�Ï � £ þHÈÌ½�À�¯ � ÈÌÒ
¼�½�È5��¼�¯�ÄÌÅG¾�¯p°�¯�Î�Ç�ÈÉ½�¯�¾û»Y½�ÄtÅ ¼�Âû°�»¹º�À�»Y½�ÒU°�ºS½W°kðLÊ~¯$À�ºS½û°�Í�¯�Îe¯ Ö »YÎe¯�ºSÒeÒ�¼�Ç�¯
°�ÍAºK° � � é »Y½�Ï � £
ì�¯�½�À�¯>ð � ÈÉÒÕ» Ö °�Í�¯ Ö »SÎ�Ç �ýä ã�� ðLÊ�Í�¯�Î�¯ ã í � T ºS½�¾ � ÈÉÒ�°�Í�¯9À�¼�¸�ÈÌÀ¸�¼�¸�¸�ÄÉ¯ Ö ¼�½�À�°�ÈÉ»Y½"Ê�ÈÌ°�Í$Îe¯�Ò�Â1¯�Àp°Q°�» ��ð�È £ ¯ £ �#ä
	 T 	 · 	 � ð�Ê�Í�¯�Îe¯ 	 � Ø Y Ù ºSÎe¯�°�Í�¯¸AºSÎUÅHÀ�¯�½W°�ÎeÈÉÀïÀ�»�»YÎe¾�ÈÉ½AºK°�¯�ÒQ» Ö Y�Ê�Èt°�Í�Î�¯�Ò�Â1¯�À�°�°�»Õ°�Í�¯�°�Í�Î�¯�¯�À�»YÎ�½�¯�Î�Ò�» Ö � £/Ñ ½

ÂAºSÎU°�ÈÉÀ�¼�Äôº>Î�ð
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�
1  Q¾�»H¯�Ò�½�»S°�À�ÍAºS½�ÆY¯�ÒeÈÉÆY½�»Y½ �Y£ %A¼�Îe°�Í�¯�ÎeÇ²»SÎ�¯Sð

Ï �
Ï * 1 q � äÁã Ï �Ï * 1 q � æ

ºS½�¾ m  ã Ï �Ï * pks ä m  Ï �Ï * pks ä m  c�"Br�pks ä é � � í�!�Ø � Ù ë
úû¯ïÀ�ºS½�°�Í�¯�Îe¯ Ö »YÎe¯ïÀ�»Y½�À�ÄÉ¼�¾�¯ï°�ÍAº>° ã ÍAºSÒ�º�Î�»�»S°�ÈÉ½9°�Í�¯ïÈÉ½W°�¯�Î�ÈÉ»SÎ�» Ö �Y£ ì�»xÊ�@
¯�çS¯�Î�ð�È Ö ã í � T Ê�Èt°�Í º�Î�»�»S°�ÈÉ½ °�Í�¯GÈÌ½W°�¯�ÎeÈÉ»YÎ$» Ö ¯�ºSÀ�Íê¯�¾�ÆY¯ » Ö � °�Í�¯�½ã � � � é £ �
®)¯�° �� � � ¸1¯�ºïÒ�ÍAº>Âr¯�Î�¯�ÆS¼�ÄôºSÎ Ö ºSÇ�ÈÉÄtÅ�» Ö °�ÎeÈôºS½�ÆS¼�Äôº>°�ÈÉ»Y½�ÒL» Ö ±�ð�Ê�Í�¯�Îe¯ R ÈÌÒ

°�Í�¯�Ç²º � ÈÉÇ²ºSÄ7¾�ÈÉºSÇ²¯p°�¯�Î £ %A¼�Îe°�Í�¯�ÎeÇ²»SÎ�¯SðEÄÉ¯�° ! ��¸1¯Õ°�Í�¯ÕÒe¯�°ï» Ö ¯�¾�ÆY¯�Òï» Ö  � £
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	 ¯�ÔA½�¯9º�ÔA½�Èt°�¯²¯�ÄÉ¯�Ç²¯�½W°ÕÒ�Â�ºSÀ�¯9» Ö çY¯�Àp°�»YÎÕÔ�¯�ÄÉ¾�Ò&� �WðLºSÒ�Òe»HÀ�Èôº>°�¯�¾ûÊ�Èt°�Íû°�Í�¯
°�ÎeÈôºS½�ÆS¼�Äôº>°�ÈÉ»Y½  �Wð<ºSÒ�ºSÄÌÄ Ö ¼�½�Àp°�ÈÌ»Y½�Ò\c í �%�ïÒ�¼�À�Í	°�ÍAº>°

? c51 � í � Ø � Ù Ö »YÎ�ºSÄÉÄ9� í  �?A@  Ø c "�* Ù s " pks�ÈÌÒ#À�»Y½W°�ÈÉ½�¼�»Y¼�Ò Ö »YÎ�$ äêé æ ¢ Ö »YÎ�ºSÄÉÄ � í�! �Yð
? @  Ø c " r Ù pks�ÈÉÒ#À�»S½�°�ÈÉ½�¼�»Y¼�Ò Ö »SÎ�ºSÄÉÄ � í�! �Sð

ì�¯�Î�¯�ÊQ¯�ºSÒeÒ�¼�Ç�¯�°�ÍAº>°\cüÈÉÒ#¯ � °�¯�½�¾�¯�¾	°�»�¸1¯ïö�¯�Î�»�»Y¼�°�ÒeÈÉ¾�¯ï±�ðAÈ £ ¯ £ È Ö � ÈÌÒ�ºS½
¯�¾�ÆS¯�»S½�°�Í�¯ï¸r»Y¼�½�¾AºSÎUÅ9» Ö ± °�Í�¯�½�ÊQ¯ïÎ�¯>��¼�ÈÉÎe¯m  Ø c "+* Ù s " pks äêé $ äêé æ ¢ ºS½�¾ m  Ø c�"Br Ù pks äêé ë
Ñ ° Ö »YÄÌÄÉ»xÊ�Ò Ö Îe»YÇ ®7¯�Ç²Ç²º K £Ì¢ °�ÍAº>°�º>½�Å Ö ¼�½�Àp°�ÈÌ»Y½;c í � ��ÈÉÒQ¼�½�È���¼�¯�ÄÌÅ�¾�¯p°�¯�Î+@
Ç²ÈÌ½�¯�¾"¸WÅ�°�Í�¯�°JÊ~»�ÄÌ»CÊ~¯�ÒU°Q»SÎ�¾�¯�ÎwÇ�»YÇ�¯�½W°�Ò�» Ö c9"�* ºS½�¾$¸WÅ�°�Í�¯�Ç�¯kºS½"ç>ºSÄÉ¼�¯
» Ö c�"Br Ö »SÎ�ºSÄÉÄ�ÈÌ½W°�¯�ÎeÈÉ»YÎQ¯�¾�ÆY¯�Ò�ðAÀ Ö £ %5ÈÉÆY¼�Îe¯ K £t¢Y£
Ñ Ö c í � �	°�Í�¯�½Á°�Í�¯�½�»YÎeÇ$ºSÄ#À�»YÇ�Âr»Y½�¯�½W° c "�* ÈÉÒ�À�»Y½W°�ÈÉ½�¼�»Y¼�Ò Ö »YÎ²ºSÄÉÄ

ÈÉ½W°�¯�Î�ÈÌ»YÎ�¯�¾�ÆY¯�Ò £ õ Í�¯�Îe¯ Ö »YÎe¯Sð �%� ³ � : Ø ¾�ÈÌç Ùp£ ì�»CÊ~¯�çS¯�Î�ð�°�Í�¯¹°�ºS½�ÆY¯�½�°�ÈôºSÄÀ�»YÇ�Â1»Y½�¯�½W°~» Ö cÐÈÌÒ~½�»>°QÀ�»Y½W°�ÈÉ½�¼�»S¼�Ò�ðH»Y½�ÄÌÅ�°�Í�¯ÓÇ�¯kº>½�ç>ºSÄÌ¼�¯�Ê�Èt°�Í²Î�¯�ÒeÂr¯�À�°�°�»
¯kºSÀ�Í$¯�¾�ÆY¯�ÈÉÒ�À�»S½�°�ÈÉ½�¼�»Y¼�Ò £/õ Í�¯�Î�¯ Ö »SÎ�¯Sð � �' � T: £LÑ ½9ºS¾�¾�ÈÌ°�ÈÌ»Y½�°�»�°�Í�¯�Ò�ÂAºSÀ�¯� ��Ê~¯�ÄÌ¯�° !#��³  /·: ¾�¯�½�»S°�¯�°�Í�¯ïÒ�ÂAº>À�¯�» Ö Ò�À�ºSÄôºSÎQÂ�ÈÉ¯�À�¯�Ê�ÈÌÒ�¯�À�»Y½�Òe°�ºS½W°�Ò#Ê�ÈÌ°�ÍÎ�¯�Ò�Â1¯�À�°�°�»�°�Í�¯�°�Î�ÈÉºS½�ÆY¼�Äôº>°�ÈÉ»Y½  � £
Ñ ½�°�Í�¯ÓÎe¯�ÒU°Q» Ö °�Í�ÈÌÒ�ÂAºSÂ1¯�Î � ��º>½�¾ !#��Ê�ÈÌÄÉÄ<ºSÄtÊ�ºkÅ�Ò~Îe¯ Ö ¯�Îw°�»�°�Í�¯�Ô�½�ÈÌ°�¯�¯�ÄÉ¯�@

Ç²¯�½W°ÓÒeÂAºSÀ�¯�Ò )e¼�ÒU°�ÈÉ½W°�Î�»�¾�¼�À�¯�¾ £�õ Í�¯ÕÀ�»YÎ�Îe¯�Ò�Â1»Y½�¾�ÈÉ½�Æ²½�»Y½�À�»Y½ Ö »YÎeÇ²ÈÌ½�Æ�Ô�½�ÈÌ°�¯
¯�ÄÌ¯�Ç�¯�½W°�º>Â�Â�Î�» � ÈÉÇ²º>°�ÈÉ»Y½�» Ö °�Í�¯�ÒeÅ�Òe°�¯�Ç Ø ¢Y£t¢CÙ ÈÉÒ"¾�¯pÔA½�¯�¾ø¸�Å�°�Í�¯	ÒUÅHÒU°�¯�Ç
Ø A�£t¢CÙ�£
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�� Ñ ° Ö »YÄÌÄÉ»xÊ�Ò Ö Î�»YÇ
°�Í�¯�¾�¯pÔA½�ÈÌ°�ÈÉ»Y½�» Ö � �ï°�ÍAºK°�¾�ÈÌç �%��³ !� £ ì�¯�½�À�¯>ð1È Ö Ê~¯�¾�¯�ÔA½�¯ � �Õ³ � ��ºSÒ
°�Í�¯�Ê~¯kºSÿ�ÄtÅ9¾�ÈÌçS¯�ÎeÆY¯�½�À�¯ Ö Îe¯�¯ï¯�ÄÌ¯�Ç�¯�½W°�Ò�» Ö � �Wð�È £ ¯ £

� � ä � c í � ��× Ø ¾�Ètç c/æ b Ù äêé � b í !#� � æ
°�Í�¯�½�°�Í�¯�Òe¯�¯�ÄÉ¯�Ç²¯�½�°�Ò�ºSÎ�¯�ÈÌ½ Ö º>À�°�¾�ÈÌçS¯�ÎeÆY¯�½�À�¯ Ö Îe¯�¯ £
� .�� 5430,�� Ñ °�ÀkºS½�¸1¯ïÒ�¯�¯�½�°�ÍAº>°

Ø K £t¢CÙ � � ä egf à3h
	 �Wæ
Ê�Í�¯�Îe¯ 	 �~ÈÉÒ)ºS½�ºSÒeÒ�»�À�ÈôºK°�¯�¾ï½�»S½�À�»Y½ Ö »YÎ�Ç�ÈÉ½�Æ5� · ��¯�ÄÉ¯�Ç�¯�½W° £ ®)»�ÀkºSÄÌÄÌÅYðx»S½�¯�ºSÀ�Í
°�ÎeÈôºS½�ÆSÄÉ¯ 	 �ÓÀ�»Y½�Ò�ÈÌÒe°�Ò~» Ö ºSÄÌÄ � � Â1»YÄÌÅ�½�»SÇ²ÈÉºSÄÉÒ(Ê�Í�ÈÉÀ�Í²Î�¯�¾�¼�À�¯�Ò~°�»�º ��¼AºS¾�Î�º>°�ÈÌÀ»Y½�¯kºSÀ�Í¿¯�¾�ÆS¯ £�Ñ ½øº>¾�¾�ÈÌ°�ÈÉ»Y½Eð 	 �Ë³ � T: ºS½�¾�°�Í�¯�½�»YÎeÇ$º>Ä�¾�¯�ÎeÈÌç>º>°�ÈÌçY¯�Ò�» ÖÖ ¼�½�Àp°�ÈÉ»S½�Ò�ÈÉ½ 	 �ÓºSÎ�¯�À�»Y½W°�ÈÉ½�¼�»S¼�Ò~»S½�°�Í�¯�ºxçS¯�Î�ºSÆY¯�»Y½²¯�ºSÀ�Í$¯�¾�ÆY¯ £/õ Í�¯�Ô�½�ÈÌ°�¯
¯�ÄÌ¯�Ç�¯�½W°�Ò�ÂAº>À�¯ 	 �GÈÉÒ$Â�Î�¯�À�ÈÉÒe¯�ÄtÅÃ¾�¯�Ò�À�ÎeÈÉ¸1¯�¾ ºS½�¾ ºS½Aº>ÄÌÅ�ö�¯�¾ ÈÌ½?: ¢ K îy£ õ Í�¯
ÈÉ¾�¯�½W°�ÈÌ°JÅ Ø K £t¢CÙ Ê�º>Ò�ºSÀ�°�¼AºSÄÉÄtÅ�°�Í�¯ÓÇ$ºSÈÌ½²Ç�»S°�ÈÌç>º>°�ÈÌ»Y½ Ö »YÎ~°�Í�¯�À�»S½�Òe°�Î�¼�Àp°�ÈÉ»S½�» Ö
°�Í�¯²Ò�ÂAº>À�¯ �%� £ ��»YÎ�¯²Â�Î�¯�À�ÈÌÒ�¯�ÄtÅYð(°�Í�¯²Ò�ÂAºSÀ�¯�Ò 	 �Wð �%�9ºS½�¾ !��º>Î�¯�Î�¯�ÄÉº>°�¯�¾
Ò�¼�À�Í�°�ÍAºK°#°�Í�¯ïÒ�¯>��¼�¯�½�À�¯

é Û>Û<Û 2 	 � j µ ������Û>ÛAÛ 2 �%�  #" $Û>ÛAÛ 2 !� ÛKÛ<Û 2 é ë
ÈÉÒ#¯ � º>À�° £�Ñ ½�ÂAºSÎU°�ÈÉÀ�¼�Äôº>Î�ð�¾�ÈÌç �%� ä !� £ �
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	 ¯�ÔA½�¯�º>½�ÈÌ½W°�¯�ÎeÂr»SÄôº>°�ÈÉ»Y½�»SÂr¯�Î�º>°�»YÎ�� ��× � T: 12 � ��¸WÅm  Ø � �oc�"+* Ù s " pks ä m  Ø c " * Ù s " pks $ ä é æ ¢

m  Ø � �oc�"Br Ù pks ä m  Ø c " r Ù pks
Ö »YÎ)ºSÄÌÄ � í�! � £(Ñ ½�ºS¾�¾�Èt°�ÈÌ»Y½�ðxÄÉ¯p° � ��×( ·: 12 !�w¸1¯L°�Í�¯  · ��Â�Îe»2)e¯�Àp°�ÈÌ»Y½ £ %AÎ�»YÇ
°�Í�¯²¾�¯�Ô�½�ÈÌ°�ÈÉ»Y½Ë» Ö °�Í�¯$»YÂr¯�Î�º>°�»YÎ�� ��Ê~¯�¯kºSÒeÈÉÄtÅÐçY¯�ÎeÈ Ö ÅG°�Í�¯²À�»YÇ�ÇÕ¼�°�º>°�Ètç�ÈÌ°JÅ
Â�Î�»SÂr¯�Îe°JÅ
Ø K £ E Ù ¾�ÈÌç�� �Bc ä � �7¾�ÈÌç5c Ö »YÎ�º>ÄÉÄ�c í�� T: ë
Ñ ½ Ö º>À�°kð Ö »YÎ�ºSÄÉÄ9� í  �m

�
¾�ÈÌç�� �Bc?pkY ä m q

�
Ø � �Bc " * Ù pks ä m q

�
Ø c�"+* Ù pks ä m

�
¾�ÈÌç c	pkY

ºS½�¾�Í�¯�½�À�¯ Ø K £ E Ù Ö »YÄÌÄÉ»xÊ�Ò £
þHÈÉ½�À�¯ !#��ÈÌÒÕ°�Í�¯9ÒeÂAºSÀ�¯�» Ö Â�ÈÌ¯�À�¯�Ê�ÈÉÒe¯9À�»Y½�Òe°�º>½�°�Ò�°�Í�¯� · ��Â�Îe»2)e¯�Àp°�ÈÉ»S½ � �

»Y½W°�» !#��Ò�ºK°�ÈÉÒUÔA¯�Ò
Ø K £ZAWÙ ! � Û � � � ! : � � R ! � ! T
Ö »YÎ�ºSÄÌÄ ��í � T G  ·: ðYÊ�Í�¯�Îe¯ � �øé ÈÉÒ/ÈÉ½�¾�¯�Â1¯�½�¾�¯�½W°w» Ö R ºS½�¾ � £5õ Í�¯�»YÂ1¯�Î�º @
°�»YÎ�� �ÓÈÉÒ�ÊQ¯�ÄÉÄ<¾�¯�Ô�½�¯�¾9»Y½ � T: ðHÈt°~ÈÌÒ~ÄÌ»HÀ�ºSÄÉÄtÅÕ¾�¯pÔA½�¯�¾9»Y½$¯�ºSÀ�Í$°�ÎeÈôºS½�ÆYÄÉ¯>ðHº>½�¾ÈÌ°sÂ�Î�¯�Ò�¯�ÎUçY¯�ÒwÄÌÈÉ½�¯�ºSÎ Ö ¼�½�À�°�ÈÉ»Y½�ÒLÄÉ»�ÀkºSÄÌÄÌÅ £ %<¼�Îe°�Í�¯�Î�Ç�»YÎe¯Sð>°�Í�¯�Â1»YÄÌÅ�½�»SÇ²ÈÉºSÄ�Ò�ÂAºSÀ�¯
� Ø � Ù ÈÉÒ�ÈÉ½Wç>ºSÎeÈôºS½W°�¼�½�¾�¯�Îïº ��½�¯ �/ÈÉ»SÄôº²°�Î�ºS½�Ò Ö »YÎ�Ç²º>°�ÈÉ»Y½�Ò £ ��»YÎ�¯�Â�Îe¯�À�ÈÉÒ�¯�ÄÌÅSð
ÄÉ¯p° � í  ��ºS½�¾�� Ø Y Ù ä�� Y I � ºS½Áº ��½�¯9Ç²ºSÂ�» Ö � »S½�°�»Gº Îe¯ Ö ¯�Î�¯�½�À�¯
°�ÎeÈôºS½�ÆSÄÉ¯
	� £�õ Í�¯�½�°�Í�¯���ÈÌ»YÄôº�°�Î�ºS½�Ò Ö »YÎeÇ�ð6c 12 	c/ð�Ê�Í�¯�Î�¯

	c Ø 	Y Ù ä Ø ¾�¯�° � Ù X T ���rØ Y Ù æ 	Y ä � Ø Y Ù æ
Ç$º>Â�Ò � Ø � Ù »S½�°�» � Ø 	� Ùu£�õ Í�¯�Îe¯ Ö »YÎe¯SðQºSÂ�Â�Îe» � ÈÌÇ$º>°�ÈÉ»Y½û¯�Òe°�ÈÉÇ²º>°�¯�Ò Ö »YÎ�°�Í�¯
»YÂ1¯�Î�ºK°�»YÎ�� ��À�ºS½�¸r¯ï¾�¯�Î�ÈÌçS¯�¾ Ö Î�»YÇ Òe°�ºS½�¾AºSÎe¾�ÒeÀkºSÄÌÈÉ½�Æ"º>Î�ÆY¼�Ç�¯�½W°�Ò�¼H°�ÈÉÄÌÈÉö�ÈÉ½�Æ
°�Í�¯	Ò�ÍAºSÂ1¯ÐÎ�¯�ÆY¼�ÄÉºSÎ�Èt°JÅ�» Ö �� � � £�Ñ ½ ÂAºSÎU°�ÈÉÀ�¼�Äôº>Î�ðQ°�Í�¯�Îe¯Ð¯ � ÈÉÒU°�Ò9ºËÀ�»Y½�Òe°�ºS½W°
� �Ãé ðAÈÌ½�¾�¯�Âr¯�½�¾�¯�½W°�» Ö R Ò�¼�À�Í�°�Í�º>°
Ø K £ K Ù !� �Bc5!! " $ � !� �Bc5! T ) � ��� ![c5! T ë
Ñ ½�ºS¾�¾�Èt°�ÈÌ»Y½�ð Ö Î�»YÇ °�Í�¯ N Î�ºSÇÕ¸�ÄÌ¯4�Hì�ÈÉÄÌ¸r¯�Îe°wÄÉ¯�Ç²Ç²ºïÊ~¯�À�ºS½ Ö ¼�Îe°�Í�¯�Î~À�»Y½�À�ÄÉ¼�¾�¯
°�ÍAºK°
Ø K £ M Ù !� �Bc Û c5! �U) � ��� R " X � ![c5! " Ö »YÎ é � � ��¢ � $ � EHæ
ºS½�¾ Ö »YÎQºSÄÉÄ�c í�� T: G � " £ ì�¯�Î�¯;!A" ! �U) �Ó¾�¯�½�»>°�¯�Ò�°�Í�¯�Â�ÈÌ¯�À�¯pÊ�ÈÉÒe¯ � �=��½�»YÎ�Ç![c5! ·�U) � ä��

� X�� 8 ![c5! ·�U) � ë
Ñ ½ Ö º>À�°kðÓÈ Ö 	�´ÈÉÒ�º�Î�¯ Ö ¯�Î�¯�½�À�¯ °�ÎeÈôºS½�ÆYÄÉ¯>ðÓºS½�¾ 	� × � T�Ø 	� Ù 12 � Ø 	� Ù °�Í�¯
À�»YÎeÎ�¯�Ò�Â1»Y½�¾�ÈÌ½�Æ"ÈÉ½W°�¯�Î�Â1»YÄôº>°�ÈÉ»Y½$»YÂr¯�Î�º>°�»YÎ�ðH°�Í�¯�½ Ö »YÎ�ºSÄÌÄ$c í � T�Ø 	� Ù!�	�Fc5! : )��� ��� T ![c5! : ) q �� ��� · ![c5! TVU ·: ) �� ![c5! TVU ·T ) �� æ
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Ê�Í�¯�Îe¯ � T ºS½�¾ � · »Y½�ÄtÅ¹¾�¯�Âr¯�½�¾�Ò�»Y½�	� £ ì�¯�½�À�¯Sð Ö Î�»SÇ º9Ò�À�ºSÄÉÈÌ½�Æ�ºSÎ�ÆS¼�Ç²¯�½W°
ÊQ¯�ºSÄÌÒ�»�»Y¸�°�ºSÈÉ½9°�Í�¯ïÄÉ»xÊê»SÎ�¾�¯�Î�¯�Òe°�ÈÉÇ²º>°�¯
Ø K £Z<WÙ !� �oc Û c5! : ��� R TVU · ![c5! TVU ·: ![c5! TVU ·T
Ö »YÎ�ºSÄÌÄ$c í�� T: £��¯ � °�Ê~¯�Ê�ÈÉÄÌÄwçS¯�ÎeÈ Ö Åû°�Í�¯9Òe°�ºS¸�ÈÌÄÉÈÌ°JÅGÀ�»Y½�¾�Èt°�ÈÉ»S½�Ò Ø A�£ E Ù ºS½�¾ Ø A�£ AYÙ Ö »YÎ�°�Í�¯
Â�Î�»�¾�¼�Àp°�ÒeÂAºSÀ�¯� � �&!� £ ì�»xÊQ¯pçY¯�Î�ðA¾�¼�¯�°�»�°�Í�¯ Ö º>À�°w°�ÍAº>°wÊ~¯�ºSÎe¯ÓÀ�»S½�Ò�ÈÌ¾�¯�Î+@
ÈÉ½�ÆÕº"½�»Y½�À�»S½ Ö »YÎ�Ç�ÈÉ½�Æ�ÔA½�Èt°�¯�¯�ÄÉ¯�Ç�¯�½W°�º>Â�Â�Î�» � ÈÉÇ²º>°�ÈÉ»Y½�» Ö °�Í�¯�ÒeÅ�ÒU°�¯�Ç Ø ¢Y£t¢CÙ ð
Ê�Í�¯�Îe¯ � �' � T: ðH°�Í�¯�½�»YÎ�Ç 1 1 1 "(1 1 1 /QÍ�ºSÒ�°�»�¸1¯�Â�Îe»YÂr¯�Î�ÄtÅ$Ç�»H¾�ÈÌÔA¯�¾ £ %A»YÎ�¯�ºSÀ�Íc í �%��Ê~¯ï¾�¯�Ô�½�¯ 1 1 1 c51 1 1 ·/ ) � ä ![c5! · #" $ I Ü · �

� X � 8 ! � c5! ·: ) � ë
��»S°�¯�°�ÍAº>° Ö »YÎ Üïä é °�Í�ÈÌÒ~½�»YÎ�Ç ÈÌÒ~ÒeÈÉÇ�Â�ÄÌÅ�¯���¼AºSÄ<°�»�!=" !! #" $SðWÊ�Í�ÈÉÄÌ¯ Ö »YÎ Ü�ä ¢
ÈÌ°#ÈÌÒ�¯���¼�ÈÌç>ºSÄÌ¯�½W°kð�¼�½�È Ö »SÎ�Ç�ÄÌÅ�ÈÉ½ R ð�°�»�°�Í�¯�Â�ÈÉ¯�À�¯�Ê�ÈÌÒ�¯ � T ��½�»YÎeÇ !7"6! T ) � £
�&
���� á' � � � ,/. .F3 .#. 	 -%/F( / 5 	0*21�/F( 531 ( � T ��é 6 -�1
1J. � .�1
1J.�1 ( *10 R 6�/�� 	 .( . 54(

Òe¼�Â
� X�798 Ø b æ�¾�ÈÌç5c Ù![c5! T ) � � � T ! b ! : 0=* 3 53/�/8b í !#�Wë

� 30*-*10 � õ Í�ÈÌÒ Ö »YÄÌÄÉ»xÊ�Ò�¸WÅêº¿Òe°�º>½�¾AºSÎe¾ ºSÎeÆY¼�Ç�¯�½W° Ö Îe»YÇ °�Í�¯üÂ�Î�»SÂr¯�Îe°�ÈÌ¯�Ò�» Ö
°�Í�¯�ÈÉ½W°�¯�Î�Â1»YÄôºK°�ÈÉ»S½Á»SÂr¯�Î�º>°�»YÎ � �ÐºS½�¾¿°�Í�¯�À�»YÎeÎ�¯�ÒeÂr»S½�¾�ÈÉ½�ÆËÀ�»Y½W°�ÈÉ½�¼�»Y¼�Ò²Î�¯�@
Ò�¼�Ät° Ø E £Z<WÙu£/Ñ ½ Ö ºSÀp°kðAÒeÈÉ½�À�¯ Ö »YÎ�ºS½WÅCc í�� T: ºS½�¾ b í !#��Ê~¯ïÍAºkçY¯

Ø b æ�¾�Ètç�� �oc Ù ä Ø b æ�¾�ÈÌç c Ù
ºS½�¾ !� �Bc5! T ) � ��� T ![c5! T æ
ÊQ¯�Àkº>½�°�ºSÿS¯ � T ä � : j � T £ �
õ Í�¯ Ö »YÄÌÄÉ»xÊ�ÈÉ½�Æ²¼�½�È Ö »YÎ�ÇýÒe°�ºS¸�ÈÌÄÉÈÌ°JÅ�Îe¯�Ò�¼�ÄÌ°ïÈÉÒÓºS½ ÈÉÇ�Ç²¯�¾�ÈôºK°�¯�À�»Y½�Òe¯���¼�¯�½�À�¯

» Ö °�Í�¯ïÂ�Îe¯�ç�ÈÉ»Y¼�Ò�ÄÌ¯�Ç�Ç$º £

	��
 �1à 
�� ' �*)+� ,/. . ��53- 3#*10 / ��5�	0.0/ Ø �%�Yæ !#� Ù / 54( -%/���.0/ ( . . � 1 - 0=* 3 � /F(S5 4
+.-�/0- ( � 	0*21
13- ( -S*21�/ Ø AH£ E Ù 531
1 Ø AH£ AWÙ 6 + � ( : - ( . ( . . 1�* 3 � 1 1 1k"$1 1 1 / 30. � /B5�	0. 1$+ �1 1 14"61 1 1 / ) � �
� 30*-*10 � õ Í�¯�½�»YÎ�Ç�Ò 1 1 13"�1 1 1 T ) �ÕºS½�¾ !5"�! T ) ��ºSÎe¯�¯>��¼�ÈÌç>ºSÄÉ¯�½W°�»Y½ �%�"ºS½�¾21 1 13"�1 1 1 / ) �¾�¯�À�Î�¯�ºSÒ�¯�ÒLºSÒ Ü ¾�¯�À�Î�¯�ºSÒ�¯�Ò £LÑ ° Ö »YÄÌÄÉ»xÊ�Ò Ö Î�»YÇ ®7¯�Ç²Ç²º�K £ E#°�ÍAº>°(À�»S½�¾�ÈÌ°�ÈÉ»Y½ Ø A�£ E Ù
Í�»YÄÌ¾�Ò £ þHÈÌ½�À�¯ � ��³ � °�Í�¯�Òe¯�À�»Y½�¾	À�»Y½�¾�Èt°�ÈÌ»Y½ Ø A�£ZAWÙ Í�»SÄÉ¾�Ò�Ê�Èt°�Í � ä ¢S£ �

M £���§)§r¨s§^���x¦)¬��#��¦���� ��¨s§ �4��¨s¨(¦�� �C¨A��ª)¦)¬¨s¥=�
þHÈÉ½�À�¯ï»Y¼�Î�½�¯pÊ ÔA½�Èt°�¯ï¯�ÄÌ¯�Ç�¯�½W°�Ò�ÂAºSÀ�¯ Ø � �Yæ !#� Ù Ò�º>°�ÈÉÒUÔA¯�Ò�°�Í�¯�Â�Îe»YÂr¯�Î�Òe°�º @

¸�ÈÉÄÌÈÌ°JÅ$À�»Y½�¾�ÈÌ°�ÈÌ»Y½�Ò Ø AH£ E Ù ºS½�¾ Ø A�£ZAWÙ ðr¼�½�È Ö »YÎeÇ²ÄtÅ$Ê�Èt°�Í	Îe¯�ÒeÂr¯�À�°Ó°�» Ü ð<ÈÌ°�Ò�¯�¯�Ç�Ò
Â�Î�»S¸AºS¸�ÄÌ¯~°�Í�º>°L°�Í�¯#À�»YÎeÎ�¯�ÒeÂr»S½�¾�ÈÉ½�Æ�ÔA½�ÈÌ°�¯Q¯�ÄÉ¯�Ç�¯�½W°/Ç�¯�°�Í�»�¾ÕÊ�ÈÉÄÉÄ�ÈÌ½ Ö ºSÀ�°LÍAºkçY¯
¼�½�È Ö »YÎ�Ç À�»Y½WçY¯�Î�ÆY¯�½�À�¯�Â�Îe»YÂ1¯�Îe°�ÈÉ¯�Ò £�Ñ ½	°�Í�¯�Â�Îe¯�Òe¯�½W°�Ò�¯�À�°�ÈÉ»Y½	Ê~¯�ÒeÍAºSÄÌÄ(ÈÌ½WçY¯�Ò+@
°�ÈÌÆWº>°�¯�°�Í�ÈÌÒ ��¼�¯�ÒU°�ÈÉ»S½Á¼�½�¾�¯�ÎÕ°�Í�¯�ºSÒeÒ�¼�Ç�Â�°�ÈÌ»Y½Ë°�Í�º>°Õ°�Í�¯9Ò�»YÄÌ¼�°�ÈÌ»Y½ Ø	� æ ã Ù » Ö
°�Í�¯²À�»Y½W°�ÈÉ½�¼�»Y¼�Ò�Â�Î�»S¸�ÄÉ¯�Ç´ÈÉÒïÒ�¼���À�ÈÉ¯�½W°�ÄÌÅGÒ�Ç�»H»>°�Í�ð7Ê�Í�ÈÉÄÌ¯�°�Í�¯�¯ .r¯�À�°�» Ö °�Í�¯



���� ���"���� %�� � ���J�4� ���J�����	�
�� ���

������F�������������
�)$ W �
Ü ��¾�¯�Â1¯�½�¾�¯�½W°²¸r»Y¼�½�¾AºSÎUÅ�ÄôºkÅY¯�Î�Ò�Ê�ÈÉÄÌÄQ¸1¯9°�ºSÿ>¯�½øÈÌ½W°�»GºSÀ�À�»Y¼�½W°�ÈÉ½�°�Í�¯�½�¯ � °
Ò�¯�À�°�ÈÌ»Y½ £
úû¯�Ê�ÈÌÄÉÄ1Òe°�ºSÎe°#°�Í�¯�¾�ÈÉÒeÀ�¼�ÒeÒ�ÈÌ»Y½�Í�¯�Îe¯�Ê�ÈÌ°�Í�º�½�¼�Ç�¯�ÎeÈÉÀkº>ÄE¯ � ºSÇ�Â�ÄÌ¯ÓÊ�Í�ÈÉÀ�Í�ÈÌÒ

À�»YÇ�Â�ÄÌ¯�°�¯�ÄÌÅ²Ò�ÈÌÇ²ÈÌÄôºSÎw°�» � � º>Ç²Â�ÄÌ¯�Ò A�£t¢ � AH£ A�£
�
	 5���� /%.�� ��� úü¯�Îe¯�¾�»$°�Í�¯�À�»YÇ�Â�¼�°�ºK°�ÈÉ»S½�Ò�¾�»Y½�¯�ÈÌ½ � � ºSÇ�Â�ÄÉ¯�Ò A�£t¢ � A�£ZA ð

¸�¼�°�°�Í�ÈÌÒ�°�ÈÉÇ�¯ÕÊ~¯$¼�Òe¯²°�Í�¯�ÔA½�ÈÌ°�¯"¯�ÄÉ¯�Ç�¯�½W°�Ò�Â�ºSÀ�¯�ÒÕÀ�»Y½�Òe°�Îe¼�À�°�¯�¾�º>¸r»xçY¯ £�Ñ ½
ºSÄÉÄL°�Í�¯�½�¼�Ç²¯�Î�ÈÉÀ�ºSÄ/¯ � ºSÇ�Â�ÄÌ¯�ÒïÊ�ÈÌ°�Í °�Í�¯²°�Í�¯²½�¯pÊ ¯�ÄÌ¯�Ç�¯�½W°ïÊQ¯²¼�Ò�¯�¾�º�Ô Ö °�Í
»YÎ�¾�¯�Î > º>¼�Ò�Ò+@g®)¯�ÆY¯�½�¾�Îe¯�Ç�¯�°�Í�»�¾�ð�À Ö £ : ¢ �Kî ðAºSÒ�ÈÉ½W°�¯�ÆYÎ�º>°�ÈÌ»Y½9Î�¼�ÄÌ¯ £
Ñ ½ õ ºS¸�ÄÉ¯ M £t¢ ÊQ¯�ÍAºkçS¯�À�»YÇ�Â�¼�°�¯�¾�°�Í�¯#¯�Òe°�ÈÌÇ$ºK°�¯�¾�À�»Y½WçY¯�Î�ÆY¯�½�À�¯�Î�º>°�¯�ÒLÊ�ÈÌ°�Í

Î�¯�Ò�Â1¯�À�°�°�» R Ö »SÎ�°�Í�¯�çY¯�ÄÉ»�À�Èt°JÅ9ºS½�¾�°�Í�¯�Â�Î�¯�ÒeÒ�¼�Îe¯ £

Ü ¢ E X · E X�� E X�" é
Î�º>°�¯Sð�çY¯�ÄÉ»�À�Èt°JÅ�ÈÉ½� · ¢Y£ ��A ¢Y£ � K ¢S£ � K ¢Y£ � é ¢Y£ � E
Î�º>°�¯Sð�çS¯�ÄÌ»HÀ�ÈÌ°JÅ9ÈÌ½ 1 1 14"�1 1 1 / é £ � � é £ ��� ¢S£ é M ¢Y£�� E ¢Y£ � E
Î�º>°�¯SðAÂ�Îe¯�Ò�Òe¼�Î�¯�ÈÉ½� · é £ � � ¢Y£ éSé ¢S£ éYé ¢Y£ éYé ¢Y£ éYé

$ ���$�(� � '*)+'�� Òe°�ÈÉÇ²º>°�¯�¾�À�»Y½WçY¯�ÎeÆY¯�½�À�¯�Î�º>°�¯�Ò Ö »YÎ)°�Í�¯wçS¯�ÄÌ»HÀ�ÈÌ°JÅ
ºS½�¾9°�Í�¯ïÂ�Î�¯�Ò�Ò�¼�Î�¯ Ö »SÎ�°�Í�¯ï½�¯pÊ ½�»Y½�À�»Y½ Ö »SÎ�Ç�ÈÉ½�Æ�¯�ÄÉ¯�Ç�¯�½W° £

úû¯�»Y¸�Òe¯�ÎeçS¯Õ°�ÍAºK°Ó°�Í�¯ÕÀ�»Y½WçS¯�Î�ÆS¯�½�À�¯�Î�º>°�¯�Ò�ÈÌ½- · ºSÂ�Â1¯kºSÎeÒÓ°�»$¸r¯�À�ÄÉ»SÒ�¯�°�»
��¼AºS¾�Î�º>°�ÈÌÀÕÈÉ½	çS¯�ÄÌ»HÀ�ÈÌ°JÅ	ºS½�¾ ÄÉÈÌ½�¯kºSÎ�ÈÉ½ÐÂ�Î�¯�ÒeÒ�¼�Îe¯"¼�½�È Ö »SÎ�Ç�ÄÌÅ9Ê�ÈÌ°�ÍÐÎ�¯�Ò�Â1¯�À�°�°�»
Ü�í : é æ ¢�î ðEÊ�Í�ÈÉÄÌ¯�°�Í�¯�À�»Y½WçY¯�Î�ÆY¯�½�À�¯�ÈÉ½¹°�Í�¯Õ¯�½�¯�ÎeÆSÅÐ½�»YÎeÇ º>Â�Âr¯�ºSÎ�Ò�°�»9¸r¯"ºK°
ÄÉ¯�ºSÒe°(ÄÉÈÌ½�¯kº>Î Ö »SÎ(¯�ºSÀ�Í Ü � é £(Ñ ½ Ö ºSÀp°kðYº>Ò Ü º>Â�Â�Î�»YºSÀ�Í�¯�Ò5ö�¯�Î�»Ó°�Í�¯~À�»Y½WçY¯�Î�ÆY¯�½�À�¯
Î�º>°�¯Ó°�¯�½�¾�ÒQ°�»Õ°JÊQ» £/õ Í�ÈÉÒ�ÈÌÇ²Â�Î�»xçY¯�¾9À�»Y½WçY¯�Î�ÆY¯�½�À�¯ïÈÌÒ�ÂAºSÎU°�ÄÌÅ�¾�¼�¯Ó°�»Õ°�Í�¯ Ö ºSÀp°
°�ÍAºK°#°�Í�¯ï¯ � ºSÀp°ÓÒe»YÄÉ¼H°�ÈÉ»S½ Þ ÈÉÒ#¾�ÈtçY¯�ÎeÆY¯�½�À�¯ Ö Î�¯�¯ïÈÌ½�°�Í�ÈÉÒ#À�ºSÒ�¯ £
õ »øÇ$ºSÿ>¯�ºø¾�ÈÌÎ�¯�À�°ÐÀ�»YÇ²Â�ºSÎ�ÈÌÒ�»Y½ ¸r¯p°JÊQ¯�¯�½�°�Í�¯ � · Û � : ¯�ÄÉ¯�Ç�¯�½W°�ð�°�Í�¯aQÎ�»Y¼�ö�¯�È � � � ºkç�Èôº>Îe°¹¯�ÄÉ¯�Ç²¯�½�°�ð�°�Í�¯ ��ÈÉ½�È�¯�ÄÌ¯�Ç�¯�½W°kð�ºS½�¾ê°�Í�¯Ë½�¯pÊ ¯�ÄÉ¯�Ç²¯�½W°

Ê�Í�¯�½ Ü ÈÉÒÕÒeÇ$º>ÄÉÄ�À�»YÇ�ÂAºSÎe¯�¾Ë°�» R ð/Ê~¯9ÍAºkçY¯9Â�ÄÌ»S°�°�¯�¾Ë°�Í�¯�¯�ÎeÎ�»YÎeÒ�ÈÉ½ûçS¯�ÄÌ»HÀ�@
ÈÌ°JÅ Ö »SÎ�°�Í�¯"¾�È/.E¯�Î�¯�½W°�Ç�¯�°�Í�»H¾�Ò�ºSÒ Ö ¼�½�À�°�ÈÌ»Y½�Òï» Ö�� ð)Ê�Í�¯�Îe¯ Rüä E X�� £ ì�¯�Îe¯
ÊQ¯ÓÍAºkçY¯�À�Í�»YÒe¯�½ Üïä E X�" £Lõ Í�¯Ó¯�Î�Îe»YÎ�Ò�ºSÎ�¯�Â�ÄÉ»S°e°�¯�¾�ð�ÈÌ½�º�ÄÌ»YÆWºSÎeÈÌ°�Í�Ç²ÈÌÀ#Ò�Àkº>ÄÉ¯Sð
ÈÉ½�%sÈÌÆY¼�Î�¯ M £Ì¢S£
õ »²°�Í�¯ÕÄÌ¯ Ö °�°�Í�¯  · ¯�Î�Îe»YÎ�Ò�º>Î�¯�Â�ÄÉ»S°e°�¯�¾EðrÊ�Í�ÈÌÄÉ¯�°�Í�¯�¯�Î�Îe»YÎ�Ò�ÈÌ½	°�Í�¯Õ¯�½�¯�Î�ÆSÅ

½�»YÎeÇ ºSÎe¯	¾�¯�Â�ÈÉÀp°�¯�¾Ã°�»û°�Í�¯¹Î�ÈÌÆYÍW° £ úû¯¹»S¸�Ò�¯�ÎeçY¯Ð°�ÍAº>°$°�Í�¯ ��ÈÌ½�È�¯�ÄÉ¯�Ç²¯�½W°
ºS½�¾"°�Í�¯�½�¯pÊÃ¯�ÄÉ¯�Ç�¯�½W°�¸Aº>ÍAºkçY¯�Ò~À�»YÇ�ÂAºSÎ�ºS¸�ÄtÅ�Ê�Èt°�Í"Î�¯�Ò�Â1¯�À�°w°�»�°�Í�¯� · ½�»YÎeÇ�ð
Ê�Í�ÈÉÄÌ¯#°�Í�¯�½�¯�Ê ¯�ÄÉ¯�Ç�¯�½W°wÀ�ÄÌ¯kºSÎeÄÌÅ"ÈÌÒwÒe¼�Â1¯�Î�ÈÌ»YÎ�°�»�ºSÄÉÄ�°�Í�¯Ó»S°�Í�¯�ÎwÇ�¯�°�Í�»H¾�Ò�Ê�ÈÌ°�Í
Î�¯�Ò�Â1¯�À�°�°�»�°�Í�¯ï¯�½�¯�Î�ÆSÅ�½�»SÎ�Ç £��
õ Í�¯wÎ�¯�ÒU°L» Ö °�Í�ÈÌÒ5Òe¯�Àp°�ÈÉ»S½�Ê�ÈÉÄÌÄW¸r¯w¾�¯pçY»S°�¯�¾�°�»Ó¯�ÒU°�ºS¸�ÄÉÈÉÒeÍ�ÈÉ½�Æ�¯�Î�Îe»YÎ5¯�Òe°�ÈÉÇ²º>°�¯�Ò

Ö »YÎÕ°�Í�¯�½�¯pÊ ½�»Y½�À�»Y½ Ö »SÎ�Ç�ÈÉ½�Æ¹ÔA½�ÈÌ°�¯�¯�ÄÉ¯�Ç�¯�½W°�Ç�¯�°�Í�»H¾ £Áõ Í�Îe»Y¼�ÆYÍ�»S¼�°"°�Í�ÈÌÒ
Ò�¯�À�°�ÈÌ»Y½ûÊ~¯$Ê�ÈÉÄÌÄ�ºSÒ�Òe¼�Ç�¯²°�Í�º>° Þ í � · G � T: ðsÊ�Í�¯�Î�¯ Ø Þ æ ã Ù ÈÌÒ�°�Í�¯²Ê~¯kº>ÿÒ�»YÄÌ¼�°�ÈÌ»Y½$» Ö Ø E £ K Ù�£ %A»YÎQÀ�»Y½WçY¯�½�ÈÉ¯�½�À�¯�Ê~¯ïºSÄÉÒe»ÕÈÉ½W°�Îe»H¾�¼�À�¯Ó°�Í�¯�½�»S°�º>°�ÈÌ»Y½&!'"(!��
Ö »YÎ�°�Í�¯�½�»YÎ�Ç »S½ �%��º>Ò�Ò�»�À�ÈÉº>°�¯�¾9°�Í�¯ï¸�ÈÌÄÉÈÉ½�¯kºSÎ Ö »SÎ�Ç -0/�ðAÈ £ ¯ £![c5! ·� ä ![c5! ·: I �

� X � 8 ! � c5! ·: ) � ë



W � �������	�
����������
������������������������������� !�"�����#��
������	$	 %���&����

2 3 4 5 6
10

−4

10
−3

10
−2

10
−1

10
0

10
1

P
2
−P

0
Mini
New element
Crouzeix−Raviart

2 3 4 5 6
10

−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

10
3

� ¬ �Lª7§�� � '*)+'Óõ Í�¯ï¯�ÎeÎ�»YÎeÒ�ÈÌ½�çY¯�ÄÉ»�À�ÈÌ°JÅSð�Ç�¯kºSÒe¼�Î�¯�¾�ÈÌ½�°�Í�¯	 ·
½�»YÎeÇ ºS½�¾ °�Í�¯ ¯�½�¯�ÎeÆSÅ ½�»YÎ�Ç�ð ºSÒ Ö ¼�½�À�°�ÈÌ»Y½�Ò+» Ö � ä
Û ÄÌ»YÆ ØSR Ù j ÄÌ»YÆ Ø E Ùp£

%A»YÎ�ºS½WÅCc í � �Yð�Ê~¯ï¾�¯�ÔA½�¯�°�Í�¯ïÀ�»Y½�ÒeÈÉÒU°�¯�½�À�Å�¯�ÎeÎ�»YÎ�� / ) � Ø Þ æ c Ù ¸WÅ
� / ) � Ø Þ æ c Ù ä Ü · � X�� 8 m  Ø Îe»S° Þ#Ù : c " r î pks�ë

ì�¯�Î�¯Sð�È Ö � X º>½�¾���R º>Î�¯$°JÊ~»Ð°�Î�ÈÉºS½�ÆYÄÌ¯�Ò�ðsÒ�Í�ºSÎ�ÈÌ½�Æ ºS½Ë¯�¾�ÆY¯ � ðL°�Í�¯�½ : � î ä
: � î  ä
� 1 ��� Û � 1 ��� ¾�¯�½�»>°�¯�Ò�°�Í�¯ )e¼�Ç²Â9» Ö � ºSÀ�Î�»YÒeÒ � ð�Ê�Í�ÈÉÄÉ¯#r�ÈÉÒ�°�Í�¯�¼�½�Èt°
°�ºS½�ÆY¯�½W°�çS¯�À�°�»YÎ#ºSÄÌ»Y½�Æ � À�»YÎ�Îe¯�ÒeÂr»Y½�¾�ÈÉ½�Æ�°�»�°�Í�¯�À�ÄÌ»HÀ�ÿWÊ�ÈÌÒ�¯�¾�ÈÌÎ�¯�À�°�ÈÌ»Y½$»S½ ��R £
þHÈÉ½�À�¯ : c " * î  ä é Ö »SÎ�ºS½WÅ c í � ��ÈÌ° Ö »YÄÉÄÌ»CÊ�Ò Ö Î�»YÇ Ø E £ E Ù ºS½�¾ > Î�¯�¯�½H��Ò
°�Í�¯�»YÎ�¯�Ç�ð�ÈÉ½�ÂAºSÎU°�ÈÉÀ�¼�Äôº>Î Ö Î�»YÇ Ø E £t¢CÙ ð�°�ÍAºK°

Ø M £t¢CÙ -0/ Ø Þ æ c Ù I Ønã æ�¾�ÈÌç c Ù ä ØJå æ c Ù I � / ) � Ø Þ æ c Ù � c í �%�Yæ
Ø ¾�ÈÌç Þ æ b Ù ä ØNè æ b Ù � b í  ·: æ

Ê�Í�¯�Îe¯�°�Í�¯�°�¯�Î�Ç	� / ) ��ºSÂ�Â1¯kºSÎeÒ#¾�¼�¯ï°�»�°�Í�¯ Ö º>À�°#°�Í�º>°#� �' � T: £Ñ ½Ã°�Í�¯Ð¯�Î�Îe»YÎ9ºS½Aº>ÄÌÅ�Ò�ÈÌÒ$¸1¯�ÄÉ»xÊýÊ~¯ Ê�ÈÌÄÉÄ�½�¯�¯�¾ Â�Î�»YÂ1¯�Î$¯�Òe°�ÈÉÇ²º>°�¯�Ò�»Y½Ã°�Í�¯
À�»Y½�Ò�ÈÉÒU°�¯�½�À�Å�¯�Î�Î�»SÎ
� / ) � £/õ Í�¯ Ö »SÄÉÄÉ»xÊ�ÈÌ½�ÆÕ¸1»Y¼�½�¾�Ò�ºSÎe¯�°�Í�¯�Î�¯ Ö »SÎ�¯ï¼�Ò�¯ Ö ¼�Ä £
�&
���� á�� �*)+�� 0 Þ í�� · G � T: ( . .�1

Ò�¼�Â
� X 7 8 1 � / ) � Ø Þ æ c Ù 1![c5!�� ��� Ü�� R !EÎe»S° Þ ! T

R�TVU · !EÎe»S° Þ ! TVU ·T !EÎe»S° Þ ! TVU ·: æ
: . .F3 . � �Ãé -%/-�1
1J. � .�1
1J.�1 ( *10 Ü 531
1 R �
� 30*-*10 � ®)¯�° � í�! ��ºS½�¾ c í�� T: I �%� £ þHÈÌ½�À�¯#°�Í�¯�Ç�¯kº>½�ç>ºSÄÌ¼�¯�Ê�ÈÌ°�Í�Îe¯�ÒeÂr¯�À�°°�» � » Ö c "MrÓÈÌÒQö�¯�Î�»�ð�ÈÌ° Ö »YÄÌÄÉ»xÊ�Ò Ö Îe»YÇ º�Òe°�ºS½�¾AºSÎe¾9Ò�À�ºSÄÉÈÌ½�ÆÕºSÎeÆY¼�Ç�¯�½W°kð�À Ö £ Ö »SÎ
¯ � ºSÇ�Â�ÄÉ¯�:ZM�ð(þH¯�Àp°�ÈÉ»S½ � £ AKî »YÎ	: ¢ K�ð7þH¯�Àp°�ÈÌ»Y½ K î Ö »SÎ�Ò�ÈÌÇ²ÈÌÄôºSÎ�ºSÎeÆY¼�Ç�¯�½W°�Ò�ðE°�ÍAºK°



���� ���"���� %�� � ���J�4� ���J�����	�
�� ���

������F�������������
�)$ W �

Ö »YÎ�ºS½WÅ � í � T
Ø M £ E Ù

@  � : c�"Br î pgs � ÈÌ½ Ö�� ) � X�� ! � Û 	 ! : )  o!G: c " r Û�� î ! : )  
� � � R 1 � 1 T ) n � Ø 1 c51 T ) ��� I 1 c51 T ) ��� Ù

� R�TVU · 1 � 1 TVU ·T ) n � ! � ! TVU ·: ) n � Ø 1 c51 T ) ��� I 1 c51 T ) � � Ù ë
ì�¯�Î�¯�� X ºS½�¾ �$R¹¾�¯�½�»S°�¯�°�Í�¯Ó°JÊ~»Õ°�ÎeÈôºS½�ÆYÄÉ¯�Ò~Ç�¯�¯p°�ÈÉ½�Æ�°�Í�¯�¯�¾�ÆS¯ � ºS½�¾�±  ä
� X	� �$R £ þHÈÌ½�À�¯ 1 � / ) � Ø Þ æ c Ù 1 � Ü · � X���8 1 m  Ø Îe»S° Þ�Ù : c " r î pksA1_æ
°�Í�¯�¾�¯�Ò�ÈÉÎe¯�¾ü¯�Òe°�ÈÉÇ²º>°�¯ Ö »YÄÌÄÉ»xÊ�Ò�¸WÅGºSÂ�Â�ÄtÅ�ÈÉ½�Æ�°�Í�¯�¯�ÒU°�ÈÌÇ$º>°�¯ Ø M £ E Ù Ê�ÈÌ°�Í � ä
Î�»S° Þ ðAÒ�¼�Ç²Ç�ÈÉ½�Æ�»CçS¯�Î�ºSÄÉÄE¯�¾�ÆY¯�Ò�ð<ºS½�¾�¼�ÒeÈÉ½�Æ�°�Í�¯ Ö ºSÀ�°�°�Í�º>°

�
 X�� 8 1 c51 · T ) � � Ü X · -0/ Ø c/æ c Ù ë

�
®)¯�° Ø Þ �Yæ ã � Ù í � �,�$!��¸r¯�°�Í�¯�º>Â�Â�Î�» � ÈÉÇ²º>°�ÈÉ»Y½9» Ö Ø Þ æ ã Ù ¾�¯�Î�ÈÌçS¯�¾ Ö Î�»YÇ

°�Í�¯ï¾�ÈÌÒ�À�Î�¯�°�¯ïÒeÅ�Òe°�¯�Ç Ø A�£t¢CÙ�£ %<Îe»YÇ Ø A�£t¢CÙ ºS½�¾ Ø M £Ì¢CÙ Ê~¯�»Y¸�°�º>ÈÉ½
Ø M £ZAWÙ -0/ Ø Þ Û Þ �Wæ c Ù I Ø ã²Û¹ã �Yæ�¾�Ètç c Ù ä � / ) � Ø Þ æ c Ù
Ö »YÎ�ºSÄÌÄ$c í � � £ %A¼�Îe°�Í�¯�ÎeÇ²»SÎ�¯Sð

¾�ÈÌç Þ � ä � �7¾�ÈÌç Þ ä ¾�ÈÌç � � Þ ë
õ Í�¯�Îe¯ Ö »YÎe¯SðA°�º>ÿ�ÈÌ½�Æ c ä � � Þ Û Þ ��ÈÌ½ Ø M £ZAWÙ ÊQ¯�»Y¸�°�ºSÈÉ½

-0/ Ø Þ Û Þ �Yæ � � Þ Û Þ � Ù ä � / ) � Ø Þ æ � � Þ Û Þ � Ù ë
þHÈÉ½�À�¯	-0/#ÈÉÒ�ºS½�ÈÉ½�½�¯�Î#Â�Îe»H¾�¼�À�°�Ê~¯ Ö ¼�Îe°�Í�¯�Î�ÍAºkçY¯!� � Þ Û Þ �6! ·� � ! Þ Û � � Þ ! ·� I E -0/ Ø Þ Û Þ �Wæ � � Þ Û Þ � Ù

� ! Þ Û � � Þ ! ·� I E � / ) � Ø Þ æ � � Þ Û Þ � Ù æ
ì�¯�½�À�¯>ð<Ê~¯�À�»Y½�À�ÄÉ¼�¾�¯ï°�ÍAº>°
Ø M £ K Ù ! Þ Û Þ ��!�� � E Ø ! Þ Û � � Þ !�� I Ò�¼�Â

� X�798 1 � / ) � Ø Þ æ c Ù 1![c5!�� Ù ë%AÎ�»YÇñ°�Í�ÈÌÒ#¸AºSÒ�ÈÌÀï¸r»Y¼�½�¾9ÊQ¯�¯kºSÒeÈÉÄtÅ�¾�¯�Î�ÈÌçS¯�°�Í�¯ Ö »YÄÌÄÉ»xÊ�ÈÉ½�Æ�¯�Î�Îe»YÎ#¯�ÒU°�ÈÌÇ$º>°�¯ £

	��
 �1à 
�� � � )+�� 0 Þ í � · G � T: 531
1 ã�í � T G  ·: ( . .�1 ( . . 0=*2/�/%*;: -�1J7
.0/F(4- � 54( .0/ . *2/B1 =! Þ Û Þ ��! : I Ü !EÎe»S° Ø Þ Û Þ � Ù ! : � � ØSR · I Ü4R Ù ! Þ ! · æ!E¾�Ètç Ø Þ Û Þ � Ù ! : � � R !E¾�ÈÌç Þ ! T! ã�Û¹ã ��! : � � R7Ø ! ã ! T I ØNÜ I R Ù ! Þ ! · Ù ë

 .F3 . � �øé -%/ 5 	0*21�/F(S531 ( -�1
1J. � .�1
1J.�1 ( *10 Ü 531
1 R �
� .�� 5430, = ì�¯�Îe¯SðrºS½�¾�¸r¯�ÄÉ»xÊïðA°�Í�¯�¾�Èd.r¯�Îe¯�½W°�ÈÉºSÄ)»YÂ1¯�Î�º>°�»YÎeÒ � º>½�¾	Îe»S°�ð1ºSÂJ@

Â�ÄÉÈÌ¯�¾ °�»�çY¯�Àp°�»YÎ�ÔA¯�ÄÌÒ�ÈÌ½ � �SðLºSÎe¯$¾�¯pÔA½�¯�¾ûÄÉ»�ÀkºSÄÌÄÌÅ¹»S½Ë¯kºSÀ�Íü°�Î�ÈÉºS½�ÆYÄÌ¯�» Ö °�Í�¯
°�ÎeÈôºS½�ÆS¼�Äôº>°�ÈÉ»Y½  � £ �



� � �������	�
����������
������������������������������� !�"�����#��
������	$	 %���&����
� 30*-*10 � õ Í�¯9ÔAÎeÒe°"¯�Òe°�ÈÌÇ$ºK°�¯�ÈÌÒ�ºÐ¾�ÈÉÎe¯�À�°ÕÀ�»Y½�Òe¯���¼�¯�½�À�¯�» Ö Ø K £ M Ù ð Ø M £ K Ù ðQº>½�¾
®)¯�Ç�Ç$º M £Ì¢S£Gõ Í�¯9Ò�¯�À�»Y½�¾�¯�ÒU°�ÈÌÇ$º>°�¯ Ö »YÄÌÄÉ»xÊ�Ò Ö Îe»YÇ´°�Í�¯9¸1»Y¼�½�¾ Ø K £ZAWÙ ð~º>½�¾
°�Í�¯ Ö ºSÀp°#°�ÍAºK°�¾�ÈÌç Þ � ä � �(¾�ÈÌç ÞÓ£
Ñ ½Ë»YÎe¾�¯�Î�°�»	¯�Òe°�º>¸�ÄÉÈÌÒ�Íû°�Í�¯$°�Í�ÈÉÎ�¾û¯�Òe°�ÈÉÇ²º>°�¯"Ê~¯$ÔAÎ�ÒU°�»Y¸�Òe¯�ÎUçY¯�°�Í�º>° Ø K £ AYÙ

ÈÉÇ�Â�ÄÉÈÌ¯�Òw°�ÍAº>°
Ø M £ M Ù ! ã�Û � � ã ! : ��� R ! ã ! T ë
ì�¯�½�À�¯>ð>Èt°)»Y½�ÄtÅÓÎe¯�Ç²ºSÈÉ½�Òr°�»�¯�ÒU°�ÈÉÇ²º>°�¯ � � ã�Ûwã � £ ì�»xÊ~¯�çY¯�Î�ð Ö Î�»YÇ °�Í�¯/Ç�»H¾�ÈÌÔA¯�¾
ÈÉ½ Ö ��Ò�¼�Â�À�»S½�¾�ÈÌ°�ÈÉ»Y½ Ø A�£ E Ù ð�À Ö £�õ Í�¯�»YÎe¯�Ç K £t¢ ð�Ê~¯�»Y¸�°�º>ÈÉ½! ��� ã²Û¹ã ��! : � � X T Òe¼�Â

� X�798 Ø ��� ã²Û¹ã �Wæ�¾�ÈÌç c Ù1 1 1 c51 1 1 / ) � ë%A¼�Îe°�Í�¯�ÎeÇ²»YÎe¯Sð Ö »SÎ�ºS½WÅCc í �%��Ê~¯�ÍAºkçY¯
Ø � � ã�Û¹ã �Wæ�¾�ÈÌç c Ù ä Ønã�Û	ã �Wæ�¾�ÈÌç5c Ù

ä+Û -0/ Ø Þ Û Þ �Sæ c Ù I � / ) � Ø Þ æ c Ù æ
Ê�Í�ÈÉÀ�Í�ÈÉÇ�Â�ÄÌÈÉ¯�Òw°�ÍAºK°1 Ø � � ã�Û¹ã �Wæ�¾�ÈÌç c Ù 1 � Ø ! Þ Û Þ �6!�� I Òe¼�Â

� X�798 1 � / ) � Ø Þ æ c Ù 1![c5!�� Ù 1 1 1 c51 1 1 / ) �Yæ
»YÎ

Ø M £Z<WÙ ! ��� ã�Û	ã �6! : � � X T Ø ! Þ Û Þ ��!�� I Ò�¼�Â
� X�798 1 � / ) � Ø Þ æ c Ù 1![c5!�� Ù ë%AÎ�»YÇñ°�Í�¯ïÂ�Îe¯�ç�ÈÉ»Y¼�Ò�¯�Òe°�ÈÉÇ²º>°�¯�Ò�ÊQ¯ï°�Í�¯�Î�¯ Ö »YÎ�¯ï»Y¸�°�ºSÈÉ½! ��� ã�Û¹ã �6! : � � ØSR · I Ü4R Ù ! Þ ! · æ

ºS½�¾ø°�»YÆY¯p°�Í�¯�Î²Ê�ÈÌ°�Í Ø M £ M Ù °�Í�ÈÉÒ$¯�Òe°�ºS¸�ÄÉÈÌÒ�Í�¯�Ò²°�Í�¯¹¾�¯�Ò�ÈÉÎe¯�¾Ã¯�Òe°�ÈÉÇ²º>°�¯�»Y½ø°�Í�¯
¯�ÎeÎ�»YÎ ! ã�Û¹ã �6! : £ �

� .�� 5430, = 8 Ò�ºS½�ºSÄÌ°�¯�Îe½Aº>°�ÈtçY¯$°�»Ð°�Í�¯9¯�Òe°�ÈÌÇ$ºK°�¯�Ò�ÆYÈÌçS¯�½�ÈÉ½ õ Í�¯�»YÎ�¯�Ç M £t¢
ºS¸1»CçS¯�ÊQ¯�ÀkºS½�ºSÄÌÒ�»�»Y¸�°�ºSÈÉ½
Ø M £��YÙ ! Þ Û Þ ��! : I Ü !EÎe»S° Ø Þ Û Þ � Ù ! : ��� R7Ø ! Þ ! T I Ü ! Þ ! · Ù
ºS½�¾
Ø M £ � Ù ! ã�Û	ã �6! : ��� R7Ø ! ã ! T I ! Þ ! T I Ü ! Þ ! · Ù ë
õ Í�¯�Òe¯�Ç�»�¾�ÈÌÔAÀ�º>°�ÈÌ»Y½�Ò#º>Î�¯�»Y¸�°�ºSÈÉ½�¯�¾�È Ö ÊQ¯ï¼�Òe¯�°�Í�¯ï¯�ÒU°�ÈÉÇ²º>°�¯! Þ Û � � Þ ! : ��� R ! Þ ! T æ
»Y¸�°�ºSÈÉ½�¯�¾ Ö Îe»YÇ Ø K £ M Ù ð�ÈÉ½ Ø M £ K Ù ÈÌ½�Òe°�¯kºS¾�» Ö °�Í�¯�À�»YÎeÎ�¯�Ò�Â1»Y½�¾�ÈÌ½�Æ ��¼Aº>¾�Î�º>°�ÈÉÀ�¯�Ò+@
°�ÈÌÇ$º>°�¯ £ � çY¯�½�È Ö °�Í�¯wÇ²»�¾�ÈÌÔ�¯�¾�¯�Òe°�ÈÉÇ²º>°�¯�Òsº>Î�¯�ÊQ¯�ºSÿS¯�Î Ö »YÎ(¼�½�È Ö »SÎ�Ç�ÄÌÅ�ÒeÇ²»�»S°�Í
Ò�»YÄÌ¼�°�ÈÌ»Y½�Ò�ðY°�Í�¯pÅ�ºSÎ�¯�Ò�»SÇ²¯p°�ÈÉÇ�¯�ÒsÂ�Î�¯ Ö ¯�Î�º>¸�ÄÉ¯ Ö »YÎ�Ç�»YÎ�¯#ÒeÈÉ½�ÆY¼�ÄôºSÎLÒe»YÄÉ¼H°�ÈÉ»S½�Ò £ �



���� ���"���� %�� � ���J�4� ���J�����	�
�� ���

������F�������������
�)$ ��W
<�£���¨sª7¥7©��5§,� �g� �A�1§�� �(¥(© ª7¥7¬���¨s§�� �1§)§r¨s§^���C¦�¬�� ��¦����

Ñ ½ÃÆY¯�½�¯�Î�ºSÄyð�Ê~¯¹Àkº>½�½�»S°9¯ � Âr¯�À�°�°�ÍAº>°$°�Í�¯¹½�»SÎ�Ç ! Þ ! · » Ö °�Í�¯¹Òe»YÄÉ¼H°�ÈÉ»S½» Ö Ø ¢Y£Ì¢xÙ ÈÌÒ"¸r»Y¼�½�¾�¯�¾¿ÈÉ½�¾�¯�Â1¯�½�¾�¯�½W°�ÄÌÅË» Ö Ü £ÁÑ ½ Ö ºSÀp°kðQºSÒ Ü ºSÂ�Â�Îe»WºSÀ�ÍÁö�¯�Î�»
¯�çS¯�½ !rÎ�»>° Þ ! : Ò�Í�»Y¼�ÄÉ¾�¸1¯�¯ � Âr¯�À�°�¯�¾�°�»²¸�ÄÌ»xÊê¼�Â £ ì�¯�½�À�¯SðA°�Í�¯�À�»Y½WçY¯�Î�ÆY¯�½�À�¯¯�ÒU°�ÈÉÇ²º>°�¯�Ò"ÆYÈÌçS¯�½¿ÈÉ½ õ Í�¯�»SÎ�¯�Ç M £t¢ Ê�ÈÉÄÉÄQ¾�¯�°�¯�Î�ÈÌ»YÎ�ºK°�¯�ºSÒ Ü ¸r¯�À�»YÇ�¯�Ò�Ò�Ç²ºSÄÌÄ £
õ Í�¯ Ö »YÄÌÄÉ»xÊ�ÈÉ½�Æ�¯ � ºSÇ�Â�ÄÉ¯�Ò�Í�»xÊ�ÒÓ°�ÍAº>°�°�Í�ÈÌÒÓ¸1¯�ÍAºkç�ÈÉ»YÎ�» Ö °�Í�¯�¯�Î�Îe»YÎÓÈÌÒ�ÈÌ½ Ö ºSÀp°
Î�¯�ºSÄ £

�
	 5���� /%.������ Ñ ½Ã°�Í�ÈÉÒ²¯ � ºSÇ�Â�ÄÉ¯�ÊQ¯ÐÒU°�¼�¾�ÅÁ°�Í�¯¹À�»Y½WçS¯�Î�ÆS¯�½�À�¯ Ö »YÎ$ºS½ Ü
¾�¯�Â1¯�½�¾�¯�½W°�Òe»YÄÉ¼H°�ÈÉ»S½ £ ®)¯�° Þ ä Ü egf à3h � X V � V�� U / ð ã ä Ü � X V � U / ð åñä Þ ÛÜ · Ý Þ Ûøß<àCáAâ�ã ºS½�¾ è ÈÉ¾�¯�½�°�ÈÉÀ�ºSÄsö�¯�Î�» £�Ñ ½ Ö ºSÀ�°�ð Þ ÈÉÒ�½�»S°�°�Í�¯�Òe»YÄÉ¼H°�ÈÉ»S½¹» Ö
°�Í�¯�À�»YÎ�Îe¯�ÒeÂr»Y½�¾�ÈÉ½�Æ"ÒUÅHÒU°�¯�Ç Ø ¢Y£t¢CÙ ð�Ò�ÈÉ½�À�¯�°�Í�¯�¸r»Y¼�½�¾AºSÎUÅ9À�»Y½�¾�ÈÌ°�ÈÉ»Y½�Ò�ºSÎ�¯�½�»>°
Ò�º>°�ÈÉÒUÔA¯�¾ £ ì�»CÊ~¯�çS¯�Î�ðQ°�Í�¯�ºS¾�ºSÂ�°�ÈÌ»Y½�» Ö °�Í�¯�½�¯pÊ Ç²¯p°�Í�»�¾�°�» ½�»Y½�Í�»YÇ�»YÆY¯F@
½�¯�»S¼�Ò�¸r»Y¼�½�¾AºSÎUÅ9À�»Y½�¾�ÈÌ°�ÈÉ»Y½�Ò#ÈÌÒ#Òe°�Î�ºSÈÌÆYÍW° Ö »YÎUÊ�ºSÎe¾ £
õ Í�¯9Ò�ÈÌÆY½�ÈtÔAÀkºS½�À�¯�» Ö °�Í�¯9Ò�»YÄÌ¼�°�ÈÌ»Y½ Þ )e¼�Òe°"ÆYÈtçY¯�½�ÈÌÒÕÎ�¯�Äôº>°�¯�¾Ë°�»¹°�Í�¯ Ö ºSÀp°

°�ÍAºK°�°�Í�¯ ��¼Aº>½�°�ÈÌ°�ÈÉ¯�Ò !EÎe»S° Þ ! : º>½�¾ Ü !EÎe»S° Þ ! T ¸r»S°�Í ºSÎ�¯�» Ö »YÎ�¾�¯�Î Ü�X TVU · ºSÒÜ °�¯�½�¾�Ò�°�»Gö�¯�Îe» £ 8 Ò�Ê~¯�Ê�ÈÌÄÉÄQÒe¯�¯�¸1¯�ÄÉ»xÊïðwÈÉ½�®)¯�Ç�Ç²º <�£Ì¢ ðw°�Í�ÈÉÒ�¸1¯�ÍAºkç�ÈÉ»SÎ
ÈÉÒ�°JÅ�Â�ÈÌÀkºSÄ Ö »YÎ#Òe»YÄÉ¼H°�ÈÉ»S½�Ò#» Ö °�Í�¯ïÒ�ÈÌ½�ÆY¼�ÄÉºSÎ#Â1¯�Îe°�¼�Î�¸�º>°�ÈÌ»Y½�Â�Î�»Y¸�ÄÉ¯�Ç Ø ¢Y£t¢CÙu£ %<»SÎ
Ò�»YÄÌ¼�°�ÈÌ»Y½�Ò(Ê�ÈÌ°�ÍÕ°�Í�ÈÉÒsÒ�ÈÉ½�ÆY¼�Äôº>Îs¸1¯�ÍAºkç�ÈÉ»YÎ5°�Í�¯�¯�Òe°�ÈÉÇ²º>°�¯�Ò Ø M £��YÙ º>½�¾ Ø M £ � Ù ÄÌ¯kºS¾�Ò
°�»"¯�ÎeÎ�»YÎ�¸1»Y¼�½�¾�Ò�» Ö °�Í�¯ Ö »YÎ�Ç
Ø <�£t¢CÙ 1 1 1 Þ Û Þ �61 1 1 /�æ
! ã"Û¹ã �6! : ��� R�Ü X TVU · æ
Ê�Í�¯�Îe¯ � ÈÉÒ�º�À�»Y½�ÒU°�ºS½W°�ÈÉ½�¾�¯�Â1¯�½�¾�¯�½W°�» Ö Ü ºS½�¾ R £�Ñ ½ õ ºS¸�ÄÌ¯ <�£Ì¢ ¸1¯�ÄÌ»xÊ Ê~¯
ÍAºkçY¯�À�»YÇ�Â�¼�°�¯�¾¿°�Í�¯¹º>¸�Ò�»YÄÌ¼�°�¯�¯�ÎeÎ�»YÎ�ð?1 1 1 Þ Û Þ �61 1 1 / Ö »SÎ�¾�Èd.r¯�Î�¯�½W°²ç>ºSÄÌ¼�¯�Ò�» Ö
Ü º>½�¾ R £ %<»SÎÕ¯kºSÀ�Í�Ô � ¯�¾ Ü °�Í�¯�À�»S½�çS¯�ÎeÆY¯�½�À�¯�Î�º>°�¯�Ê�Èt°�Í�Îe¯�Ò�Â1¯�Àp°²°�» R ÈÌÒ
¯�ÒU°�ÈÉÇ²º>°�¯�¾ £

Ü � Í E X · E X�� E X�� E X�� E X�� Î�º>°�¯
E X · ��£ E � ¯F@ E A�£Z< é ¯�@ E ¢Y£�� � ¯F@+E � £�� M>¯F@ A K £ A�< ¯F@ A é £ � �
E X�� � £ � � ¯F@ E M £ � �S¯�@ E A�£��H¢ ¯F@+E E £ é < ¯F@+E ¢S£ é MK¯F@ E é £�� �
E X�" ¢S£Ì¢ EK¯F@ ¢ <�£ � � ¯�@ E K £ é � ¯F@+E E £ <4< ¯F@+E ¢S£��4A ¯F@ E é £Z<,�
E X T : ¢S£Ì¢ � ¯F@ ¢ � £t¢-< ¯�@ E M £ K �S¯F@+E A�£ A KY¯F@+E ¢S£ ��A ¯F@ E é £Z< M
E X T · ¢S£Ì¢ � ¯F@ ¢ � £ E é ¯�@ E M £�� KY¯F@+E K £ é E>¯F@+E E £��H¢ ¯F@ E é £ M�E
$ ���$�(� �('*)+'�õ Í�¯�ºS¸�Ò�»SÄÉ¼�°�¯�¯�Î�Îe»YÎ�ÈÉ½9çY¯�ÄÉ»�À�Èt°JÅYðAÇ�¯kºSÒe¼�Î�¯�¾	ÈÉ½
°�Í�¯¹¯�½�¯�Î�ÆSÅ¿½�»YÎeÇ�ð#»S¸�°�ºSÈÌ½�¯�¾ø¸�ÅÁ°�Í�¯¹½�¯�Ê¶½�»S½�À�»Y½ Ö »YÎ�Ç�ÈÉ½�Æ
¯�ÄÌ¯�Ç�¯�½W° £

úû¯�»Y¸�Òe¯�ÎUçY¯²°�ÍAº>° Ö »YÎ Ü Ò�¼��²À�ÈÉ¯�½�°�ÄÌÅ ÄÉºSÎ�ÆY¯�°�Í�¯²À�»Y½WçY¯�Î�ÆY¯�½�À�¯�Î�º>°�¯�ÈÉÒ�ºSÂJ@
Â�Î�» � ÈÉÇ²º>°�¯�ÄÌÅ�»Y½�¯>ðC¸�¼�°)°�Í�º>°)°�Í�¯/¯�Òe°�ÈÉÇ²º>°�¯�¾�Î�º>°�¯s¾�¯�À�Î�¯kº>Ò�¯�Ò(Ê�Í�¯�½ Ü ºSÂ�Â�Îe»WºSÀ�Í
ö�¯�Î�» £�õ Í�¯�Òe¯ÕÎ�¯�Ò�¼�Ät°�Ò�Òe¯�¯�Çý°�»²À�»Y½HÔAÎ�Çý°�Í�¯�À�ÄÉºSÈÉÇ °�ÍAº>°�°�Í�¯ÕÀ�»Y½WçY¯�Î�ÆY¯�½�À�¯�ÈÌÒ
ÄÉÈÌ½�¯kºSÎ7Ê�ÈÌ°�ÍÕÎ�¯�Ò�Â1¯�Àp°/°�» R Ö »YÎs¯�ºSÀ�Í�Ô � ¯�¾ Ü £ ì�»CÊ~¯�çS¯�Î�ð�Ê�Í�¯�½ R ÈÌÒsÒe¼���À�ÈÉ¯�½W°�ÄÌÅ
ÄôºSÎeÆY¯�À�»YÇ²Â�ºSÎ�¯�¾�°�» Ü ÊQ¯�¾�»"½�»S°�»Y¸�Ò�¯�ÎUçY¯ï°�Í�ÈÌÒ#ÄÉÈÌ½�¯kºSÎQÎ�º>°�¯ £
Ñ ½ õ ºS¸�ÄÉ¯ <�£ EûÊQ¯ÐÆSÈÌçY¯¹°�Í�¯ÐÀ�»SÎ�Î�¯�Ò�Â1»Y½�¾�ÈÌ½�Æ�Î�¯�Äôº>°�ÈÌçY¯- · ¯�ÎeÎ�»YÎeÒ Ö »YÎ$°�Í�¯

Â�Î�¯�Ò�Òe¼�Î�¯ £



� � �������	�
����������
������������������������������� !�"�����#��
������	$	 %���&����

Ü � Í E X · E X�� E X�� E X�� E X�� Î�º>°�¯
E X · E £ A EK¯F@ E ¢Y£t¢Y¢ ¯�@ E M £ZA�< ¯F@ A E £ < KY¯F@ A ¢S£ A�¢ ¯F@ A ¢Y£ é K
E X�� �H£ éYé ¯F@ A M £ZA�A ¯�@ A E £Z< E>¯F@ A ¢Y£Ì¢ M>¯F@ A K £ <�¢ ¯F@ K ¢Y£ é �
E X�" M £ E��>¯F@ A A�£ EGKY¯�@ A E £t¢ �S¯F@ A ¢Y£ E A ¯F@ A M £ �,� ¯F@ K é £�� �
E X T : K £ ��A ¯F@ A E £ MGKY¯�@ A ¢Y£ZA�A ¯F@ A �H£ �4A ¯F@ K M £ A EK¯F@ K é £ � ¢
E X T · K £ � EK¯F@ A E £ M ¢ ¯�@ A ¢Y£ EGKY¯F@ A <�£ E4E>¯F@ K AH£ E � ¯F@ K é £ � �
$ ���$�(� �('�� 'Óõ Í�¯- · ¯�Î�Î�»SÎ²ÈÌ½Á°�Í�¯	Â�Îe¯�ÒeÒ�¼�Îe¯	»Y¸�°�ºSÈÉ½�¯�¾ø¸WÅ
°�Í�¯�½�¯�Ê ½�»Y½�À�»S½ Ö »YÎ�Ç�ÈÉ½�Æ�¯�ÄÉ¯�Ç²¯�½W° £

8 ÆWº>ÈÉ½Ã°�Í�¯ü¯�Òe°�ÈÌÇ$ºK°�¯�¾ À�»Y½WçY¯�ÎeÆY¯�½�À�¯ËÎ�º>°�¯ÐÈÌÒ�º>Â�Â�Î�» � ÈÉÇ²º>°�¯�ÄÌÅ¿»Y½�¯ Ö »YÎ Ü
ÄôºSÎeÆY¯ £�õ Í�¯�½üÈÌ°�ÒU°�ºSÎU°�Ò�°�»�¾�¯�À�Î�¯�ºSÒ�¯�Ê�ÈÌ°�Í Ü ºSÒ�ÈÉ½ õ ºS¸�ÄÌ¯ <�£Ì¢S£ ì�»xÊQ¯pçY¯�Î�ðsÈÌ½
°�Í�ÈÌÒ#ÀkºSÒe¯�°�Í�¯ïÀ�»S½�çS¯�ÎeÆY¯�½�À�¯�Î�º>°�¯�ÈÌ½�À�Îe¯kºSÒe¯�Ò�Î�»Y¼�ÆSÍ�ÄÌÅ$¸AºSÀ�ÿ$°�»�»S½�¯�Ê�Í�¯�½ Ü ÈÌÒ
Ò�¼�Â1¯�Î�À�ÄÉ»YÒe¯�°�»ïö�¯�Î�» £ úü¯#Ê�ÈÉÄÌÄHÀ�»YÇ²Ç�¯�½W°�»Y½�°�Í�ÈÉÒ/Â�Í�¯�½�»YÇ�¯�½�»Y½ Ö »SÎs°�Í�¯�¯�Î�Î�»SÎ
» Ö °�Í�¯ïÂ�Îe¯�Ò�Òe¼�Î�¯�º>°�°�Í�¯�¯�½�¾�» Ö °�Í�ÈÉÒ#Òe¯�Àp°�ÈÉ»S½ £
õ Í�¯"¯�ÒU°�ÈÉÇ²º>°�¯ <�£Ì¢ ¾�»�¯�Òï½�»>°ïÈÉÇ�Â�ÄÌÅ�¼�½�È Ö »YÎ�Ç À�»Y½WçY¯�Î�ÆY¯�½�À�¯�Ê�ÈÌ°�ÍGÎe¯�ÒeÂr¯�À�°

°�» Ü Ö »YÎ�»Y¼�Î�½�¯pÊ�ÔA½�ÈÌ°�¯ï¯�ÄÉ¯�Ç²¯�½W°ÓÇ�¯�°�Í�»H¾ £ ì�»xÊ~¯�çS¯�Î�ðEºSÒ�º�À�»Y½�Ò�¯>��¼�¯�½�À�¯�» Ö
°�Í�¯�°�Í�¯�»YÎUÅ9¸1¯�ÄÉ»xÊïð�Ê~¯�Ê�ÈÉÄÉÄr»Y¸�°�ºSÈÉ½�ºS½�ÈÉÇ�Â�Îe»CçS¯�¾�¯�ÒU°�ÈÉÇ²º>°�¯�» Ö °�Í�¯ Ö »YÎ�Ç
Ø <�£ E Ù 1 1 1 Þ Û Þ �61 1 1 /pæ
! ã�Û	ã �6! : ��� Ç�ÈÉ½ ØSR TVU · æ R�Ü X TVU · Ù æ
Ö »YÎQÒe»YÄÉ¼H°�ÈÉ»S½�ÒwÊ�Èt°�Í9º�Ò�ÈÉ½�ÆY¼�Äôº>Î~¸1¯�ÍAºkç�ÈÉ»SÎQÒ�ÈÌÇ²ÈÌÄôºSÎL°�»�°�Í�¯ÓÒ�»SÄÉ¼�°�ÈÉ»Y½ Þ Òe°�¼�¾�ÈÌ¯�¾
Í�¯�Îe¯ £ ��»S°�¯�°�ÍAºK°�°�Í�ÈÉÒ#ÈÌÒ#ÈÉ½ Ö ºSÀp°�À�»Y½�ÒeÈÉÒe°�¯�½W°�Ê�ÈÌ°�Í�°�Í�¯ïÎ�¯�Òe¼�ÄÌ°�Ò�» Ö õ ºS¸�ÄÌ¯�Ò <�£t¢
ºS½�¾ <�£ EHð�Ê�Í�¯�Î�¯ïÊQ¯ï½�¯pçY¯�Î�»Y¸�Òe¯�ÎUçY¯Õº�À�»Y½WçY¯�ÎeÆY¯�½�À�¯�Î�º>°�¯ï¸1¯�ÄÌ»CÊêº"ÍAºSÄ Ö £��
õ Í�¯�Ç²ºSÈÉ½�Â�¼�ÎeÂr»SÒ�¯�» Ö °�Í�ÈÌÒsÒ�¯�À�°�ÈÉ»Y½ÕÈÌÒ5°�»�¯�ÒU°�ºS¸�ÄÌÈÉÒeÍ�¯�ÎeÎ�»YÎ5¯�ÒU°�ÈÉÇ²º>°�¯�Ò5Ê�Í�ÈÉÀ�Í

ºSÎ�¯$¼�½�È Ö »SÎ�Ç´Ê�ÈÌ°�ÍËÎ�¯�Ò�Â1¯�À�°"°�»	°�Í�¯$Âr¯�Îe°�¼�Î�¸Aº>°�ÈÉ»Y½ûÂAºSÎ�º>Ç²¯p°�¯�Î Ü £ úü¯�ÒeÍAºSÄÉÄ
Ò�Í�»xÊ º�¼�½�È Ö »YÎeÇ P ØVR�TVU · Ù ¯�Î�Îe»YÎ�¯�ÒU°�ÈÉÇ²º>°�¯#ÈÉ½�°�Í�¯�¯�½�¯�ÎeÆSÅ"½�»YÎeÇ £ úû¯�»Y¸�Òe¯�ÎUçY¯
°�ÍAºK°�È Ö è�í � T G  ·: °�Í�¯�½�Èt° Ö »YÄÌÄÉ»xÊ�Ò#¾�ÈÉÎe¯�Àp°�ÄÌÅ Ö Î�»YÇ õ Í�¯�»SÎ�¯�Ç M £Ì¢ °�Í�º>°
Ø <�£ZAWÙ !r¾�ÈÌç Ø Þ Û Þ � Ù ! : ��� R ! è ! T æ
Ê�Í�¯�Îe¯~°�Í�¯QÀ�»Y½�Òe°�ºS½W° � ÈÌÒ5ÈÌ½�¾�¯�Â1¯�½�¾�¯�½W°L» Ö Ü ºS½�¾ R £ ì�¯�½�À�¯>ðSÊ~¯QÍAºkçY¯~¼�½�È Ö »YÎ�Ç
ÄÉÈÌ½�¯kºSÎ�À�»Y½WçY¯�ÎeÆY¯�½�À�¯ Ö »YÎ�°�Í�¯�¯�ÎeÎ�»YÎ�» Ö °�Í�¯�¾�ÈtçY¯�ÎeÆY¯�½�À�¯ £�Ñ ½	À�»Y½W°�Î�º>Òe°�°�»²°�Í�ÈÉÒ�ð
°�Í�¯�Î�¯�Ç$ºSÈÌ½�ÈÉ½�Æ�Â�ºSÎe°�» Ö °�Í�¯�¯�Î�Î�»SÎ�Ê�ÈÉÄÌÄ)¸r¯�º .r¯�À�°�¯�¾¹¸WÅ�¸1»Y¼�½�¾Aº>ÎeÅ�ÄôºkÅY¯�Î�ÒÓºSÒ
Ü ¸1¯�À�»YÇ²¯�Ò~ÒeÇ$º>ÄÉÄ £ ì�»CÊ~¯�çS¯�Î�ðH°�Í�¯ Ö »YÄÌÄÉ»xÊ�ÈÉ½�Æ�¼�½�È Ö »YÎ�Ç À�»Y½WçY¯�Î�ÆY¯�½�À�¯�¯�ÒU°�ÈÉÇ²º>°�¯
Ê�ÈÉÄÌÄE¸1¯�¾�¯�Î�ÈtçY¯�¾ £

	��
 �1à 
�� �#�*)+�� 0 åÃí � Ø Îe»S° Ù 531
1 è�í � TR ( . .�1 ( . .F3 .-%/25 	0*21�/F( 531 ( 	76
-�1
1J. � .�1
1J.�1 ( *10 å 6 è 6 Ü 6 531
1 R /�� 	 . ( . 54(! Þ Û Þ �6! : I Ü !rÎ�»S° Ø Þ Û Þ � Ù ! : I ! ã�Û¹ã �6! : ��� R TVU · Ø ! å !!% &)( I ! è ! T ) R Ù ë
ì�¯�Î�¯²°�Í�¯$þH»Y¸1»YÄÉ¯pç Ò�ÂAºSÀ�¯C� TR ÈÌÒ�º�Ò�ÂAº>À�¯�À�»Y½W°�ºSÈÌ½�¯�¾üÈÉ½ � T ð5Ê�Èt°�ÍËº>Ò�Ò�» @

À�ÈÉº>°�¯�¾G½�»YÎ�Ç�ð5!\"$! T ) R5ð7ÒeÄÉÈÉÆSÍ�°�ÄÌÅ�Òe°�Î�»Y½�ÆS¯�Î�°�ÍAº>½ !\"�! T £"õ Í�ÈÉÒïÒ�Â�ºSÀ�¯�Ê�ÈÉÄÌÄs¸1¯Â�Î�¯�À�ÈÌÒ�¯�ÄtÅ9¾�¯pÔA½�¯�¾�¸r¯�ÄÉ»xÊ £
õ Í�¯�¾�¯�Î�ÈtçSºK°�ÈÉ»S½�» Ö °�Í�¯�¼�½�È Ö »YÎ�Ç�¯�Î�Î�»SÎs¯�ÒU°�ÈÌÇ$º>°�¯�ºS¸1»xçY¯QÊ�ÈÌÄÉÄ�¾�¯�Âr¯�½�¾"Í�¯kºkç�@

ÈÉÄtÅ$»Y½�À�¯�Îe°�ºSÈÉ½�Î�¯�ÆY¼�ÄÉºSÎ�Èt°JÅ$¯�Òe°�ÈÌÇ$ºK°�¯�Ò Ö »SÎ�°�Í�¯ïÒ�»SÄÉ¼�°�ÈÉ»Y½9» Ö °�Í�¯ïÒUÅHÒU°�¯�Ç Ø ¢Y£t¢CÙp£%A»YÎ#¯ � ºSÇ�Â�ÄÉ¯>ðAÊQ¯�Ò�ÍAº>ÄÉÄ)¯�ÒU°�ÈÌÇ$º>°�¯�°�Í�¯�¸�ÄÌ»CÊê¼�Â	» Ö !rÎ�»S° Þ ! T º>Ò Ü ºSÂ�Â�Îe»WºSÀ�Íö�¯�Î�» £ úü¯�ÒeÍAºSÄÌÄE°�Í�¯�Î�¯ Ö »YÎ�¯�ÔAÎeÒe°�¾�¯�ÎeÈÌçS¯ï°�Í�¯�Òe¯�Îe¯�ÆY¼�ÄôºSÎeÈÌ°JÅ�¯�Òe°�ÈÉÇ²º>°�¯�Ò £



���� ���"���� %�� � ���J�4� ���J�����	�
�� ���

������F�������������
�)$ �U�%A»YÎ�À�»S½�çS¯�½�ÈÌ¯�½�À�¯�» Ö °�Í�¯�Îe¯kºS¾�¯�Î#ÊQ¯�Î�¯�Âr¯�º>°�°�Í�¯ïÒUÅHÒU°�¯�Ç Ø ¢Y£t¢CÙ ×
Ø <�£ K Ù

ØcÚ�ÛËÜ ·uÝ ÙUÞ Û�ß<àCáAâ�ã ä�å ÈÉ½�±�æ
¾�Ètç Þ ä è ÈÌ½�±�æ
Þ äêé »Y½�Ï1±�ë

úû¯�º>ÄÉÒ�»�Îe¯�Â1¯kº>°s°�ÍAº>°/°�Í�¯#¾�»YÇ²ºSÈÌ½�±ÁÈÌÒ/º�Â1»YÄÌÅ�ÆY»Y½�ºSÄH¾�»YÇ$º>ÈÉ½ÕÈÌ½Õµ · £sÑ ½ Ö º>À�°kð
ÈÉ½�°�Í�¯Õ¾�ÈÉÒ�À�¼�Ò�ÒeÈÉ»Y½Ð» Ö °�Í�ÈÌÒÓÒ�¯�À�°�ÈÉ»Y½	Ê~¯ÕÒeÍAºSÄÉÄ5ºSÒeÒ�¼�Ç�¯�°�Í�º>°�±�ÈÉ½¹ºS¾�¾�Èt°�ÈÉ»S½�ÈÌÒ
	0*21��4. 	 £�Ñ Ö Ü�íêØcé æ ¢�î ð å í � · º>½�¾ è¹ä é °�Í�¯�½Ð°�Í�¯�À�»YÎ�Îe¯�ÒeÂr»Y½�¾�ÈÉ½�Æ�Ê~¯kº>ÿ
Ò�»YÄÌ¼�°�ÈÌ»Y½�ºS¾�Ç�ÈÌ°�ÒÕ°�Í�¯�ºS¾�¾�ÈÌ°�ÈÌ»Y½AºSÄ~Î�¯�ÆY¼�Äôº>Î�ÈÌ°JÅG°�Í�º>° Ø Þ æ ã Ù í Ø � T: �  ·: Ù GØ � · �@� T Ùu£�õ Í�ÈÌÒ�Î�¯�ÆY¼�Äôº>Î�ÈÌ°JÅ�Îe¯�Ò�¼�ÄÌ° Ö »YÄÌÄÉ»xÊ�ÒÓ¾�ÈÉÎ�¯�À�°�ÄÌÅ Ö Î�»YÇý°�Í�¯�Îe¯�Òe¼�ÄÌ° Ö »SÎ
°�Í�¯²À�»YÎeÎ�¯�Ò�Â1»Y½�¾�ÈÌ½�ÆÐþ�°�»YÿS¯�ÒÕÂ�Îe»Y¸�ÄÉ¯�Ç »Y½Ëº�À�»Y½WçY¯ � ¾�»SÇ$ºSÈÌ½GÊ�Í�ÈÉÀ�ÍËÀ�ºS½û¸1¯
Ö »Y¼�½�¾ÐÈÌ½L: ¢ E�ð=aQ»SÎ�»YÄÌÄôºSÎUÅ �H£ AH£ A�£ M îc£�Ñ ½ Ö ºSÀp°kðE°�Í�¯ÕÒ�º>Ç²¯�Î�¯�ÆS¼�ÄôºSÎeÈÌ°JÅ�Í�»YÄÌ¾�Ò Ö »SÎ
è��ä é È Ö Ê~¯�Î�¯�ÒU°�ÎeÈÉÀ�°#°�Í�¯ï¾Aº>°�º è °�»"°�Í�¯ïÒeÂAºSÀ�¯	� TR £
Ñ ½	»YÎe¾�¯�Î�°�»²¾�¯�Ô�½�¯�°�Í�ÈÉÒ�Ò�Â�ºSÀ�¯�ÄÉ¯�°�Y T æ Y · æ�ëkëkë�æ Y�� í Ï<± ¾�¯�½�»>°�¯�°�Í�¯ïçY¯�Î+@°�ÈÌÀ�¯�Ò�» Ö ± £�õ Í�¯ïÒ�ÂAº>À�¯?� TR ÈÌÒ#ÆYÈÌçS¯�½�¸�Å� TR ä �xè$í � T G  ·: × m�n 1 èEØ Y Ù 1 ·1 Y Û Y � 1 · pkY��	�êæ3� ä ¢ æ0EHækëkëkëpæ�
 � æ

Ê�ÈÌ°�Í�º>Ò�Ò�»�À�ÈÉº>°�¯�¾�½�»YÎ�Ç! è ! · T ) R ä ! è ! · T I �
�
� T T m n 1 èEØ Y Ù 1 ·1 Y Û Y � 1 · pkY7ë

ì�¯�½�À�¯>ð Ö ¼�½�À�°�ÈÉ»Y½�Ò#ÈÌ½�� TR ç>ºS½�ÈÌÒ�Í9ÊQ¯�ºSÿ�ÄÌÅ�ºK°�¯�ºSÀ�Í�çY¯�ÎU°�¯ � » Ö ± £
Ñ °�ÈÉÒ#¯�Òe°�º>¸�ÄÉÈÌÒ�Í�¯�¾�ÈÌ½ : E î °�ÍAº>°

¾�Ètç Ø � · G � T: Ù ä � TR ë%A¼�Îe°�Í�¯�ÎeÇ²»YÎe¯Sð�°�Í�¯�¾�ÈÌçS¯�ÎeÆY¯�½�À�¯�»YÂ1¯�Î�ºK°�»YÎwÍAºSÒQº�¸r»S¼�½�¾�¯�¾9Î�ÈÉÆSÍ�°~ÈÉ½WçS¯�Î�Òe¯Sð� ×� TR 12 � · G � T: ðAÈ £ ¯ £ ¾�Ètç�� è�ä è Ö »YÎ�ºSÄÉÄ è�í � TR ºS½�¾!�� è ! · � � ! è ! T ) R(ë
��»S°�¯�°�ÍAº>°#È Ö Ø Þ æ ã Ù Òe»YÄÌçS¯�Ò Ø <�£ K Ù °�Í�¯�½ Ø Þ Û � è æ ã Ù Ò�»YÄtçY¯�Ò�º�À�»YÎeÎ�¯�Ò�Â1»Y½�¾�ÈÌ½�Æ
Â�Î�»S¸�ÄÉ¯�Ç Ê�ÈÌ°�Í è"äêé £ %AÎ�»YÇ+°�Í�¯�Î�¯�Ò�¼�Ät°�ÈÉ½Õ°�Í�¯�ÀkºSÒe¯ è�äêé ÊQ¯�À�ºS½�°�Í�¯�Îe¯ Ö »YÎe¯
À�»Y½�À�ÄÉ¼�¾�¯Q°�Í�º>° Ø Þ æ ã Ù í�Ø � T: �  ·: Ù G Ø � · � � T Ù Ö »YÎsºS½WÅ Ø�å æ è Ù í � · �	� TR £õ Í�¯ Ö »YÄÉÄÌ»xÊ�ÈÉ½�Æ�Î�¯�Òe¼�ÄÌ°"ÆSÈÌçY¯�Ò�ºS½�¼�Â�Â1¯�Î"¸r»S¼�½�¾ Ö »YÎ�°�Í�¯�¸�ÄÉ»xÊ ¼�ÂÁ» Ö °�Í�¯
½�»YÎeÇ !EÎe»S° Þ ! T º>Ò Ü °�¯�½�¾�Ò�°�»"ö�¯�Î�» £
�&
���� á �#�*)+��� /0/�� � .D( . 54( å í � Ø Î�»S° Ù 6 è�í � TR 6#531
1 /%.F( Ø Þ æ ã Ù +F.
( . .�	0* 3�30.0/ � *21
13-�1J7 /-*2/ �J(4-S*21 *10 Ø <�£ K Ù � ,/. .F3 .H. 	 -%/F( 5 	0*21�/F(S531 ( � ��é 6
-�1
1J. � .�1
1J.�1 ( *10 Ü 6 å 531
1 è 6 /�� 	 . ( . 54(
Ø <�£ M Ù Ü TVU · !rÎ�»S° Þ ! : I Ü �+U · !rÎ�»S° Þ ! T ��� Ø !rÎ�»S° å ! : I ! è ! T ) R Ù ë
� 30*-*10 � úü¯�ÔAÎ�ÒU°�À�»Y½�ÒU°�Î�¼�À�°Óº Ö ¼�½�À�°�ÈÉ»Y½ 	Þ í�� · G � T: Òe¼�À�Í�°�ÍAº>°
Ø <�£Z<WÙ ¾�Ètç 	Þ ä è æ º>½�¾ Î�»S° Ý 	Þ äêé ë
Ñ ½ Ö º>À�°kðH°�Í�¯ Ö ¼�½�Àp°�ÈÌ»Y½ 	Þ À�ºS½�¸r¯�À�»Y½�Òe°�Î�¼�Àp°�¯�¾¹¸WÅ9¾�¯�Ô�½�ÈÉ½�Æ

	Þ ä � è I egf à3h�� æ



� � �������	�
����������
������������������������������� !�"�����#��
������	$	 %���&����
Ê�ÈÌ°�Í � í � ·: ¸r¯�ÈÉ½�Æ�°�Í�¯ïÊ~¯kº>ÿ9Ò�»YÄÌ¼�°�ÈÌ»Y½9» Ö °�Í�¯ï¸�ÈÌÍAºSÎ�Ç�»Y½�ÈÌÀ�¯���¼AºK°�ÈÉ»S½

ó · �Áä Î�»>° Ý � è ÈÌ½�±�æ
�Áä Ï �Ï * ä é »Y½�Ï<±�ë

úû¯�»Y¸�Ò�¯�ÎUçY¯�°�ÍAºK°kðWÒ�ÈÌ½�À�¯�� è9í�� · ðY°�Í�¯�Î�ÈÌÆYÍW°/ÍAºS½�¾�Ò�ÈÌ¾�¯#ÈÉÒ/ÈÌ½ � X T £Lõ Í�¯�Î�¯�@
Ö »YÎ�¯>ð Ö Î�»SÇ °�Í�¯�Î�¯�ÆY¼�Äôº>Î�ÈÌ°JÅË» Ö Ò�»SÄÉ¼�°�ÈÉ»Y½�Ò"» Ö °�Í�¯�¸�ÈÉÍ�ºSÎ�Ç�»Y½�ÈÌÀ9¯���¼Aº>°�ÈÉ»Y½¿»Y½
À�»Y½WçS¯ � ¾�»YÇ$º>ÈÉ½�Ò�ðrÀ Ö £ : ¢ E�ð õ Í�¯�»YÎe¯�Ç �H£ E £ E £ A>î ð<ÊQ¯�ÍAºkçS¯�°�ÍAºK° � í � � ð�º>½�¾! � ! � ��� !EÎe»S° Ý � è ! X T £ ì�¯�½�À�¯>ð 	Þ í�� · G � T: ð<º>½�¾
Ø <�£��YÙ ! 	Þ ! · ��� ! è ! T ) R5ë%A¼�Îe°�Í�¯�ÎeÇ²»YÎe¯Sð�À�ÄÌ¯kºSÎeÄÌÅ"¾�Ètç 	Þ ä ¾�Ètç�� è�ä è ð�º>½�¾ Ö »YÎQºS½WÅ � í < >: ÊQ¯ÓÍAºkçY¯

Ø Ý 	Þ æ egf à h � Ù ä Ø Ý � è æ egf à3h � Ù Û Ø�ó � æ ó � Ù ä é ë
ì�¯�½�À�¯>ð<°�Í�¯ïÒ�¯�À�»Y½�¾�Â�Î�»SÂr¯�Îe°JÅ9ÈÌ½ Ø <�£Z<WÙ ºSÄÉÒe»"Í�»YÄÉ¾�Ò £

	 ¯�ÔA½�¯#c ä Þ Û 	ÞÓ£sõ Í�¯�½ Ø c/æ ã Ù í�Ø � T: �  ·: Ù G Ø � · � � T Ù ÈÌÒw°�Í�¯�Ê~¯kº>ÿÒ�»YÄÌ¼�°�ÈÌ»Y½9» Ö °�Í�¯ïÂ�Îe»Y¸�ÄÌ¯�Ç

Ø <�£ � Ù
Ø�Ú9ÛËÜ ·�Ý Ù c ÛËß<àCáAâ�ã ä 	å ÈÉ½�±�æ

¾�ÈÌç c äêé ÈÉ½�±�æc äêé »Y½	Ï<±�æ
Ê�Í�¯�Îe¯ 	åûä�å I Ü ·uÝ 	Þ Û 	ÞÓ£ aQÄÉ¯�ºSÎ�ÄtÅYð 	åÁí � · £/Ñ ½ Ö ºSÀ�°�ð 	åÁí�� Ø Î�»S° Ù ð�ÒeÈÉ½�À�¯

Î�»S° 	åûä Î�»S° åGÛ Îe»S° 	Þ ë%A¼�Îe°�Í�¯�ÎeÇ²»YÎe¯SðL°�Í�¯�Îe¯9ÈÉÒ"º¹À�»S½�Òe°�ºS½W° � ð�ÈÉ½�¾�¯�Â1¯�½�¾�¯�½W°�» Ö Ü ð å ºS½�¾ è ð/Ò�¼�À�Í
°�ÍAºK°
Ø <�£ �WÙ !EÎe»S° 	å ! : ��� Ø !EÎe»S° å ! : I ! è ! T ) R Ù ë
þHÈÉ½�À�¯	c í � · ºS½�¾�¾�ÈÌç5c ä�é °�Í�¯�Îe¯�¯ � ÈÌÒe°�Ò � í � T ð1¼�½�È5��¼�¯�ÄtÅ�¾�¯�°�¯�Î�Ç�ÈÉ½�¯�¾
¼�ÂÐ°�»�º�À�»S½�Òe°�ºS½W°kð7Ò�¼�À�Í °�Í�º>° c ä egf à3h � Ø : ¢Y¢ ð õ Í�¯�»YÎ�¯�Ç Ñ�£ZA�£Ì¢�îÙu£ ì�¯�½�À�¯>ð
Ò�ÈÌ½�À�¯	c í � · G � T: ð�Ê~¯�À�ºS½�À�Í�»H»SÒ�¯�� í � � G � ·: £QÑ ½ Ö ºSÀ�°�ð1¸WÅ�ºSÂ�Â�ÄÌÅ�ÈÉ½�Æ°�Í�¯$Î�»S°�»SÂr¯�Î�º>°�»YÎ�ð/º>Ò�º¹Ç$º>Â Ö Î�»YÇ � · °�»�� X T ðL°�»¹°�Í�¯$ÔAÎeÒe°�¯>��¼�º>°�ÈÌ»Y½�» Ö
Ø <�£ � Ù Ê~¯�»S¸�°�ºSÈÌ½

Û�ó � I Ü · ó · � ä Î�»S° 	å ÈÉ½�±�æ
� ä Ï �Ï * ä é »Y½�Ï<±�ë

õ Í�¯ Ö ¼�½�À�°�ÈÉ»Y½ �¹ÈÉÒ�¼�½�È5��¼�¯�ÄtÅ�¾�¯�°�¯�Î�Ç�ÈÉ½�¯�¾�¸�Å�°�Í�ÈÉÒ�Â�Îe»Y¸�ÄÉ¯�Ç £wõ Í�ÈÌÒ�ÒeÈÉ½�ÆS¼�ÄôºSÎ
Âr¯�Îe°�¼�Î�¸AºK°�ÈÉ»S½GÂ�Î�»Y¸�ÄÌ¯�Ç¶Ê�ºSÒïÈÌ½ Ö º>À�°ïÒe°�¼�¾�ÈÌ¯�¾GÈÉ½O: ¢ K î ð7Ê�Í�¯�Î�¯�ÈÌ°ÓÊ�ºSÒï¯�Òe°�º>¸ @
ÄÉÈÌÒ�Í�¯�¾�°�ÍAº>° Ø : ¢ K�ðA®)¯�Ç�Ç$º M £t¢�îôÙ

Ü TVU · ! � ! · I Ü �+U · ! �O! � ��� !rÎ�»S° 	å ! : æ
ºS½�¾�ºSÒ�º"À�»Y½�Òe¯���¼�¯�½�À�¯

Ü TVU · !rÎ�»S°8c5! : I Ü �+U · !rÎ�»>°8c5! T ��� !rÎ�»S° 	å ! : ë



���� ���"���� %�� � ���J�4� ���J�����	�
�� ���

������F�������������
�)$ � �
õ Í�¯�Îe¯ Ö »YÎe¯Sð<Ò�ÈÌ½�À�¯ Þ ä c I 	Þ ð Ø <�£��YÙ ºS½�¾ Ø <�£ �WÙ ÈÉÇ�Â�ÄÉÈÌ¯�Ò
Ü TVU · !EÎe»S° Þ ! : I Ü �+U · !rÎ�»>° Þ ! T ��� !EÎe»S° 	å ! : I Ü TVU · Ø !EÎe»S° 	Þ ! : I Ü !EÎe»S° 	Þ ! T Ù

��� Ø !rÎ�»S° å ! : I ! è ! T ) R Ù ë
õ Í�ÈÉÒ�À�»YÇ²Â�ÄÉ¯�°�¯�Ò�°�Í�¯ïÂ�Î�»�» Ö £ �

Ñ ½9ºS¾�¾�ÈÌ°�ÈÌ»Y½"°�»�°�Í�¯ Ü ��¾�¯�Â1¯�½�¾�¯�½W°#¸r»S¼�½�¾�»Y½²°�Í�¯�Ò�»YÄÌ¼�°�ÈÌ»Y½ Ø Þ æ ã Ù » Ö Ø <�£ K Ù
¾�¯�ÎeÈÌçS¯�¾ÁºS¸1»CçS¯Sð/Ê~¯9Ò�ÍAºSÄÌÄ�ºSÄÌÒ�»¹½�¯�¯�¾�À�»Y½WçY¯�ÎeÆY¯�½�À�¯�¯�ÒU°�ÈÉÇ²º>°�¯�ÒÕ»Y½�Í�»CÊ Ö ºSÒU°
°�Í�¯�Ò�¯�Ò�»YÄÌ¼�°�ÈÌ»Y½�Ò�À�»Y½WçY¯�Î�ÆY¯�°�»�°�Í�¯ïÒe»YÄÉ¼�°�ÈÉ»Y½9» Ö °�Í�¯ïÎ�¯�¾�¼�À�¯�¾	ÒeÅ�ÒU°�¯�Ç £
õ Í�¯ïÎ�¯�¾�¼�À�¯�¾	ÒUÅHÒU°�¯�Ç¶À�»YÎ�Îe¯�ÒeÂr»Y½�¾�ÈÉ½�Æ�°�» Ø <�£ K Ù ÈÉÒ�» Ö °�Í�¯ Ö »YÎeÇ

Ø <�£t¢ é Ù
Þ : Û�ß1àCáAâ�ã : ä�å ÈÉ½�±�æ

¾�ÈÌç Þ : ä è ÈÉ½�±�æ
Þ : "+* ä é »S½	Ï<±�æ

8 Â�Î�¯�À�ÈÉÒe¯�ÊQ¯�ºSÿ Ö »YÎ�Ç�¼�Äôº>°�ÈÉ»Y½²» Ö °�Í�ÈÉÒ#ÒUÅ�Òe°�¯�Ç ÈÉÒ#ÆYÈtçY¯�½�¸WÅ1×%sÈÉ½�¾ Ø Þ : æ ã : Ù í�� : Ø ¾�Ètç Ù �- ·: Ò�¼�À�Í�°�ÍAº>°
Ø <�£t¢Y¢CÙ Ø Þ : æ c Ù I Ønã : æ�¾�ÈÌç5c Ù ä ØJå æ c Ù � c í�� : Ø ¾�Ètç ÙØ ¾�Ètç Þ : æ b Ù ä ØNè æ b Ù � b í  ·: ë
Ñ Ö ØJå æ è Ù í�� X T�Ø Î�»>° Ù �  ·: °�Í�¯�½�°�Í�ÈÉÒLÒUÅHÒU°�¯�Ç ºS¾�Ç�ÈÌ°�ÒLº�¼�½�È5��¼�¯�Ò�»SÄÉ¼�°�ÈÉ»Y½ £(Ñ ½Ö ºSÀ�°�ð�È Ö åÁí�� Ø Îe»S° Ù °�Í�¯�½ Þ : í � Ø Îe»S° Ù Ê�Èt°�Í�Î�»S° Þ : ä Î�»S° å £/õ Í�¯�Î�¯ Ö »SÎ�¯Sð

Þ : í�� : Ø ¾�Ètç Ù G �ñØ Î�»S° Ù æ
ºS½�¾�Í�¯�½�À�¯>ð~À Ö £ : ¢Y¢ ð ��Îe»YÂ1»YÒ�Èt°�ÈÉ»S½ A�£t¢ ð*aQÍAºSÂ £Á¢�î ð Þ : í�� T £ 8 Ò�º¹À�»Y½J@
Ò�¯>��¼�¯�½�À�¯Sð ã : í � T £ %<¼�Îe°�Í�¯�Î�Ç�»YÎe¯Sðs°�Í�¯9À�»YÎeÎ�¯�Ò�Â1»Y½�¾�ÈÌ½�ÆÐÒ�»YÄÌ¼�°�ÈÌ»Y½ËÇ²ºSÂËÈÌÒ
À�»Y½W°�ÈÉ½�¼�»Y¼�Ò�ðAÈ £ ¯ £ °�Í�¯�Îe¯�¯ � ÈÉÒe°�º�À�»S½�Òe°�ºS½W° � ðAÈÉ½�¾�¯�Â1¯�½�¾�¯�½W°�» Ö å º>½�¾ è ð�Ò�¼�À�Í
°�ÍAºK°
Ø <�£t¢ E Ù ! Þ : ! T I ! ã : ! T ��� Ø ! å !!% &)( I ! è ! : Ù ë
�&
���� á �#� � ��� /0/�� � .D( . 54( å í � Ø Î�»S° Ù 6 è�í � TR 6#531
1 /%.F( Ø Þ æ ã Ù +F.
( . .�	0* 3�30.0/ � *21
13-�1J7 /-*2/ �J(4-S*21 *10 Ø <�£ K Ù � ,/. .F3 .H. 	 -%/F( 5 	0*21�/F(S531 ( � ��é 6
-�1
1J. � .�1
1J.�1 ( *10 Ü 6 å 531
1 è 6 /�� 	 . ( . 54(! Þ Û Þ : ! : I ! ã�Û¹ã : ! T ��� Ü TVU · Ø ! å !!%'&)( I ! è ! T ) R Ù ë
� 30*-*10 � Ñ ° Ö »YÄÌÄÉ»xÊ�Ò Ö Îe»YÇ Ø E £ E Ù ðY°�Í�¯�ÊQ¯�ºSÿ Ö »YÎ�Ç�¼�Äôº>°�ÈÉ»Y½�» Ö Ø <�£ K Ù ð�ºS½�¾ > Î�¯�¯�½H��Ò
°�Í�¯�»YÎ�¯�Ç °�Í�º>° Ö »YÎ�ºS½WÅCc í�� T G � : Ø ¾�ÈÌç Ù °�Í�¯ïÒ�»YÄÌ¼�°�ÈÌ»Y½ Ø Þ æ ã Ù Ò�º>°�ÈÌÒeÔA¯�Ò
Ø Þ æ c Ù I Ü · Ø ¾�ÈÌç Þ æ�¾�Ètç c Ù I Ü · Ø Î�»S° Þ æ�Îe»S°8c Ù I Ü · m�q[n Ø Îe»S° Þ#Ù Ø c�" r Ù pksI Ø ã æ�¾�Ètç5c Ù ä Ø�å æ c Ù ë

N Å9Òe¼�¸�°�Î�ºSÀ�°�ÈÉ½�Æ Ö Îe»YÇ °�Í�ÈÉÒ�°�Í�¯ïÔ�Î�Òe°�¯>��¼�º>°�ÈÌ»Y½�» Ö Ø <H£Ì¢Y¢xÙ ð�Ê~¯�»S¸�°�ºSÈÌ½

Ø Þ Û Þ : æ c Ù I Ü · Ø Îe»S° Þ æ�Î�»S°6c Ù I Ü · m8q[n Ø Î�»S° Þ�Ù Ø c�"Br Ù pks ä é



��� �������	�
����������
������������������������������� !�"�����#��
������	$	 %���&����
Ö »YÎ5ºS½WÅ9c í�� T G � : Ø ¾�ÈÌç Ù Ê�Èt°�Í�¾�ÈÌç c äêé £ ì�¯�½�À�¯SðWÈ Ö Ê~¯Q°�ºSÿ>¯5c ä Þ Û Þ : ðºS½�¾Ë»S¸�Ò�¯�ÎeçY¯²°�ÍAº>°�Î�»S° Þ : ä Î�»>° å º>½�¾Ë¾�Ètç Ø Þ Û Þ : Ù ä é ð5Ê~¯�¾�¯�Î�ÈÌçS¯²°�Í�¯
ÈÉ¾�¯�½W°�ÈÌ°JÅ! Þ Û Þ : ! ·: I Ü · !rÎ�»S° Þ ! ·: ä Ü · m6qn Ø Î�»S° Þ#Ù Ø Þ : "Br Ù pks I Ü · Ø Î�»S° Þ æ�Î�»>° å Ù æ
Ê�Í�ÈÉÀ�Í�ÈÉÇ�Ç�¯�¾�ÈÉº>°�¯�ÄÌÅ�ÄÉ¯�ºS¾�Ò�°�»�°�Í�¯ï¸r»Y¼�½�¾

Ø <�£t¢-AWÙ ! Þ Û Þ : ! ·: I Ü ·E !rÎ�»>° Þ ! ·: � Ü · !rÎ�»>° å ! ·: I Ü · m q[n Ø Î�»S° Þ�Ù Ø Þ : " r Ù pks�ë
Ñ ½$»YÎe¾�¯�Î�°�»�¯�ÒU°�ÈÌÇ$º>°�¯#°�Í�¯�¸r»S¼�½�¾AºSÎUÅ"ÈÉ½W°�¯�ÆYÎ�º>Ä�ÊQ¯�½�»S°�¯#°�ÍAº>°~ÈÌ° Ö »YÄÉÄÌ»xÊ�Ò Ö Î�»YÇ
®)¯�Ç�Ç$º <�£t¢ ºS½�¾ : ¢ EHð õ Í�¯�»YÎ�¯�Ç ¢Y£ M £Ì¢Y£t¢ é î °�ÍAº>°!rÎ�»>° Þ ! : ) q[n ��� !rÎ�»S° Þ ! TVU ·: !rÎ�»S° Þ ! TVU ·T ��� Ü X T Ø !rÎ�»S° å ! : I ! è ! T ) R Ù ë
õ »SÆY¯�°�Í�¯�Î#Ê�ÈÌ°�Í9°�Í�¯ï¯�ÒU°�ÈÌÇ$º>°�¯ Ø <�£t¢ E Ù °�Í�ÈÉÒ#ÄÌ¯kºS¾�Ò�°�»

Ü · m�q[n Ø Îe»S° Þ#Ù Ø Þ : " r Ù pgs � Ü · !rÎ�»S° Þ ! : ) q[n ! Þ : ! T
��� Ü�Ø ! å ! ·% &)( I ! è ! · T ) R Ù ë

ì�¯�½�À�¯>ð<°�Í�¯ï¯�ÒU°�ÈÉÇ²º>°�¯
Ø <�£t¢ K Ù ! Þ Û Þ : ! : I Ü · !rÎ�»S° Þ ! ·: � � Ü TVU · Ø ! å !!% &)( I ! è ! T ) R Ù
Ö »YÄÉÄÌ»xÊ�Ò £
õ Í�¯#¯�ÒU°�ÈÌÇ$º>°�¯ Ö »YÎ�! ã�Û�ã : ! T ÈÌÒs½�»xÊøº�¾�ÈÉÎe¯�À�°LÀ�»Y½�Òe¯���¼�¯�½�À�¯�» Ö °�Í�¯#ÈÉ¾�¯�½�°�ÈÌ°JÅ

ß<àCáAâQØnã�Û	ã : Ù ä Þ Û Þ : ÛûÜ · Ý Þ
ä Þ Û Þ : I Ü · Ø egf à3h Îe»S° Þ ÛËß<àCáAâ�è Ù

ºS½�¾�°�Í�¯�Â�Îe¯�ç�ÈÉ»Y¼�Ò�ÄÌÅ�¯�Òe°�º>¸�ÄÉÈÌÒ�Í�¯�¾9¸r»Y¼�½�¾�Ò £�Ñ ½ Ö ºSÀp°kðHÈÌ° Ö »YÄÉÄÌ»CÊ�Ò Ö Î�»YÇñ®)¯�Ç�Ç²º
<�£t¢ º>½�¾ Ø <�£t¢ K Ù °�Í�º>°! ß<àKá�âQØ ã²Û�ã : Ù ! : � ! Þ Û Þ : ! : I Ü · Ø !rÎ�»S° Þ ! T I ! è ! T Ù

��� Ü TVU · Ø ! å !!% &)( I ! è ! T ) R Ù ë
þHÈÉ½�À�¯ ã�Û	ã : í  ·: ð<ºS½�ºSÂ�Â�ÄÌÈÉÀkºK°�ÈÉ»S½�» Ö °�Í�¯��5»SÈÉ½�À�ºSÎ �¯�ÈÌ½�¯���¼AºSÄÌÈÌ°JÅ$À�»YÇ�Â�ÄÉ¯p°�¯�Ò
°�Í�¯ïÂ�Îe»H» Ö £ �

õ Í�¯�Îe¯�ÆY¼�ÄôºSÎeÈÌ°JÅ�¸1»Y¼�½�¾�ÒÓ¾�¯�ÎeÈÌçY¯�¾ ºS¸1»CçS¯�Ê�ÈÉÄÌÄ)½�»xÊ+¸r¯�¼�Ò�¯�¾¹°�»�Â�Îe»xçY¯�°�Í�¯
¼�½�È Ö »YÎ�Ç À�»Y½WçY¯�Î�ÆY¯�½�À�¯�¯�ÒU°�ÈÉÇ²º>°�¯�Ò £
� 30*-*102*10 ,/. .0* 30.�� ����� � � ¯�À�ºSÄÉÄw°�ÍAºK°�Ò�ÈÌ½�À�¯ Þ í�� T: ÈÌ° Ö »YÄÌÄÉ»xÊ�Ò Ö Îe»YÇ : ¢Y¢ ð
�/Î�»YÂ1»YÒ�Èt°�ÈÌ»Y½ A�£t¢ ð�aQÍAºSÂ £�¢�î °�ÍAºK°! Þ ! T ��� Ø !r¾�Ètç Þ ! : I !EÎe»S° Þ ! : Ù ë%A¼�Îe°�Í�¯�ÎeÇ²»YÎe¯SðC¸WÅ�°�Í�¯wÒU°�ºS½�¾AºSÎ�¾?� · ��Î�¯�ÆS¼�ÄôºSÎeÈÌ°JÅ Ö »YÎ)Òe»YÄÉ¼�°�ÈÉ»Y½�Ò)» Ö °�Í�¯ �5»SÈÉÒ�Òe»Y½
¯���¼Aº>°�ÈÉ»Y½�»Y½�À�»S½�çS¯ � ¾�»SÇ$ºSÈÌ½�Ò�ð�ºS½�¾ Ø E £ E Ù ð�ÊQ¯ï»Y¸�°�ºSÈÉ½! Þ ! · � � ! Ý Þ ! : ��� Ø !E¾�ÈÌç Þ ! T I !rÎ�»S° Þ ! T Ù ë



���� ���"���� %�� � ���J�4� ���J�����	�
�� ���

������F�������������
�)$ � �
ì�¯�½�À�¯>ð Ö Î�»YÇ °�Í�¯�¯�Òe°�ÈÉÇ²º>°�¯�Ò�ÆSÈÌçY¯�½ûÈÌ½Ë®)¯�Ç�Ç$º>Ò <H£Ì¢ ºS½�¾ <�£ E9ÊQ¯²À�»Y½�À�ÄÉ¼�¾�¯
°�ÍAºK°
Ø <�£t¢ M Ù Ü · ! Þ ! · I Ü ! Þ ! T I ! Þ Û Þ : ! : I ! ã~Û�ã : ! T ��� Ü TVU · Ø ! å !!% &)( I ! è ! T ) R Ù ë
õ Í�¯"¾�¯�ÒeÈÉÎe¯�¾ ¯�ÒU°�ÈÉÇ²º>°�¯Õ»Y½Ð°�Í�¯ÕçS¯�ÄÌ»HÀ�ÈÌ°JÅ¹¯�Î�Îe»YÎ�Ê�ÈÉÄÌÄs¸1¯�¾�¯�ÎeÈÌçY¯�¾ Ö Î�»YÇ Ø M £ K Ùp£
úû¯�Ê�ÈÌÄÉÄrÔ�Î�Òe°�¯�Òe°�º>¸�ÄÉÈÌÒ�Í9°�Í�¯ïÈÌ½�°�¯�ÎeÂr»YÄÉº>°�ÈÌ»Y½�¯�Òe°�ÈÌÇ$ºK°�¯
Ø <�£t¢-<WÙ ! Þ Û � � Þ ! : I Ü ! � Ø Þ Û � � Þ#Ù ! T ��� R TVU · Ø ! å !!%'&)( I ! è ! T ) R Ù ë%AÎ�»YÇ Ø K £Z<WÙ ð Ø <�£t¢ E Ù ð<ºS½�¾ Ø <�£t¢ M Ù Ê~¯ïÍAºkçY¯! Þ Û � � Þ ! : � ! ØcÚ�Û � � Ù Ø Þ Û Þ : Ù ! : I ! Þ : Û � � Þ : ! :

��� R TVU · Ø ! Þ Û Þ : ! TVU ·: ! Þ Û Þ : ! TVU ·T I R TVU · ! Þ : ! T Ù
��� R TVU · Ø ! å !!%'&)( I ! è ! T ) R Ù ë%A¼�Îe°�Í�¯�ÎeÇ²»YÎe¯Sð Ö Îe»YÇ Ø K £ K Ù ð Ø K £ M Ù ð<ºS½�¾ Ø <�£t¢ M Ù ð

Ü ! � Ø Þ Û � � Þ#Ù ! : ��� Ü ! Þ ! TVU ·T ! Þ Û � � Þ ! TVU ·T ��� Ü4R TVU · ! Þ ! TVU ·T ! Þ ! TVU ··
��� R TVU · Ø ! å !!% &)( I ! è ! T ) R Ù ë

õ Í�¯ï¯�ÒU°�ÈÉÇ²º>°�¯ Ø <�£t¢-<WÙ ÈÌÒ�°�Í�¯�Î�¯ Ö »SÎ�¯�çY¯�Î�ÈÌÔ�¯�¾ £
þHÈÉÇ�ÈÉÄÉºSÎ�ÄtÅYð�Ò�ÈÉ½�À�¯ ! Þ ! TVU ·T ! Þ ! TVU ·· ��� Ü�X TpØ ! å !!%'&)( I ! è ! T ) R Ù æCÊ~¯w»Y¸�°�º>ÈÉ½ Ö Î�»YÇ®)¯�Ç�Ç$º M £t¢ °�ÍAºK°

Ø <�£t¢ �YÙ Òe¼�Â
� X�798 1 � / ) � Ø Þ æ c Ù 1![c5!�� � � R TVU · Ø ! å !!% &)( I ! è ! T ) R Ù ë

ì�»xÊ~¯�çY¯�Î�ð1¸WÅ9À�»YÇ�¸�ÈÉ½�ÈÌ½�Æ Ø M £ K Ù ð Ø <�£ZAWÙ ð Ø <�£t¢-<WÙ ð<ºS½�¾ Ø <H£Ì¢ �SÙ ð�°�Í�ÈÉÒ#ÈÌÇ²Â�ÄÌÈÉ¯�Ò
Ø <�£t¢ � Ù ! Þ Û Þ ��! : I Ü !rÎ�»S° Ø Þ Û Þ � Ù ! : ��� R TVU · Ø ! å !!% &)( I ! è ! T ) R Ù ë
Ñ ½�»YÎe¾�¯�ÎQ°�»�¯�Òe°�º>¸�ÄÉÈÌÒ�Í$°�Í�¯�¯�ÒU°�ÈÌÇ$º>°�¯ Ö »SÎ~°�Í�¯ ! ã�Û�ã ��! : ½�»>°�¯�°�ÍAº>° Ø K £ZAWÙ º>½�¾Ø <�£t¢ M Ù ÈÌÇ²Â�ÄÉÈÉ¯�Ò ! ��� ã�Û¹ã ! : ��� R ! ã ! T ��� R7Ø ! å !!% &)( I ! è ! T ) R Ù ë%sÈÉ½�ºSÄÉÄtÅYð�¸�Å Ø M £ <YÙ ð Ø <�£Ì¢��YÙ ð<º>½�¾ Ø <�£t¢ � Ù ð! � � ã$Û	ã �6! : ��� R TVU · Ø ! å !!%'&)( I ! è ! T ) R Ù ë
õ Í�ÈÉÒ�À�»YÇ²Â�ÄÉ¯�°�¯�Ò�°�Í�¯ïÂ�Î�»�» Ö » Ö õ Í�¯�»YÎe¯�Ç <�£t¢Y£ �

� .�� 5430,�� � çY¯�½�È Ö ®)¯�Ç�Ç$º <H£ E�ÒU°�º>°�¯�Ò�°�Í�º>° ! ã ! T ÈÌÒ�¼�½�È Ö »YÎ�Ç�ÄÌÅ"¸1»Y¼�½�¾�¯�¾Ê�ÈÌ°�ÍûÎ�¯�Ò�Â1¯�Àp°�°�» Ü ð(Ê~¯�ºSÎe¯²½�»S°Õº>¸�ÄÉ¯"°�»�Â�Î�»xçY¯�°�ÍAºK°�! ã�Ûûã �6! : À�»S½�çS¯�ÎeÆY¯�ÒÄÉÈÌ½�¯kºSÎeÄÌÅ�ÈÉ½ R ¼�½�È Ö »YÎeÇ²ÄtÅ	ÈÌ½ Ü £�õ Í�¯�À�»Y½WçY¯�Î�ÆY¯�½�À�¯�Î�º>°�¯�ÈÌÒïÂr»YÄÌÄÉ¼�°�¯�¾Ð¸WÅ¹°�Í�¯
¸�ÄÉ»xÊ�¼�Â	» Ö ÞÓ£�õ Í�ÈÌÒ�Ò�¯�¯�Çý°�»�º>ÆYÎ�¯�¯�Ê�ÈÌ°�Í	Ê�ÍAº>°�ÊQ¯�»Y¸�Ò�¯�ÎeçS¯�¾ ÈÉ½ � � ºSÇ�Â�ÄÌ¯
<�£t¢ º>¸r»xçY¯>ð<À Ö £/õ ºS¸�ÄÉ¯ <H£ E £ �
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Ñ ½9°�Í�ÈÌÒ�Òe¯�Àp°�ÈÉ»S½�Ê~¯�Ò�ÍAºSÄÌÄ�Òe°�¼�¾�Å9°�Í�¯ï¯�ÄÉÄÌÈÉÂ�°�ÈÉÀ�ÒeÅ�Òe°�¯�Ç Ø ¢S£ E Ù ÆSÈÌçY¯�½�¸WÅ

Ø �H£t¢CÙ ØcÚ9ÛËÜ ·uÝ ÙUÞ ÛLW�X · ß1àCáAâQØ ¾�Ètç Þ Ûûè Ù ä�å ÈÌ½�±�æ
Þ ä é »Y½�Ï<±�æ

Ê�Í�¯�Îe¯ Ü æ W�í�Ø�é æ ¢�îc£ � ¯�ÀkºSÄÌÄ�°�ÍAº>°5¸WÅ�ÈÌ½W°�Î�»�¾�¼�À�ÈÉ½�Æ ã�ä W�X · ¾�Ètç Þ °�Í�ÈÌÒ5ÒUÅHÒU°�¯�Ç
ÀkºS½ ¸1¯"ºSÄÌ°�¯�Îe½Aº>°�ÈtçY¯�ÄÌÅ�¸r¯ÕÊ�ÎeÈÌ°e°�¯�½Ð»S½ °�Í�¯�Ç�È � ¯�¾ Ö »YÎeÇ Ø ¢Y£ AYÙu£ ì�¯�½�À�¯Sð(ºSÒ W
ºSÂ�Â�Îe»WºSÀ�Í�ö�¯�Î�»"°�Í�¯ïÒeÅ�ÒU°�¯�Ç Ö »SÎ�Ç²ºSÄÉÄtÅ²Îe¯�¾�¼�À�¯�Ò�°�» Ø ¢S£Ì¢CÙ�£
õ Í�¯¹ÒUÅHÒU°�¯�Ç Ø �H£t¢CÙ Ê�ÈÉÄÉÄ�¸1¯¹¾�ÈÌÒ�À�Îe¯�°�ÈÉö�¯�¾ ¸WÅ ºûÒU°�ºS½�¾�ºSÎ�¾ÃÔA½�ÈÌ°�¯	¯�ÄÉ¯�Ç²¯�½W°

ºSÂ�Â�Îe»WºSÀ�Í�ð�È £ ¯ £ °�Í�¯¹Ç�È � ¯�¾¿ÒeÅ�Òe°�¯�Ç Ø ¢Y£ZAWÙ ÈÌÒ²½�»>°�ÈÉ½W°�Î�»�¾�¼�À�¯�¾ ÈÉ½Á°�Í�¯�¾�ÈÉÒ+@
À�Îe¯�°�ÈÌökº>°�ÈÉ»Y½ £ ®)¯�°�°�Í�¯ï¸�ÈÌÄÉÈÌ½�¯kºSÎ Ö »YÎ�Ç � / ) � Ø "ÉæB" Ù ¸r¯�¾�¯�ÔA½�¯�¾	¸WÅ

� / ) � Ø Þ æ c Ù ä -0/ Ø Þ æ c Ù I W X · Ø ¾�Ètç Þ æ�¾�ÈÌç c Ù
ä Ø Þ æ c Ù I Ü · Ø � Þ æ�� c Ù I W X · Ø ¾�ÈÌç Þ æ�¾�ÈÌç c Ù ë%A»YÎ�º²ÆYÈtçY¯�½�ÔA½�ÈÌ°�¯�¯�ÄÉ¯�Ç²¯�½�°�Ò�Â�ºSÀ�¯ � �WðA°�Í�¯�À�»YÎeÎ�¯�Ò�Â1»Y½�¾�ÈÌ½�Æ$ÒU°�ºS½�¾�ºSÎ�¾	Ô�½�ÈÌ°�¯

¯�ÄÌ¯�Ç�¯�½W°�¾�ÈÉÒeÀ�Îe¯�°�ÈÌökº>°�ÈÉ»Y½9» Ö Ø �H£t¢CÙ ÈÌÒ�ÆSÈÌçY¯�½�¸�Å1×%sÈÉ½�¾�º Þ � í �%��Òe¼�À�Í�°�ÍAº>°
Ø �H£ E Ù � / ) � Ø Þ �Yæ c Ù ä ØJå æ c Ù I W X · ØNè æ�¾�Ètç5c Ù � c í �%�Yë
� ¼�ÎQÂ�¼�Î�Â1»YÒ�¯�Í�¯�Î�¯�ÈÌÒ~°�»ÕÂ�Î�»SÂr»YÒe¯Ó°�Í�º>°Q°�Í�¯ÓÔA½�Èt°�¯�¯�ÄÉ¯�Ç²¯�½W°�Ò�Â�ºSÀ�¯ �%�Yð�ÈÌ½�°�Î�»G@
¾�¼�À�¯�¾9ÈÉ½DC0K�ºS¸1»xçY¯Sð�ÈÉ½$¼�Ò�¯�¾�°�Í�ÈÉÒ~¾�ÈÉÒeÀ�Îe¯�°�ÈÌökº>°�ÈÉ»Y½ £ þHÈÉ½�À�¯�°�Í�ÈÉÒ~Ò�ÂAº>À�¯�ÈÌÒQ½�»S°�º
Ò�¼�¸�Ò�ÂAºSÀ�¯�» Ö � T: °�Í�ÈÌÒ�Ê�ÈÉÄÉÄrÄÉ¯�ºS¾9°�»�º�½�»Y½�À�»S½ Ö »YÎ�Ç�ÈÉ½�ÆÕ¾�ÈÉÒeÀ�Îe¯�°�ÈÌökº>°�ÈÉ»Y½9» Ö °�Í�¯ÒeÅ�Òe°�¯�Ç Ø �H£t¢CÙ�£ ì�»xÊ~¯�çY¯�Î�ð/¸1¯ Ö »YÎe¯�Ê~¯�º>½AºSÄÌÅ�ö�¯�°�Í�ÈÉÒ�¾�ÈÉÒeÀ�Îe¯�°�ÈÌökº>°�ÈÉ»Y½Eð7Ê~¯²Ê�ÈÌÄÉÄ
Â�Î�¯�Ò�¯�½�°�Ò�»SÇ²¯ï½�¼�Ç�¯�Î�ÈÌÀkºSÄE¯ � Âr¯�Î�ÈÌÇ²¯�½�°�Ò�¸AºSÒ�¯�¾�»S½�°�Í�¯ïÒeÅ�Òe°�¯�Ç Ø ��£Ì¢CÙu£

�
	 5���� /%.�� ��� Ñ ½ÕºSÄÌÄS°�Í�¯w¯ � ºSÇ�Â�ÄÌ¯�Ò(Â�Î�¯�Ò�¯�½W°�¯�¾�ÈÉ½ï°�Í�ÈÉÒ7Ò�¯�À�°�ÈÌ»Y½�Ê~¯wÀ�»Y½�ÒeÈÉ¾�¯�Î
°�Í�¯$ÒeÅ�Òe°�¯�Ç Ø �H£Ì¢xÙ Ê�ÈÌ°�Í Þ ä egf à3h ÒeÈÉ½ · Ø�� Y T Ù Ò�ÈÌ½ · Ø�� Y · Ù ð èËä é ð/ºS½�¾ å äÞ ÛËÜ ·uÝ Þ�£ ì�¯�½�À�¯SðA°�Í�¯ïÒ�»YÄÌ¼�°�ÈÌ»Y½9ÈÉÒ#ÈÌ½�¾�¯�Â1¯�½�¾�¯�½W°�» Ö Ü ºS½�¾ W £
úû¯�À�»S½�Ò�ÈÌ¾�¯�Îw°�Í�¯�Â�Î�»Y¸�ÄÉ¯�Ç Ø �H£t¢CÙ Ê�Èt°�Í$±ø°�ºSÿ>¯�½9ºSÒw°�Í�¯�¼�½�Èt°QÒ ��¼AºSÎ�¯ £�õ Í�¯

¾�»YÇ²ºSÈÉ½�ÈÌÒ�°�Î�Èôº>½�ÆY¼�ÄÉº>°�¯�¾¿º>Ò²¾�¯�Ò�À�Î�ÈÉ¸1¯�¾øÈÉ½ � � ºSÇ�Â�ÄÌ¯ AH£Ì¢Y£øõ Í�¯	ÒUÅHÒU°�¯�Ç ÈÌÒ
°�Í�¯�½9¾�ÈÉÒeÀ�Îe¯�°�ÈÌö�¯�¾9¸�Å$Ò�»YÄtç�ÈÉ½�Æ�°�Í�¯�ÒUÅHÒU°�¯�Ç Ø �H£ E Ù ð�Ê�Í�¯�Î�¯�°�Í�¯�Ò�ÂAº>À�¯ � ��ÈÌÒ~°�Í�¯
Òe°�ºS½�¾AºSÎe¾$ÒeÂAºSÀ�¯�» Ö À�»Y½W°�ÈÌ½�¼�»Y¼�ÒwÂ�ÈÉ¯�À�¯�Ê�ÈÌÒ�¯�ÄÉÈÌ½�¯kºSÎ Ö ¼�½�À�°�ÈÉ»Y½�Ò�Ê�ÈÌ°�Í²Îe¯�ÒeÂr¯�À�°Q°�»
°�Í�ÈÌÒ�°�ÎeÈôºS½�ÆS¼�Äôº>°�ÈÉ»Y½ £
Ñ ½�°�Í�¯�Â�Î�¯�Òe¯�½W°�¯ � ºSÇ�Â�ÄÉ¯ÓÊ~¯�ÍAºkçY¯ï¼�Òe¯�¾ Üïä ¢ ðHÊ�Í�ÈÌÄÉ¯ W ºS½�¾ R ç>ºSÎeÈÉ¯�Ò £LÑ ½

õ º>¸�ÄÉ¯ �H£t¢ ¸1¯�ÄÌ»CÊ ÊQ¯²ÍAºkçY¯²À�»YÇ�Â�¼�°�¯�¾ü°�Í�¯�Î�¯�ÄÉº>°�ÈtçY¯"¯�ÎeÎ�»YÎïÈÌ½G°�Í�¯  · ½�»YÎ�Ç
Ö »YÎ#¾�È/.E¯�Î�¯�½W°�ç>ºSÄÉ¼�¯�Ò#» Ö W ºS½�¾ R £

W���R E X · E X�� E X�� E X�� E X�� Î�º>°�¯
¢Y£ éYé A�£ � � ¯�@ ¢ ¢Y£ZA E>¯�@ ¢ A�£Z< � ¯F@+E ��£ M4E>¯F@ A E £ A � ¯F@ A ¢Y£ ��M
é £t¢ é ��£t¢#� ¯�@ ¢ �H£ E��S¯�@ ¢ K £ZA KY¯F@ ¢ ¢Y£ ���S¯F@ ¢ <H£ E é ¯F@ E é £ �,�
é £ é ¢ ¢Y£ éYé ��£ ��< ¯�@ ¢ ��£ ��E>¯F@ ¢ ��£ A E>¯F@ ¢ ��£ � �>¯F@ ¢ é £ é �
$ ���$�(� � ' )+'Óõ Í�¯ïÎe¯�ÄôºK°�ÈÌçS¯  · ¯�Î�Îe»YÎ�¼�ÒeÈÉ½�Æ"Â�ÈÌ¯�À�¯pÊ�ÈÉÒe¯�ÄÉÈÉ½�¯kºSÎ
¯�ÄÌ¯�Ç�¯�½W°�Ò�ð Üïä ¢S£



���� ���"���� %�� � ���J�4� ���J�����	�
�� ���

������F�������������
�)$ � �
8 Ò#¯ � Â1¯�Àp°�¯�¾�Ê~¯ï»Y¸�Ò�¯�ÎeçS¯ ��¼AºS¾�Î�º>°�ÈÉÀ�À�»Y½WçY¯�ÎeÆY¯�½�À�¯�Ê�Èt°�Í9Îe¯�Ò�Â1¯�Àp°�°�» R Ö »SÎ

Wïä ¢Y£ ì�»xÊQ¯pçY¯�Î�°�Í�¯�À�»Y½WçS¯�Î�ÆS¯�½�À�¯�À�ÄÉ¯�ºSÎ�ÄtÅ�¾�¯p°�¯�ÎeÈÉ»YÎ�º>°�¯�Ò�ºSÒ W °�¯�½�¾�Ò~°�»�ö�¯�Î�» £
�

�
	 5���� /%. � ��� úû¯�Î�¯�Âr¯�º>°�°�Í�¯$¯ � Â1¯�ÎeÈÉÇ�¯�½W°�ºS¸r»xçS¯SðL¸�¼H°�Ê~¯$¯ � °�¯�½�¾Ë°�Í�¯
ÔA½�Èt°�¯9¯�ÄÌ¯�Ç�¯�½W°"Ò�Â�ºSÀ�¯�ºS½�¾�¼�Òe¯�°�Í�¯9À�»YÎeÎ�¯�Ò�Â1»Y½�¾�ÈÌ½�ÆGçS¯�ÄÌ»HÀ�ÈÌ°JÅËÒeÂAºSÀ�¯�» Ö °�Í�¯
��ÈÉ½�È(¯�ÄÉ¯�Ç²¯�½�°�ÈÉ½�Òe°�¯�ºS¾	» Ö °�Í�¯�Â�ÈÌ¯�À�¯pÊ�ÈÉÒe¯�ÄÌÈÉ½�¯�ºSÎ�Ò�ÂAºSÀ�¯ £�Ñ °�ÈÉÒ�ÈÉ½W°�¯�Î�¯�Òe°�ÈÌ½�Æ²°�»
½�»S°�¯ï°�ÍAº>°�°�Í�¯9 · À�»Y½WçY¯�Î�ÆY¯�½�À�¯�¾�¯�°�¯�Î�ÈÌ»YÎ�ºK°�¯�Ò�ð1ºSÒ W ÆY¯�°�Ò�ÒeÇ$º>ÄÉÄyð�ºSÄÉÒe»�ÈÌ½9°�Í�ÈÌÒ
ÀkºSÒe¯Sð�ÈÌ½	À�»Y½W°�Î�º>Òe°�°�»$Ê�ÍAº>°�Ê~¯ÕÍAºkçS¯�»Y¸�Ò�¯�ÎeçS¯�¾ ÈÉ½ õ ºS¸�ÄÌ¯ A�£��H£�õ Í�¯ÕÎ�¯�Äôº>°�ÈÌçS¯ /·�¯�Î�Î�»SÎ�ÈÌÒ#ÆYÈÌçS¯�½�ÈÉ½ õ ºS¸�ÄÌ¯ ��£ E £

W���R E X · E X�� E X�� E X�� E X�� Î�º>°�¯
¢Y£ éYé A�£ � é ¯�@ ¢ ¢Y£ZA é ¯�@ ¢ A�£Z< E>¯F@+E ��£ A KY¯F@ A E £ A MK¯F@ A ¢Y£ ��M
é £t¢ é ��£t¢#� ¯�@ ¢ �H£ E��S¯�@ ¢ K £ZA KY¯F@ ¢ ¢Y£ ���S¯F@ ¢ <H£ E é ¯F@ E é £ �,�
é £ é ¢ ��£ � � ¯�@ ¢ ��£ ��< ¯�@ ¢ ��£ ��E>¯F@ ¢ ��£ A4A ¯F@ ¢ ��£ � �>¯F@ ¢ é £ é �
$ ���$�(� � ' � '�õ Í�¯ÐÎe¯�ÄôºK°�ÈÌçS¯� · ¯�Î�Îe»YÎ�¼�ÒeÈÉ½�Æ�°�Í�¯ ��ÈÌ½�È�¯�ÄÌ¯F@
Ç�¯�½W°kð Üïä ¢Y£

úû¯�»Y¸�Òe¯�ÎeçS¯Õ°�ÍAºK°Ó°�Í�¯�Î�¯�Ò�¼�Ät°�Ò�º>Î�¯Õº>ÄÉÇ�»YÒe°�ÈÉ¾�¯�½W°�ÈÌÀkºSÄ7°�»$°�Í�¯�»S½�¯�ÒÓÊ~¯Õ»Y¸J@
°�ºSÈÌ½�¯�¾�ÈÉ½�°�Í�¯�Â�ÈÉ¯�À�¯�Ê�ÈÌÒ�¯�ÄÉÈÉ½�¯kºSÎ�Àkº>Ò�¯ £ ì�¯�½�À�¯>ðE°�Í�¯�¯ � °�Î�º$¸�¼�¸�¸�ÄÉ¯ Ö ¼�½�À�°�ÈÉ»Y½�Ò
ÍAºkçY¯�ºSÄÌÇ²»YÒU°�½�»G¯.E¯�À�° £ � Ö À�»Y¼�ÎeÒ�¯>ðw°�Í�¯9Ç$º>ÈÉ½ûÎe¯kºSÒe»Y½ Ö »YÎ�°�Í�¯9¾�Èd.r¯�Îe¯�½�À�¯
¸r¯p°JÊQ¯�¯�½ø°�Í�¯�Î�¯�Ò�¼�Ät°�Ò"ÆYÈÌçS¯�½ÁÍ�¯�Îe¯Sð Ö »YÎ W Ò�Ç²ºSÄÉÄcð�ºS½�¾�°�Í�¯�Îe¯�Òe¼�ÄÌ°�Ò²ÆYÈtçY¯�½ÁÈÌ½
� � º>Ç²Â�ÄÌ¯ AH£ A ð(Ê�Í�¯�Îe¯ W�ä é ðsÈÌÒ�°�ÍAº>°�°�Í�¯²Ò�¯�À�»Y½�¾�¯>��¼�º>°�ÈÌ»Y½û» Ö °�Í�¯²Ç²È � ¯�¾
Ç²¯p°�Í�»�¾	¼�Ò�¯�¾	Â�Î�¯pçHÈÌ»Y¼�ÒeÄÌÅ�ÈÉÇ�Â�ÄÉÈÌÀ�Èt°�ÄÌÅ�ÈÌ½�°�Î�»�¾�¼�À�¯�Ò�º�Î�¯�¾�¼�À�¯�¾ÐÈÉ½W°�¯�ÆYÎ�ºK°�ÈÉ»S½�ÈÌ½
°�Í�¯ï¾�ÈtçY¯�Î�ÆY¯�½�À�¯ï°�¯�Î�Ç £ �

�
	 5���� /%. � �  úü¯�Îe¯�Â1¯kº>°Õ°�Í�¯�¯ � Â1¯�ÎeÈÉÇ�¯�½W°"ºS¸1»xçY¯9»Y½�À�¯�Ç�»YÎ�¯>ðL¸�¼�°�°�Í�ÈÌÒ
°�ÈÌÇ²¯�Ê~¯$¼�Òe¯$°�Í�¯²½�¯�Ê ½�»Y½�À�»S½ Ö »YÎ�Ç�ÈÉ½�Æ�¯�ÄÉ¯�Ç�¯�½W° £�Ñ ½ õ º>¸�ÄÉ¯ �H£ZA ¸1¯�ÄÉ»xÊ Ê~¯
ÍAºkçY¯�À�»SÇ²Â�¼H°�¯�¾�°�Í�¯9Î�¯�ÄÉº>°�ÈtçY¯9¯�Î�Î�»SÎ�ÈÉ½Ë°�Í�¯�¯�½�¯�ÎeÆSÅ�½�»SÎ�Ç�ðwÈ £ ¯ £ °�Í�¯�½�»YÎ�Ç
ÆY¯�½�¯�Î�ºK°�¯�¾�¸WÅ9°�Í�¯ Ö »YÎeÇ � / ) � ð Ö »YÎ#¾�È/.E¯�Î�¯�½�°�ç>ºSÄÌ¼�¯�Ò�» Ö W ºS½�¾ R £

W!��R E X · E X�� E X�� E X�� E X�� Î�º>°�¯
¢S£ éYé ¢Y£ �4K �H£ � A ¯F@ ¢ K £ � �S¯�@ ¢ E £ M é ¯�@ ¢ ¢Y£ E�M>¯F@ ¢ é £ �,�
é £Ì¢ é ¢Y£ � A �H£ <�< ¯F@ ¢ K £ � � ¯�@ ¢ E £ K�KY¯�@ ¢ ¢Y£ E�E>¯F@ ¢ é £ � �
é £ é ¢ ¢Y£ � A �H£ <�< ¯F@ ¢ K £ � � ¯�@ ¢ E £ K�KY¯�@ ¢ ¢Y£ E�E>¯F@ ¢ é £ � �

$ ���$�(� � ' %('�õ Í�¯�Îe¯�ÄÉº>°�ÈtçY¯9¯�ÎeÎ�»YÎ"ÈÌ½Á¯�½�¯�ÎeÆSÅ�½�»YÎeÇ Ö »YÎÕ°�Í�¯
½�¯pÊ ½�»Y½�À�»Y½ Ö »SÎ�Ç�ÈÉ½�Æ�¯�ÄÉ¯�Ç�¯�½W°�ð Üïä ¢Y£
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Abstract. We consider several examples on systems of PDEs and how block pre-
conditioners can be formulated. Implementation of block preconditioners in Diffpack
is in particular explained. We emphasize object-oriented design, where a standard
simulator is developed and debugged before being extended with efficient block pre-
conditioners in a derived class. Optimal preconditioners are applied to the Stokes
problem, the mixed formulation of the Poisson equation, and the Bidomain model
for the electrical activity in the heart.

5.1 Introduction

In this chapter we will see how block preconditioners can be utilized in Diff-
pack for three different model problems. The chosen model problems are
fundamental problems in engineering, medicine and science and they need
to be solved in real-life situations, implying very large scale simulations. In
such situations the algorithm for solving the matrix equation is of vital im-
portance, and this motivates the use of highly efficient block preconditioners.

A model for the electrical activity in the heart is described in Chapter
[14]. We will consider a simplified form of the equations, given by

∂v

∂t
= ∇ · (σi∇v) + ∇ · (σi∇ue), x ∈ Ω, t > 0,

∇ · (σi∇v) + ∇ · ((σi + σe)∇ue) = 0, x ∈ Ω, t > 0,

where v is the transmembrane potential, ue is the extracellular potential,
and σi and σe are the intra- and extracellular conductivities, respectively.
The two other problems, described in [10], are the Stokes problem and the
mixed Poisson problem. It is well known how efficient preconditioners may be
constructed for these problems (see e.g. [13,1]). The Stokes problem, modeling
creeping Newtonian flow, reads

−µ∆v + ∇p = f in Ω (equation of motion),

∇ · v = 0 in Ω (mass conservation),

where v is the velocity, p is the pressure, µ is the viscosity, and f denotes
the body forces. The last example is the mixed Poisson problem,

v + λ∇p = 0 in Ω (Darcy’s law),

∇ · v = g in Ω (mass conservation),
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where v is the velocity, p is the pressure, λ is a mobility parameter, and g is a
source term. These equations are discretized by the finite element method. In
the Stokes problem and the mixed Poisson problem we use mixed elements.

With a suitable numbering of the unknowns the discretization of all the
equations given above may be written as

[

A B

C D

] [

x

y

]

=

[

b

c

]

. (5.1)

It is this particular block structure that motivates our preconditioners. We
want to utilize the structure of the problems to construct efficient precondi-
tioners. In fact, for all our model problems it is possible to obtain optimal
preconditioners by applying simple algebraic operator splitting techniques
to (5.1). An optimal preconditioner leads to a number of iterations that
is bounded independent of the number of unknowns. This implies that the
amount of computational work is proportional to the number of unknowns.
This is (order) optimal.

The remainder of this paper is organized as follows. Section 1 introduces
block preconditioners from an algebraic point of view and describes some
software tools in Diffpack. In Section 2 the Bidomain equations are consid-
ered, and an optimal preconditioner is developed together with appropriate
software tools. In Section 3 we extend the simulators presented in [10] to
utilize block solvers.

5.2 Block Preconditioners in General

In this section we will try to motivate block preconditioners from an algebraic
point of view. We first consider the Jacobi method on block form, which is
often used to solve coupled systems of PDEs. We then discuss some basic
properties of the Jacobi method and motivate why and how it can be used
as a preconditioner. We discuss the Jacobi method instead of the slightly
faster Gauss-Seidel, because Jacobi is symmetric and can therefore be used
as a preconditioner for e.g. the Conjugate-Gradient method. Then we briefly
consider Conjugate-Gradient-like methods and see how they can be combined
with these block preconditioners. The two last sections deal with software
tools to utilize these preconditioners in existing simulators. Readers interested
in the mathematical details of iterative methods, e.g., the Conjugate-Gradient
method, multigridmethods and classical iterations, are refereed to Hackbusch
[8]. Krylov solvers in general, for non-symmetric and indefinite matrices, are
dealt with in [3].

5.2.1 Operator Splitting Techniques

Operator slitting techniques are widely used for coupled systems of PDEs,
and there are many different techniques that are used for different PDE
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problems. Often the operator splitting is used in time, resulting in a splitting
on the PDE level. One of the main advantages with these techniques is that
a complicated system of coupled PDEs is reduced to simpler equations like
the Poisson equation, convection-diffusion equations etc. For such equations
a fast solver like multigrid can be employed. Additionally well tested software
for such problems can be reused.

However, here we will consider techniques on the linear algebra level, but
we should bear in mind that the fast solvers should and will also be used in
this approach. The reader interested in the mathematical details is refereed
to [8]. Given an algebraic system on the form,

A
[

x

y

]

=

[

A B

C D

] [

x

y

]

=

[

b

c

]

, (5.2)

the simplest operator splitting technique is the Jacobi method,

xk+1 = A−1(b − Byk), (5.3)

yk+1 = D−1(c − Cxk) . (5.4)

Let D be the block-wise diagonal of A,

D =

[

A 0
0 D

]

. (5.5)

The convergence of Jacobi is determined by the spectral radius of I −D−1A,
ρ(I − D−1A), where I = diag(I, I). A necessary condition for convergence
is that

ρ(I − D−1A) ≤ δ < 1 . (5.6)

Hence, the standard results of point-wise Jacobi apply also to the block ver-
sion of Jacobi’s method. For coupled systems of PDEs it is often not easy to
verify (5.6) a priori. The convergence/divergence determined by δ, is usually
found experimentally, and quite often Jacobi diverges. Jacobi is also known
to be a rather slow iterative method, hence it might be necessary to iterate
quite a number of times. A natural question to ask is how accurate A−1 and

D−1 need to be. Can we use cheap approximations of these matrices, Ã
−1

and D̃
−1

, and speed up the simulation time? A naive inexact version of block
Jacobi (5.3)-(5.4) reads,

xk+1 = Ã
−1

(b − Byk), (5.7)

yk+1 = D̃
−1

(c − Cxk) . (5.8)

However, we see that this approach is dangerous, since we then solve a per-
turbed system

Ã
[

x̃

ỹ

]

=

[

Ã B

C D̃

] [

x̃

ỹ

]

=

[

b

c

]

, (5.9)
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Instead one should use the consistent version of the inexact Jacobi1

xk+1 = xk + Ã
−1

(b − Axk − Byk), (5.10)

yk+1 = yk + D̃
−1

(c − Cxk − Dyk) . (5.11)

The convergence will then be determined by

ρ(I − D̃−1A) . (5.12)

Note that this quantity is even harder to estimate than δ. The method (5.10)-
(5.11) can also be seen as a Richardson method preconditioned with D̃−1.
Introducing a damping parameter τ ,

xk+1 = xk + τÃ
−1

rk
x, (5.13)

yk+1 = yk + τD̃
−1

rk
y . (5.14)

where the residual [rk+1
x , rk+1

y ] is defined by

rk
x = b − Axk − Byk, (5.15)

rk
y = c − Cxk − Dyk (5.16)

we can always make the iteration convergent by adjusting2 τ such that

ρ(I − τD̃−1A) < 1 .

However, τ must then usually be found and tuned experimentally for optimal
performance. A too small τ will reduce the efficiency, while a too large τ will
lead to divergence.

Although we have here focused on the block Jacobi method, a large num-
ber of other operator splitting methods exist. Variants that are similar to
block Jacobi are the block versions of Gauss-Seidel, SOR, and SSOR, which
may all be obtained by modifying the preconditioner. On this 2×2 block sys-
tem we replace D−1 with the following B−1

GS to obtain the block Gauss-Seidel
method,

B−1
GS =

[

A−1 0

−D−1CA−1 D−1

]

(5.17)

The following discussion will not only concern with the block-diagonal pre-
conditioner leading to the block Jacobi method, but with preconditioners in
general. Hence, the notation D̃−1 is replaced with B. For all the algorithms
the condition number κ(BA) determines the efficiency of the algorithm and
whether it converges or not. In practice the estimates of these parameters are

1 This is what Hackbusch [8] calls the second normal form of a consistent linear
iteration. Inexact Jacobi is used to generate D̃−1.

2 It can be done by setting τ = 1

‖D̃−1A‖
.
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almost always computed. For the Stokes problem the Uzawa algorithm or the
more general Pressure Schur Complement framework (see [16]) is often used.
We will see that similar reasoning can be used here. In the next section we
will consider more robust methods, that in principle always are convergent.
Still, the convergence rate depends depends strongly on κ(BA).

5.2.2 Conjugate Gradient-Like Methods

Although there exists a large variety of iterative solvers that may utilize
preconditioners based on operator splitting, we will focus on a family of
such methods that is particularly interesting. This is the group of Conju-
gate Gradient-like methods or Krylov Subspace methods. There has been
developed a rich set of Krylov solvers for different purposes, many of which
are implemented in Diffpack. Some of the most commonly used are ConjGrad

for symmetric and positive definite (SPD) systems, Symmlq and SymMinRes

for symmetric and indefinite problems, and general purpose methods like
Orthomin, GMRES, BiCGStab. The reader is referred to [3] for a general discussion
of Krylov solvers and iterative solvers in general, and [4,9] for a presentation
of the Krylov solvers implemented in Diffpack.

The Krylov solvers do not need a τ to be chosen to be convergent. How-
ever, the efficiency of an appropriate Krylov solver is to a large extent de-
pendent on the condition number of the coefficient matrix A, κ(A). We have
e.g. that the number of iterations is proportional to

√

κ(A) for the Conju-
gate Gradient method3. For standard second order elliptic problems in 2D
the condition number is typically O(h−2), where h is the grid size parameter,
and the performance of the Krylov solver will therefore deteriorate as the grid
is refined. For sparse matrices arising from the discretization of PDEs, the
memory required to store the matrix and vectors is O(n), where n is the num-
ber of unknowns in the linear system. The basic operations in Krylov solvers
are matrix-vector products, vector additions and inner products, which are
all O(n) operations. The overall performance is therefore O(n3/2), since the

number of iterations is
√

h−2 ∼ n1/2.
In matrices arising from discretizations of PDEs the condition number

increases as the resolution of the grid increases. We are not satisfied with
being able to solve the problem on one particular grid. In four years when
we have a four times faster computer with four times as much memory4, we

3 some assumptions must be made, see Section 5.3.3
4 A popular version of Moore’s law predicts that the processor speed double at

least every other year. However, it seems to be slowing down, a doubling is more
likely to happen every two year. It is also becoming apparent that the speed of
the CPU is not the only factor that determine the total CPU time. The latency
of the RAM is also very important. In fact, for the problems we consider here,
which are very memory intensive, the CPU usually spend 90% of the time waiting
for lookups in RAM, see [5].
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want a four times as accurate solution in the same amount of time. Hence, if
we want efficient solution methods we need to consider a family of problems,

Ah

[

xh

yh

]

=

[

Ah Bh

Ch Dh

] [

xh

yh

]

=

[

bh

ch

]

, (5.18)

where h is the most important parameter for the condition number. Our
ultimate goal is to construct methods that will solve the problem in O(n)
operations, independently of the grid size h. As mentioned above, this is
commonly called an optimal method. We are considering iterative methods,
hence the demands on a optimal solver can be summarized as follows,

1. The number of operations in each iteration should be proportional to the
number of unknowns.

2. The memory requirement should be proportional to the number of un-
knowns.

3. The number of iterations needed to reach convergence should be bounded
independently of the mesh.

As mentioned earlier the convergence of a Krylov solver for symmetric
systems can be estimated in terms of the condition number of Ah and the
point 3 is therefore not satisfied. A common way to speed up the Krylov solver
is therefore to use a preconditioner, essentially meaning that we multiply the
system by a matrix Bh to obtain another system with the same solution,

BhAh

[

x

y

]

= Bh

[

b

c

]

. (5.19)

The preconditioner Bh should be a well designed operator, because the effi-
ciency of the Krylov solver then depends on κ(BhAh). The preconditioner Bh

does not need to be formed as a matrix explicitly, it can also be an algorithm
like, e.g., multigrid. The only action that is needed is its evaluation on a vec-
tor, vh = Bhuh. The demands given above can then be stated as properties
of the preconditioner Bh:

1. The application of Bh to a vector should require O(n) operations.

2. The memory required to store Bh should be proportional to the number
of unknowns.

3. κ(BhA) should be ”small” and bounded independently of h.

Point 3, in the case of symmetric matrices, is often stated as

κ(BhAh) =
maxi |λi|
mini |λi|

≤ C, (5.20)

where λi are the eigenvalues and C is a constant that is independently of
the discretization parameter h. We will then say that BhAh ∼ I. Notice that
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the above condition (5.20) differ slightly from the spectral equivalence that
is usually wanted for elliptic operators. It is needed for the indefinite systems
in Section 5.4.

The ”operator splitting” technique in (5.10)-(5.11) can be reused directly.
Using the matrix representation in (5.5) with inexact subsolvers, the precon-
ditioner in (5.19) reads

Bh =

[

Ã
−1

0

0 D̃
−1

]

. (5.21)

This is the simplest form of the block preconditioners. Nevertheless it will be
the focus of this paper.

5.2.3 Software Tools for Block-Matrices and Numbering
Strategies

Equation (5.1) is just an ordinary matrix equation,

Au = b,

with a particular numbering. That is, we have two unknowns x and y num-
bered block wise giving the solution vector,

u = [x1, x2, . . . , xn, y1, y2, . . . , ym] .

In general x and y define different fields which may be defined on different
grids. One example is the Stokes problem which requires mixed elements,
e.g. bilinear elements for y and biquadratic for x. Diffpack has a general
numbering strategy capable of numbering several different fields simultane-
ously. However, a straightforward use of this numbering (as was explained in
Chapter [10]) results in a matrix where the block structure is lost. We want
to keep the system on block form, implying that the matrix B in (5.1) needs
a numbering consistent with x column-wise, while the row numbering must
be the same as in y. Hence, B is a n × m matrix and n may be unequal to
m. This is the case for the Stokes and the mixed Poisson problem. Diffpack
has several tools for assembling and solving linear system on block-structured
form. The coupling of unknown fields (FieldFE) and their degree of freedom
in the linear system (LinEqSystem) is handled by a DegFreeFE object, and in
case of block-structured systems, we use two DegFreeFE objects for each block
matrix. DegFreeFE has two numbering strategies, the special and the general,
we need both. In the first simulators for the Bidomain model it is sufficient
to use isoparametric elements and the special numbering can be used. In Sec-
tion 5.4 we need to use mixed elements, and we must then use the general
numbering.

Here is a list of the tools used to facilitate the handling of block-structured
systems.
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– Each matrix in A needs two DegFreeFE objects to handle the numbering.
One is used for the column-wise numbering and one for the row-wise.

– Class ElmMatVecs holds a matrix of ElmMatVec objects, where each ElmMatVec

object contains a block matrix and a block vector at the element level.

– Class SystemCollector administers the computation of the element block
matrices and vectors, as well as the modification of the matrices and vec-
tors due to essential (Dirichlet) boundary conditions. The class contains
handles to an ElmMatVecs object, all the DegFreeFE objects, and func-
tors [9] to hold the integrands for each block matrix and vector. The
assembly of element contributions in LinEqAdmFE::assemble relies on a
SystemCollector object.

A(i,i) A(i,k)

A(k,i) A(k,k)

1 0

0 A(k,k)

Fig. 5.1. Enforcing boundary condition subject to node i.

Linear systems in Diffpack support block structures. That is, the classes
LinEqAdm, LinEqSolver and LinEqSystem and their subclasses always work on
LinEqMatrix and LinEqVector objects. LinEqMatrix is a MatSimplest (usually
1× 1) of pointers (handles) to Matrix objects. The LinEqVector has a similar
structure. This means that the Diffpack Krylov solvers can be used on the
mixed system without modifications.

LinEqSystemPrec is a subclass of LinEqSystem designed for preconditioned
linear systems. To handle block preconditioners, this class is extended by the
subclass LinEqSystemBlockPrec. It has the same interface as LinEqSystemPrec

plus some more functions associated with the block preconditioner. We refer
to the manual page for the full interface. The use of LinEqSystemBlockPrec is
exemplified in the source code in Chapter 5.3.4.

//Make a 2x2 matrix of integrand-functors
integrands.redim(2,2);
integrands(1,1).rebind( new Integrand11(this));
integrands(2,1).rebind( new Integrand21(this));
integrands(1,2).rebind( new Integrand12(this));
integrands(2,2).rebind( new Integrand22(this));

//Make ElmMatVecCalcStd functor to be used from makeSystem
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The mixed 
element matrix

The mixed system

Fig. 5.2. The assembly process of the mixed system.

calcelm.rebind (new ElmMatVecCalculator());

//Block matrix of ElmMatVec’s
elmats.rebind(new ElmMatVecs());
//SystemCollectorFEM handles the assembly
//the block element matrices into the
//block matrix
elmsys.rebind(new SystemCollectorFEM());

//redim and attach datastructure:
elmsys->redim(2,2);
for (int i=1; i<= 2; i++)

for (int j=1; j<= 2; j++)
if (integrands(i,j).ok())

elmsys->attach(integrands(i,j)(),i,j);

elmsys->attach(*calcelm);

elmsys->attach(*u_dof,1,true);
elmsys->attach(*u_dof,1,false);

elmsys->attach(*v_dof,2,true);
elmsys->attach(*v_dof,2,false);

//lineq is initialized from the DegFreeFE’s attached
//to elmsys
lineq->initAssemble(*elmsys);

//attach the ElmMatVec’s
elmats->attach(*elmsys);
elmsys->attach(*elmats);
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Assembly of the right hand side Each of the integrandMx functors could
have done calculations like

elmat.b(i) += ...

on the right hand side, as is common in a Diffpack integrands function.
This would lead to a distributed calculation of the right hand side in several
IntegrandCalc objects. Instead we have chosen to use the diagonal IntegrandCalc
objects to handle the computation of the element vector. This gives cleaner
and more efficient code. Hence, only

integrands(1,1)
integrands(2,2)

will be used in the computation of the right hand side.

5.2.4 Software Tools for Block Structured Preconditioners

As indicated above we will in this paper focus on block diagonal precondi-
tioners, which may be written as

B =

[

M 0
0 N

]

, (5.22)

where M and N are operators that are constructed in some way reflecting
the structure of the linear system matrix A. The software is not restricted to
2 × 2 block systems, any block system can be used. In this chapter we will
however stick to 2×2 systems, for simplicity. In Diffpack such preconditioners
can be made by defining the menu interface MenuSystem,

menu.setCommandPrefix("M prec");
Precond_prm ::defineStatic(menu, level+1);
menu.unsetCommandPrefix();
menu.setCommandPrefix("N prec");
Precond_prm::defineStatic(menu, level+1);
menu.unsetCommandPrefix()

scan the parameters,

menu.setCommandPrefix("M prec");
M_prec_prm.rebind( Precond_prm::construct());
M_prec_prm->scan(menu);
menu.unsetCommandPrefix ();
menu.setCommandPrefix("N prec");
N_prec_prm.rebind( Precond_prm::construct());
N_prec_prm->scan(menu);
menu.unsetCommandPrefix ();

and attach the preconditioners to the linear system, represented by the class
LinEqSystemBlockPrec.
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LinEqSystemBlockPrec& lins = CAST_REF(lineq->getLinEqSystem(),
LinEqSystemBlockPrec);

lins.attach(*M_prec_prm,1);
lins.attach(*N_prec_prm,2);

LinEqSystemBlockPrec supply the routines

virtual void applyLeftBlockDiagPrec
(

const LinEqVector& c,
LinEqVector& d,
TransposeMode tpmode = NOT_TRANSPOSED

);

// apply right block preconditioner Cright, d=Cright*c
virtual void applyRightBlockDiagPrec
(

const LinEqVector& c,
LinEqVector& d,
TransposeMode tpmode = NOT_TRANSPOSED

);

which are used by the Krylov solvers. The user should make sure that the
matrix, the vector and the corresponding preconditioner are all constructed
using the same DegFreeFE-object. This will ensure that the numbering of all
components are consistent.

This completes our general discussion of block preconditioners and the
corresponding software tools. In the remainder of the paper we will demon-
strate how the proposed solution method may be applied to specific problems.

5.3 The Bidomain Equations

As a first introduction to problems that lead to block structured linear sys-
tems, we consider a set of partial differential equations modeling the electrical
activity in the heart. Solving these equations enables us to simulate the prop-
agation of the electrical field that causes the cardiac cells to contract and thus
initiates each heartbeat. Measurements of this electrical field on the surface
of the body are known as electrocardiograms or ECG measurements, and are
an important tool for identifying various pathological conditions. Performing
realistic computer simulations may increase our understanding of this pro-
cess, and may thus be a valuable tool for research and educational purposes.

5.3.1 The Mathematical Model

To obtain a set of partial differential equations describing the propagation
of the electrical field, we introduce the quantities ui and ue, denoting the
intracellular and extracellular potential, respectively. To avoid treating the
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complex cellular structure of the tissue explicitly, we consider the heart mus-
cle to be a continuum consisting of both intracellular and extracellular space.
The potentials ui and ue are then volume averaged quantities defined at ev-
ery point in the domain. To easily relate the electrical potentials to ionic
currents crossing the cell membranes, which are extremely important for the
propagation of the potentials, we introduce the transmembrane potential v,
defined as v = ui − ue. If we further denote the intra- and extracellular con-
ductivities by σi and σe respectively, the dynamics of the electrical potentials
are governed by the following equations,

χCm
∂v
∂t + χIion(v, s) = ∇ · (σi∇v) + ∇ · (σi∇ue), x ∈ Heart(Ω),

∇ · ((σi + σe)∇ue) = −∇ · (Mi∇v), x ∈ Heart(Ω) .

This is the Bidomain model, introduced by Geselowitz [6] in the late 70s. The
term Iion is the transmembrane ionic current, Cm is the capacitance of the
cell membrane and χ is a parameter relating the area of the cell membrane to
the tissue volume. A detailed derivation of these equations is given in Chapter
[14]. The vector s in the ionic current term Iion is a state vector characterizing
the conductivity properties of the cell membrane. Realistic models of cardiac
cells require this state vector to be determined from a complex set of ordinary
differential equations. The solution of these ODEs contributes significantly to
the complexity of solving the Bidomain equations numerically. Simulations
based on the complete equations are presented in Chapter [14]. In the present
section we want the Bidomain problem to serve as a simple model problem to
introduce the concepts of block systems and block preconditioning. To obtain
a problem that is more suitable for this purpose we disregard the ionic current
term Iion and assume that χCm = 1. We then get the simplified problem

∂v

∂t
= ∇ · (σi∇v) + ∇ · (σi∇ue), x ∈ Ω, (5.23)

∇ · (σi∇v) + ∇ · ((σi + σe)∇ue) = 0, x ∈ Ω . (5.24)

For the present study, we assume that the heart muscle is immersed in a
non-conductive media, so that no current leaves the heart tissue. The current
is assumed to be given by Ohms law, so this gives

n · (σi∇ui) = 0

and
n · (σe∇ue) = 0

on the surface of the heart, which defines the boundary conditions for (5.23)-
(5.24). By utilizing that ui = v+ue we may express these conditions in terms
of our primary variables v and ue. Combining this with equations (5.23) and
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(5.24) gives the following initial-boundary value problem

∂v

∂t
= ∇ · (σi∇v) + ∇ · (σi∇ue), x ∈ Ω, t > 0 (5.25)

∇ · (σi∇v) + ∇ · ((σi + σe)∇ue) = 0, x ∈ Ω, t > 0 (5.26)

n · (σi∇v + σi∇ue) = 0, x ∈ ∂Ω, t > 0 (5.27)

n · (σe∇ue) = 0, x ∈ ∂Ω, t > 0 (5.28)

v(x, 0) = v0(x), x ∈ Ω, t = 0, (5.29)

where v0 is a given initial distribution for the transmembrane potential.

5.3.2 Numerical Method

Time Discretization We let ∆t be the (constant) time step and denote
by vl and ul approximations to v an ue, respectively, at time step tl. More
precisely we have

vl(x) ≈ v(x, l∆t),

ul(x) ≈ ue(x, l∆t) .

A time discretization of equation (5.25) may be obtained from a simple im-
plicit Euler scheme, leading to the following equations to be solved at each
time step,

vl − vl−1

∆t
= ∇ · (σi∇vl) + ∇ · (σi∇ul), x ∈ Ω, (5.30)

∇ · (σi∇vl)∇ · ((σi + σe)∇ul) = 0, x ∈ Ω . (5.31)

To simplify the notation we introduce the inner products

ai(v, φ) = ∆t

∫

Ω

σi∇v · ∇φdx, (5.32)

ai+e(v, φ) = ∆t

∫

Ω

(σi + σe)∇v · ∇φdx . (5.33)

If we now define a suitable function space V (Ω), a weak formulation of equa-
tions (5.30)-(5.31) is to find vl, ul ∈ V (Ω) which satisfies

(vl, φ) + ai(v
l, φ) + ai(u

l, φ) = (vl−1, φ), ∀φ ∈ V (Ω), (5.34)

ai(v
l, φ) + ai+e(u

l, φ) = 0, ∀φ ∈ V (Ω), (5.35)

where (·, ·) denotes the L2 inner product. All boundary integral terms in
the weak equations vanish because of the homogeneous boundary conditions
(5.27)-(5.28).
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We now introduce a discrete subspace Vh(Ω) of V (Ω), spanned by basis
functions φi(x), i = 1, . . . , n. We approximate vl and ul by

vl(x) ≈
n

∑

j=1

φj(x)vj , (5.36)

ul(x) ≈
n

∑

j=1

φj(x)uj , (5.37)

where φi(x), i = 1, . . . , n is a suitable set of basis functions defined in Ω. For
the application of the finite element method, the basis functions are usually
piecewise polynomials defined over a grid Ωh. The refinement of the grid is
characterized by the discretization parameter h. We have n ∼ h−d, where d
is the number of physical space dimensions. Applying a standard Galerkin
finite element discretization to the weak formulation (5.34)-(5.35), we obtain
a system of linear equations given by

l
∑

j=1

(φj , φi)vj +

l
∑

j=1

ai(φj , φi)vj (5.38)

+

l
∑

j=1

ai(φj , φi)uj = (vl−1, φi), for i = 1, . . . , n,(5.39)

l
∑

j=1

ai(φj , φi)vj +

l
∑

j=1

ai+e(φj , φi)uj = 0, for i = 1, . . . , n. (5.40)

In matrix form, this system may be written as

A
[

v
u

]

=

[

A B

B C

] [

v

u

]

=

[

α
0

]

, (5.41)

where the matrix blocks are defined by

Aij = (φi, φj) + ai(φi, φj) (5.42)

Bij = ai(φi, φj) (5.43)

Cij = ai+e(φi, φj) (5.44)

αi = (vl, φ). (5.45)

5.3.3 Solution of the Linear System

It is of course possible to solve the linear system (5.41) without considering
the block structure of the problem. Direct and iterative methods exist that
will handle this problem fairly well. We may, however, improve the efficiency
significantly by utilizing our knowledge of the system structure. The focus of
this section is the construction of a highly efficient block preconditioner for
this system.
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A Preconditioner In this section we will consider the linear system to
be solved at each time step as a stationary problem. We do not make any
assumptions on the right hand side, but consider (5.41) with an arbitrary
right hand side. The problem is given by

A
[

v

u

]

=

[

A B

BT C

] [

v

u

]

=

[

a

b

]

, (5.46)

where a and b are arbitrary vectors. The reason for this is simply that the
preconditioner needs to be able to work on any right hand side, since we do
not have any a priori information about the behavior of the residual. Our
suggested preconditioner for this linear system is

Bh =

[

(A−1)� 0

0 (C−1)�

]

,

where (·)� denotes multigrid approximations to the respective inverse. Since
the blocks A and C are similar to the discrete Laplace operator, it is well
known from multigrid theory that such approximations can be made that are
spectrally equivalent with the true inverse, see e.g. [17].

The Solver Since our linear system is symmetric and positive definite, we
use the conjugate gradient method to solve the preconditioned system. If we
denote the start vector by x0 and the exact solution x, the initial error is
given by e0 = x − x0. It can be shown that a reduction of the initial error
with a factor ε ¿ 1 is achieved after at most

1

2
ln

2

ε

√
κ (5.47)

iterations, see e.g. [3], where κ is the condition number of BA. The condition
number of A without preconditioning is κ ∼ h−2, and the number of iter-
ations is thus proportional to h−1. Preliminary analysis indicates that the
preconditioner B introduced in the previous section is spectrally equivalent
to the inverse of A, and the condition number of the preconditioned system is
hence bounded independently of h. According to (5.47), the number of iter-
ations is thus independent of h, i.e. independent of the number of unknowns
n.

5.3.4 A Simulator for the Bidomain Model

We first make a simulator for the Bidomain model without considering the
block structure, primarily for debugging purposes. The complete source code
for this simulator is located in $NOR/doc/mixed/Heart.

class Heart : public FEM
{
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public:
Handle(GridFE) grid; // underlying finite element grid
Handle(FieldFE) u;
Handle(FieldFE) u_prev;
Handle(FieldFE) v;
Handle(DegFreeFE) dof;
Handle(TimePrm) tip;
Vec(real) linsol;
Handle(LinEqAdmFE) lineq;
Handle(SaveSimRes) database;
MatSimple(real) sigma_i;
MatSimple(real) sigma_e;
bool dump;

Handle(FieldFE) error;

// used to partition scan into manageable parts:
virtual void sigma_scan();
void scanGrid();
virtual void initFieldsEtc();

virtual void timeLoop();
virtual void solveAtThisTimeStep();
virtual void setIC();

// standard functions:
virtual void fillEssBC ();
virtual void fillEssBC4U (DegFreeFE& dof, int U);
virtual void fillEssBC4V (DegFreeFE& dof, int V);

virtual void calcElmMatVec
(int e, ElmMatVec& elmat, FiniteElement& fe);

virtual void integrands
(ElmMatVec& elmat, const FiniteElement& fe);

public:

Handle(FieldFunc) usource;
Handle(FieldFunc) uic;
Heart ();
~Heart ();

virtual void adm (MenuSystem& menu);
virtual void define (MenuSystem& menu, int level = MAIN);
virtual void scan ();

virtual void solveProblem ();
virtual void saveResults ();
virtual void resultReport ();

};

This simulator should be thought of as the main simulator. It is in charge
of initialization of all the datastructure related to the physical properties of
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the model problem. One should also use this simulator to validate the model
and verify new simulators that utilize more efficient solution techniques, like
the block and multigrid solvers that will be presented below. To ease the
process of debugging the simulator, we also introduce a sub-class named
HeartAnalytic which is intended purely for debugging purposes. The class
solves the problem with very simple boundary- and initial conditions, and
compares the numerical solution with analytical results. This simulator is
also useful to find appropriate convergence criteria.

It is evident from the header file that the structure of this simulator class
is not very different from the simplest Diffpack simulators introduced in [9].
The major difference is that we have two unknown fields, and one DegFreeFE

object, based on the grid and the number of unknowns per node,

dof.rebind (new DegFreeFE (*grid, 2));

The fields of unknowns are made accordingly,

coll.rebind(new FieldsFE(*grid, "coll"));
u.rebind (coll()(1));
v.rebind (coll()(2));

Hence, the fields are made as vector fields, similar to the way they are made
in the Elasticity1 simulator described in [9]. When we use the special (or
the general) numbering technique the block structure of the matrices will be
lost. Usually one wants to avoid this block structure because it results in
a very large bandwidth of the matrices and for factorization methods small
bandwidths are desirable. We employ these numbering strategies within each
block, such that each block has a very small bandwidth.

To be able to reuse the fillEssBC routine in the block simulators we split
it into two functions:

fillEssBC4U(DegFreeFE& dof, int U)
fillEssBC4V(DegFreeFE& dof, int V)

The main idea is that a DegFreeFE& dof and a field number U is sufficient
to fill the boundary conditions with dof.fields2dof(· , U). This can be
done in both the block simulators, multigrid and this simulator. Consult
$NOR/doc/mixed/Heart/HeartAnalytic.cpp for the complete code.

The HeartAnalytic class is used to verify that the simulator produces
correct results. A case with very simple geometry and initial conditions is
considered, and the numerical results are compared to the analytical solu-
tion. The next step is to develop a simulator that utilizes the block structure
in the solution algorithm. The purpose of this simulator is of course to pro-
duce the exact same results as the general Heart class, but to speed up the
solution process by applying specialized block preconditioners. We first make
a simple block structured simulator HeartBlocks, without any multigrid func-
tionality. The process of debugging the simulators is substantially simplified
by this incremental development, as we limit the amount of new functionality
introduced in each step.
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class HeartBlocks : public HeartAnalytic
{
public:

Handle(Precond_prm) prec_prm1;
Handle(Precond_prm) prec_prm2;
Handle(FieldsFE) u_coll;
Handle(FieldsFE) v_coll;
Handle(DegFreeFE) u_dof;
Handle(DegFreeFE) v_dof;
Handle(LinEqVector) linsol_block;
Integrands_type integrand_type;
int nsd;

public:
HeartBlocks();
~HeartBlocks();

MatSimplest(Handle(IntegrandCalc)) integrands;
Handle(ElmMatVecCalc) calcelm;
Handle(ElmMatVecs) elmat; // all blocks at the element level
Handle(SystemCollector) elmsys; // main utility for block adm.

virtual void adm (MenuSystem& menu);
virtual void timeLoop();
virtual void define (MenuSystem& menu, int level = MAIN);
virtual void scan ();
void initBlocks();
void initBlockDofs();
virtual void solveAtThisTimeStep();
virtual void solveProblem();
virtual void resultReport ();
virtual void fillEssBC();
virtual void makePreconditioner();
virtual void makePreconditioner4U();
virtual void makePreconditioner4V();

void makeBlockSystem
(
LinEqAdmFE& lineq,
SystemCollector& elmsys,
FieldsFE& coll,
ElmMatVecs& elmat,
int itg_man

);

void makeSystem
(

DegFreeFE& dof,
FieldsFE& coll,
IntegrandCalc& integrand,
ElmMatVecCalc& emv,
Matrix(NUMT)& A,
int itgrule_man

);

};
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The LinEqAdmFE handle lineq introduced in the main simulator Heart is
a general structure for linear systems, which is capable of handling block
structured systems. The default version has only one block, but in this case
we want to construct a 2× 2 block system corresponding to the two primary
unknowns. The call

lineq.rebind (new LinEqAdmFE(2,2));

in the scan function handles this basic initialization. This call constructs a
LinEqSystemBlockPrec with a 2× 2 block structure of the matrices, precondi-
tioners and vectors. The preconditioners are attached as described in Section
5.2.3.

The main simulator class Heart was derived from the base class FEM which
offers a virtual function integrands, which is used to make the linear system
in makeSystem. This is the common way to construct the linear system in
a Diffpack simulator. However, Diffpack also offers other possibilities, which
are more suitable for handling block structured systems. Instead of redefining
the provided integrands function, we may introduce the integrands as derived
subclasses of IntegrandCalc, which offers the integrands (ElmMatVec& elmat,

const FiniteElement& fe), similar to FEM. The base class FEM then offers gen-
eral makeSystem routines like,

virtual void makeSystem
(DegFreeFE& dof, FieldsFE& coll, IntegrandCalc* integrand,
ElmMatVecCalc& emv, Matrix(NUMT)& A),

which only uses the datastructures submitted in the function call. This is in
fact the function we will use to make the algebraic preconditioners, as we will
see later.

For a block system we need several integrand classes, all sub-classes of
IntegrandCalc, which are typically organized in a 2-dimensional array.

MatSimplest(Handle(IntegrandCalc)) integrands;

The matrix is initialized according to the structure of the system, which in
our case is a 2 × 2 system.

integrands.redim(2,2);
integrands(1,1).rebind( new Integrand11(this));
integrands(2,1).rebind( new Integrand21(this));
integrands(1,2).rebind( new Integrand12(this));
integrands(2,2).rebind( new Integrand22(this));

Each element in integrands is derived of IntegrandCalc and needs to define
an integrands function. In addition they usually contain a pointer to a Heart

object, submitted as this, to be able to fetch various data from the main
simulator.

The four integrands functions will correspond to the four distinct parts of
the integrands function implemented in the Heart class. The following one,
corresponding to the block C in (5.41), is a typical function for Poisson type
equations (compare with the Poisson1 example ).
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void Integrand22::integrands
(ElmMatVec& elmat, const FiniteElement& fe)

{

real nabla;
real detJxW = fe.detJxW();
int nbf = fe.getNoBasisFunc();
int nsd = fe.getNoSpaceDim();
int i,j,k;
real dt = data->tip->Delta(); //data is a Heart pointer
for (i = 1; i <= nbf; i++) {

for (j = 1; j <= nbf; j++) {
nabla = 0;
for (k = 1; k <= nsd; k++)

nabla += (data->sigma_e(k,k)+data->sigma_i(k,k))
*fe.dN(i,k)*fe.dN(j,k);

elmat.A(i,j) += dt*nabla*detJxW;
}
elmat.b(i) += 0.0;

}
}

Since all the calcElmMatVec functions are identical in this application they are
all represented as one ElmMatVecCalculator object. The class ElmMatVecCalculator
is derived from ElmMatVecCalc which supply functions for calculating the el-
ement matrices. The following is a typical declaration of such a function,
further details are found in the manual pages for the FEM class [9].

virtual void calcElmMatVec
(
int elm_no,
ElmMatVec& elmat,
FiniteElement& fe,
IntegrandCalc& integrand,
FEM* fem

);

We also need some temporary data structures to store the element matrices
and administer the computation.

elmsys.rebind(new SystemCollector());
elmat.rebind(new ElmMatVecs());

ElmMatVecs is simply a matrix of ElmMatVecobjects, in the present case a 2×2
system of element matrices. This class also enforces the essential boundary
conditions in the different element matrices simultaneously.

The SystemCollector object elmsys is the manager that connects the block
structured LinEqMatrix to the DegFreeFE objects and the classes contain-
ing the integrands for the system. It should be fed with a consistent set
of DegFreeFEs and IntegrandCalc objects.

elmsys->redim(2,2);
for (int i=1; i<= 2; i++)
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for (int j=1; j<= 2; j++)
if (integrands(i,j).ok())

elmsys->attach(integrands(i,j)(),i,j);

elmsys->attach(*calcelm);

elmsys->attach(*u_dof,1,true);
elmsys->attach(*u_dof,1,false);

elmsys->attach(*v_dof,2,true);
elmsys->attach(*v_dof,2,false);

lineq->initAssemble(*elmsys);
elmat->attach(*elmsys);
elmsys->attach(*elmat);
elmsys->attach(this);

The assembly of the linear system is performed by a function corresponding
to the makeSystem call in common Diffpack simulators.

makeBlockSystem(*lineq,*elmsys,*coll,*elmat,1);

A suitable definition of this function can be found in
$NOR/mixed/Heart/block/HeartBlocks.cpp.

Having now constructed the block linear system, we need to build the
preconditioners. We will use the block Jacobi preconditioner introduced in
sections 5.2.1 and 5.2.2 , but as stated above we will not consider multigrid
preconditioners in this version of the simulator. We will instead use simple
algebraic preconditioners to approximate the block inverses. The matrices
needed by the preconditioner are assembled using the IntegrandCalc sub-
classes defined earlier. The following code segment handles the assembly of
the preconditioner corresponding to block A in (5.41).

Handle(IntegrandCalc) integrand;
LinEqSystemBlockPrec& lins =

CAST_REF(lineq->getLinEqSystem(), LinEqSystemBlockPrec);
MenuSystem& menu = SimCase::getMenuSystem();
integrand = new Integrand11(this);

Handle(Matrix_prm(NUMT)) mat_prec_prm;
...
//initialize mat_prec_prm somehow
...
Handle(Matrix(NUMT)) mat_prec;
mat_prec= mat_prec_prm().create();

makeSystem(u_dof(), *coll, *integrand, *calcelm, *mat_prec, 1);

The assembled matrix is attached to the preconditioner and then to the
preconditioned linear system represented by the LinEqSystemBlockPrec lineq.

Handle(PrecBasis) prec_basis = new PrecBasis();
prec_basis->attach(*mat_prec);
prec_prm1->print(s_o);
lins.attach(*prec_prm1, *prec_basis,1);
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Numerical results for this simulator are shown in Table 5.1. We have
used the Conjugate Gradient method with RILU block preconditioners. We
see that the number of iterations increases when the problem size increases.
Because the cost of one iteration is proportional to the number of unknowns,
the work of solving the problem is O(np), with p > 1.

Table 5.1. Numerical results for the Bidomain solver with RILU block precondi-
tioning.

Unknowns Iterations p

882 34 -

3362 39 1.1

13122 56 1.3

51842 86 1.3

206082 150 1.3

5.3.5 A Simulator with Multigrid

The final step in the process of speeding up the simulator is to replace
the simple algebraic preconditioners with efficient multigrid algorithms. The
Multigrid tools in Diffpack are documented in [11] and the reader is re-
ferred to this chapter for more details concerning the MGtools class. In the
present section we will see how the toolbox can be utilized to easily em-
ploy multigrid for block systems. The HeartBlocksMG simulator is a derived
sub-class of the HeartBlocks class. In our problem we need two MGtools ob-
jects, one for each block on the diagonal, and we thus introduce the vector
VecSimplest(Handle(MGtools)) mg. We also need to rewrite some of the func-
tions in the HeartBlocks. The complete class declaration is as follows.

class HeartBlocksMG : public HeartBlocks
{
public:
int no_of_grids;
VecSimplest(Handle(MGtools)) mg;
Handle(FieldCollector) fieldcoll2;

HeartBlocksMG();
~HeartBlocksMG();

virtual void define (MenuSystem& menu, int level = MAIN);
virtual void initFieldsEtc();
virtual void scan ();
virtual void solveAtThisTimeStep();
virtual void fillEssBC(SpaceId space);
virtual void mgFillEssBC(SpaceId space);
virtual void getDataStructureOnGrid(SpaceId space);
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virtual void resultReport();
virtual void makePreconditioner();
virtual void saveResults();
virtual void setIC();

};

As usual in Diffpack we have an extensive menu-interface which makes it easy
to test various parameters. We use the command prefixes block1 and block2

to allow separate menu input for the two blocks.

menu.setCommandPrefix("block1");
Precond_prm ::defineStatic(menu, level+1);
menu.unsetCommandPrefix();
menu.setCommandPrefix("block2");
Precond_prm::defineStatic(menu, level+1);
menu.unsetCommandPrefix();

The MGtools menu is also initialized according to the Diffpack standard pre-
sented in [9].

MGtools::defineStatic(menu,level+1);

In the scan function the preconditioners are initialized and attached to the
linear system.

menu.setCommandPrefix("block1");
prec_prm1.rebind( Precond_prm::construct());
prec_prm1->scan(menu);
menu.unsetCommandPrefix ();
menu.setCommandPrefix("block2");
prec_prm2.rebind( Precond_prm::construct());
prec_prm2->scan(menu);
menu.unsetCommandPrefix ();

LinEqSystemBlockPrec& lins =
CAST_REF(lineq->getLinEqSystem(), LinEqSystemBlockPrec);

lins.attach(*prec_prm1,1);
lins.attach(*prec_prm2,2);

We also need to initialize the VecSimplest holding the MGtools. The length
of the vector is set and each MGtools object is initialized according to the
procedure described in [11].

mg.redim(2);
for (int i=1; i<= 2; i++){

if ( i== 1){
mg(i).rebind(new MGtools(*this, oform("mg toolbox",i)));

}
else{
//use the same grid hierarchy as mg(1) in mg(2):

mg(i).rebind(new MGtools(*this,mg(1)->gridcoll(),
oform("mg toolbox",i)));

}
mg(i)->attach(lineq());
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mg(i)->scan(menu); //make grid etc.
mg(i)->initStructure();
if ( lins.getPrec(i).description().contains("multilevel")){

PrecML& p = CAST_REF(lins.getPrec(i), PrecML);
p.attach(mg(i)->getMLSolver());

}

Both MGtools objects are now initialized properly and attached to the
linear system lineq. The only remaining task in the construction of the pre-
conditioners is to make the linear systems for the multigrid algorithms.

void HeartBlocksMG:: makePreconditioner() {
int i;
integrand_type = PRECONDITIONER;
for (i=1; i<= 2; i++) {

mg(i)->makeSystemMl(*integrands(i,i), *calcelm, true);
}

}

The code segments presented here include all the major steps in the process
of including the block multigrid preconditioner in the simulator. Because
the simulator was already prepared for block linear systems and block pre-
conditioning the addition of the multigrid preconditioner was fairly straight-
forward. The source code for the simulator is found in $NOR/mixed/Heart/block/

in the files HeartBlocksMG.h and HeartBlocksMG.cpp.

Numerical results for the simulator with multigrid are shown in Table 5.2.
We see that the number of iterations does not increase when the problem size
increases. Because the number of iterations is constant and the cost of one
iteration is proportional to the number of unknowns, the total work for one
simulation is O(n).

Table 5.2. Numerical results for the Bidomain solver with multigrid block precon-
ditioning.

Unknowns Iterations

882 17

3362 17

13122 16

51842 15

206082 15

5.3.6 A Solver Based on Operator Splitting

The block structured preconditioners presented in this paper are all based on
operator splitting techniques. These techniques may also be used as solvers
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for the linear system. The simplest operator splitting algorithm is the block
Jacobi method given by (5.3)-(5.4). A very similar algorithm is the block
Gauss-Seidel iteration, defined by

xk+1 = xk + A−1(b − Axk − Byk) (5.48)

= A−1(b − Byk), (5.49)

yk+1 = yk + D−1(c − Cxk+1 − Dyk) (5.50)

= D−1(c − Cxk+1) . (5.51)

Here we have inverted A and D exactly. This leads to the simplified expres-
sion.

The major work of one iteration is the solution of the linear sub-systems
(5.49) and (5.51), the efficiency of the algorithm depends on our ability to
solve these linear systems efficiently. For these systems it is possible to use
multigrid directly as a solver, by simply repeating the multigrid sweeps until
convergence is reached. A slightly different approach is to use multigrid as
preconditioner for the conjugate gradient method. We want to implement the
new simulator as a sub-class of the HeartBlocksMG class described in the pre-
vious section, with as much reuse as possible, and thus the second approach
seems like a good choice. To maximize the possibility for reuse, we employ the
Gauss-Seidel method on linear algebra level. This means that we assemble
the global linear system first, before it is decomposed into the sub-systems
in (5.49)-(5.51).

A different, and perhaps more common, approach would be to split the
equations on the PDE level and assemble the two linear systems separately.
The main advantage of our approach is that we are able to reuse the code from
the HeartBlocksMG simulator. Other advantages include a simple and efficient
update of the right hand sides for each iteration, and that the residual for
the complete linear system is easily available, to be used as a convergence
test for the Gauss-Seidel iterations. The main disadvantage of the chosen
approach is that the assembly of the complete linear system is more costly
than assembling the two smaller sub-systems, and because of the need to
store all the matrix blocks, the memory requirement is also increased.

Most of the datastructures and functions of the HeartBlocksMG class are
reused unaltered in the new HeartBlocksGS simulator. The main addition
to the class is that we need two new LinEqAdmFE objects to handle the linear
systems (5.49)-(5.51). These linear systems are initialized and preconditioners
attached by the following code segment in the scan function.

lineq1.rebind (new LinEqAdmFE(EXTERNAL_STORAGE));
lineq2.rebind (new LinEqAdmFE(EXTERNAL_STORAGE));

//use the same menu input for both lineqs
lineq1->scan(menu);
lineq2->scan(menu);

LinEqSystemPrec& lins1 =
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CAST_REF(lineq1->getLinEqSystem(), LinEqSystemPrec);
lins1.attach(*prec_prm1);

LinEqSystemPrec& lins2 =
CAST_REF(lineq2->getLinEqSystem(), LinEqSystemPrec);

lins2.attach(*prec_prm1);

if ( lins1.getPrec().description().contains("multilevel")){
PrecML& p = CAST_REF(lins1.getPrec(), PrecML);
p.attach(mg(1)->getMLSolver());

}

if ( lins2.getPrec().description().contains("multilevel")){
PrecML& p = CAST_REF(lins2.getPrec(), PrecML);
p.attach(mg(2)->getMLSolver());

}

In addition to the additions made to the scan function, we need to change
the function solveAtThisTimeStep to incorporate the new solution procedure.
After assembling the global system, the following do-loop handles the Gauss-
Seidel iterations.

do {
//extract the u blocks as a separate system:
Matrix(real)& block12 = lineq->Al().mat(1,2);

block12.prod(linsol_block->getVec(2), rhs1);

rhs1.add(lineq->bl().getVec(1),’-’,rhs1);

lineq1->attach(lineq->Al().mat(1,1),
linsol_block->getVec(1), rhs1);

//attach preconditioner for u:
mg(1)->attach(lineq1->Al().mat(), no_of_grids);
mg(1)->attachSol(lineq1->xl().vec(), no_of_grids);
mg(1)->attachRhs(lineq1->bl().vec(), no_of_grids, false);
//solve the linear system for u:
lineq1->solve();

//extract the v blocks as a separate system
Matrix(real)& block21 = lineq->Al().mat(2,1);

block21.prod(linsol_block->getVec(1), rhs2);
rhs2.add(lineq->bl().getVec(2),’-’,rhs2);

lineq2->attach(lineq->Al().mat(2,2),
linsol_block->getVec(2), rhs2);

//attach preconditioner for v:
mg(2)->attach(lineq2->Al().mat(), no_of_grids);
mg(2)->attachSol(lineq2->xl().vec(), no_of_grids);
mg(2)->attachRhs(lineq2->bl().vec(), no_of_grids, false);
//solve the linear system for v
lineq2->solve(); // solve linear system

lineq->getLinEqSystem().residual(res);
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r = res.norm();
its ++;

} while (r/r0 > tol);

We use the relative residual r/r0 of the complete system to monitor
the convergence. The same residual was used for the block preconditioned
solvers described previously, and the performance of the simulators should
thus be directly comparable. The source code for this simulator is found in
NOR/doc/mixed/Heart/block in the files HeartBlocksGS.h and HeartBlocksGS.cpp.
Results from numerical experiments with the Gauss-Seidel based simulator
are presented in Table 5.3. With the given structure of the two sub-problems
and the results achieved in the previous section, we expect multigrid to be an
optimal preconditioner for solving the two sub-problems with the Conjugate-
Gradient method. This is confirmed by the non-increasing iteration count for
these sub-problems when the problem size increases. It is not quite as obvious
that the number of Gauss-Seidel iterations is also independent of the prob-
lem size, but this is confirmed by the presented results. The present solution
method is thus O(n), exactly as we had for the block-preconditioned solver
with Conjugate Gradient iterations. Still, experiments indicate that the block
preconditioned solver is significantly faster, with CPU times approximately
25% of the Gauss-Seidel based solver.

Table 5.3. Numerical results for the Bidomain solver with multigrid-based Gauss-
Seidel iterations.

Unknowns CG its u system CG its v system GS iterations

882 6 6 19

3362 6 5 16

13122 7 5 14

51842 7 6 12

206082 7 6 10

5.4 Two Saddle Point Problems

In the next sections we will consider two well known saddle point problems;
the Stokes problem and the mixed formulation of the Poisson equation. These
problems may both be written on the form

Ah

[

v

p

]

=

[

A BT

B 0

] [

v

p

]

=

[

f

g

]

. (5.52)

This is a special case of (5.2) where C is 0 and C−1 is undefined. There-
fore we cannot use the Jacobi method as preconditioner. But as we will see
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the preconditioner will be block diagonal and is constructed similarly. These
systems are indefinite and the discretization of these model problems require
mixed elements as discussed in [10].

How should this preconditioner be constructed? Such systems have been
studied in [13] and we follow their conclusion. The best preconditioner is of
course A−1, which is obviously not an option. Our mixed system is indefi-
nite, but we see that if we use the best preconditioner possible, A−1, we get
a positive definite system. Hence, a natural question to ask, is whether the
preconditioned system should be indefinite or definite. We seek an “approxi-
mation of the inverse” and an approximate transformation from an indefinite
to a positive system may be dangerous. We may end up with eigenvalues
close to zero, causing a breakdown of the basic iterative method. The cure
is to make a preconditioner such that the preconditioned system is also an
indefinite problem. Guided by [13] we consider block preconditioners on the
form B = diag(M , N) such that (5.19) has the following form

BhAh =

[

MA MBT

NB 0

]

. (5.53)

The preconditioners M and L are positive and therefore the preconditioned
system will still be indefinite. The best possible such saddle point problem is

BA =

[

I QT

Q 0

]

, where QQT = I . (5.54)

This system has eigenvalues, 1, 1/2 ± 1/2
√

5 (both positive and negative).
Hence, the preconditioner is not similar to the inverse of the coefficient ma-
trix. To construct a system similar to (5.54) we should have block operators
such that,

MA ∼ I, (5.55)

NBMBT ∼ I . (5.56)

If we are able to construct blocks with these properties, we will bound the
eigenvalues of BA above and away from zero, independent of the mesh size
h.

Pressure Schur Complement methods. In [16] they have formulated a general
framework, a basic iteration on the Pressure Schur Complement, where the
Projection method, Pressure correction methods, Uzawa methods and the
Vanka smoother are special cases. Such a framework can be developed by
using the block utilities in Diffpack in a similar way that is done in Section
5.3.6.
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5.4.1 Stokes Problem

Mathematical Model The Stokes problem fits elegantly in the setup de-
scribed in the previous section. We briefly recapture the equations from [10],

−µ∆v + ∇p = f in Ω, (equation of motion), (5.57)

∇ · v = 0 in Ω, (mass conservation), (5.58)

v = h on ∂ΩE , (5.59)

∂v

∂n
+ pn = 0 on ∂ΩN . (5.60)

Numerical Method We remember the discrete coefficient operator for the
Stokes problem,

[

A BT

B 0

]

=

[

−µ∆ ∇
∇T 0

]

. (5.61)

To obtain a well posed discrete and continuous problem the Babuska-Brezzi
condition have to be fulfilled [7], this means that we need to use the mixed
elements described in [10]. Examples of elements are the Taylor-Hood, Mini
and Crouzeix-Raviart.

Solution of the Linear System We can choose M as an efficient precon-
ditioner for A since MA ∼ I. Such preconditioner can be made by multigrid
because A is an elliptic operator. The Schur complement BMBT is already
well conditioned, thus N can be chosen as I (the mass matrix). We present
some numerical experiments of this preconditioner in Section 5.4.1, similar
experiments are shown in [13].

A Simulator for Stokes problem In [10] a Stokes simulator, using mixed
finite elements, was developed. We will now extend this simulator to utilize
efficient block preconditioners. Most of the steps to do this are the same as
for the Bidomain problem presented in the previous section, but we then only
used isoparametric elements. For the Stokes problem and the mixed Poisson
problem discussed later, we need to use mixed elements or else (5.52) will be
singular5 [2]. The transition from isoparametric elements to mixed is first of
all a query-replace,

FEM, FiniteElement, integrand, makeSystem, IntegrandCalc

is replaced with

5 Notice that the pressure is only determined up to a constant and the system
is therefore singular with a one dimensional kernel. However, when not using
certain mixed elements, the kernel will be larger.
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MxFEM, MxFiniteElement, integrandMx, makeSystemMx, IntegrandCalcMx.

In addition, it is important to know that the general numbering strategy of
DegFreeFE is used instead of the special numbering which is used for isopara-
metric elements. The way DegFreeFE is constructed will determine which strat-
egy it will use. A DegFreeFE made like,

GridFE grid;
DegFreeFE dof;
...
//make grid somehow
...
dof.rebind(new DegFreeFE(grid, 2)); //dof is made

results in the special numbering whereas, the general numbering is used if
DegFreeFE is made like,

FieldsFE fields;
DegFreeFE dof;
fields_grid.rebind (new BasisFuncGrid (*grid));
String fields_elm_tp = menu.get ("fields element");
fields_grid->setElmType (fields_grid->getElmType(), fields_elm_tp);
fields.rebind (new FieldsFE (*fields_grid, nsd, "fields"));

dof.rebind(new DegFreeFE(fields)); //dof is made

The general numbering will be used even though isoparametric elements are
used in FieldsFE. We turn on the mixed element utilities in MGtools by

MGtools::useFieldCollector(true,no_fields);

where no fields is an integer. The fields of unknowns will then be collected
in a FieldCollector object managed by the MGtools. When needed the fields
should be fetched from there,

Handle(FieldsFE) v_coll;
v_coll.rebind( mg->fieldcoll->getFields(no_of_grids));

In contrast to HeartBlocksMG we made the fields ourselves by

coll.rebind(new FieldsFE(*grid, "coll"));
u.rebind (coll()(1));
v.rebind (coll()(2));
u_prev.rebind (new FieldFE (*grid, "u_prev"));

The implementation of the multigrid tools for the velocity preconditioner is
more or less the same as for the Bidomain problem and we therefore skip the
details. The source code can be found in $NOR/doc/mixed/Stokes/block.

However, now we also must make a preconditioner similar to I, the mass
matrix. It can be misleading to use the term identity when using finite ele-
ment methods. However, it is the natural counterpart to the identity in finite
difference methods. We therefore describe the term in greater detail. Assume
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we have a function f and we want a finite element representation,
∑

j ujNj ,
of this function, then uj is determined by

(
∑

j

ujNj , Ni) = fi = (f, Ni) . (5.62)

Hence, we see that ui and fi are scaled differently. Inside the integration the
coefficient uj is multiplied roughly with N2

j , whereas fi is f multiplied by
Ni. We make a preconditioner to account for this different scaling, namely
the inverse of a lumped mass matrix. To do this we derive a preconditioner
from FEM and PrecUserDefProc,

class PressurePrec : public PrecUserDefProc, public MxFEM {
public:
StokesBlocks* solver;
Handle(Precond) mass_prec;
Handle(Precond_prm) mass_prm;
Handle(Matrix_prm(NUMT)) mat_prm;
Handle(DegFreeFE) p_dof;
Handle(Matrix(NUMT)) mass;
bool inited;

PressurePrec(Precond_prm& prm):PrecUserDefProc(prm) {
inited= false;

}
~PressurePrec() {}

virtual void scan(MenuSystem& menu);
static void defineStatic(MenuSystem& menu, int level);
virtual void init();
virtual void attachPDof(DegFreeFE& dof) { p_dof.rebind(dof); }
virtual void makeMassPrec();
virtual void apply(

const LinEqVector& c,
LinEqVector& d,
TransposeMode tpmode = NOT_TRANSPOSED

);

bool ok() { return inited; }

};

Any derived class of PrecUserDefProc must supply an apply function, which
in our case simply is,

void PressurePrec:: apply ( const LinEqVector& c_, LinEqVector& d_,
TransposeMode tpmode )

{
if (!inited) init();
mass->forwBack (( Vector(NUMT)&)c_.vec(), d_.vec());

}

The init function should make the mass matrix and factorize it.
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void PressurePrec:: init(){
makeMassPrec();
inited = true;

}

The mass matrix is made from the finite element fields related to the pressure,
a DegFreeFE object p dof containing the sufficient information and is fetched
from the Stokes class. The mass matrix is made as follows,

void PressurePrec:: makeMassPrec() {
if (p_dof->noEssBC()) {

warningFP("PressurePrec:: makeMassPrec",
"p_dof has no essential bc.");

}
mass.rebind(new MatDiag(NUMT)(p_dof->getTotalNoDof()));
mass()=0.0;
Handle(IntegrandMassP) integrand = new IntegrandMassP();
integrand->P = 1;
FEM::makeSystemMx(*p_dof, integrand.getPtr(), *mass);
FactStrategy fact; fact.fact_tp=LU_FACT;
mass->factorize(fact);

}

We make a diagonal mass matrix for fast inversion. It is sufficient to use the
diagonal version since this matrix only should deal with the scaling in (5.62).
The following integrands function makes the mass matrix.

void IntegrandMassP::integrandsMx
(ElmMatVec& elmat, const MxFiniteElement& mfe)

{
const int nsd = mfe.getNoSpaceDim();
const int npbf = mfe(P).getNoBasisFunc();

const real detJxW = mfe.detJxW();
int i,k,j;
for (i = 1; i <= npbf; i++){

for (j = 1; j <= npbf; j++){
elmat.A(i,i) += mfe(P).N(i)*mfe(P).N(j)*detJxW;

}
}

}

Numerical Experiments In this section we test the efficiency of different
block preconditioners. We fix L as the inverse of a lumped mass matrix. The
comparison of M made be multigrid and RILU is shown in Table 5.4. We
have used the Krylov method SymMinRes (Minimum residual method for sym-
metric and indefinite problems), with a random start vector. The convergence
criterion is set as,

(Brk, rk)

(Br0, r0)
≤ 10−4,
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where rk is the residual at iteration k and B is the preconditioner. This con-
vergence monitor is implemented in Diffpack as CMRelMixResidual. The multi-
grid preconditioner is constructed as a V-cycle with SSOR with relaxation
parameter 1.0 as smoother. On the coarsest grid we use Gauss elimination.
As expected the multigrid preconditioner ensures convergence in (roughly) a
fixed number of iterations, while the efficiency of the RILU preconditioner
deteriorates as the number of unknowns increases. Similar results are ob-
tained with the Crouzeix-Raviart and the Mini element (see the examples
that follow the source code.).

Table 5.4. Numerical results for the Stokes problem with Taylor-Hood elements.

Unknowns Iterations with RILU Iterations with MG

187 25 16

659 34 19

2467 49 19

9539 72 21

37507 120 21

148739 158 21

5.4.2 Mixed Poisson Problem

Mathematical Model The mixed Poisson problem is

v − λ∇p = 0 in Ω (Darcy’s law), (5.63)

∇ · v = g in Ω (mass conservation) . (5.64)

The sign of p is changed to obtain a symmetric system with more efficient
solution algorithms. More details on this problem and its implementation in
Diffpack can be found in [10].

Numerical Method The coefficient operator is,

Ah =

[

A BT

B 0

]

=

[

I −∇
∇· 0

]

. (5.65)

Examples of elements that can be used are the Raviart-Thomas (see, e.g.,
[2,10]) and the new element [10,12], which we refered to as the robust ele-
ment, in lack of a better name. Some usual Stokes elements, with continuous
pressure elements, can also be used at the expense of loss of accuracy in the
velocity field.
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Solution of the Linear System Analogous with the preconditioner made
in Section 5.4.1 we can choose M as the inverse of a lumped mass ma-
trix, since A = I. The preconditioner L should then be made such that
LBMBT ∼ I and this means that L ∼ ∆−1. This preconditioner can be
used in connection with the Mini and Taylor-Hood, because the pressure ele-
ments are continuous. We have implemented this and numerical experiments
are shown in Section 5.4.2.

However, we are primarily interested in using discontinuous pressure ele-
ments, since the elements of particular interest are the Raviart-Thomas and
the robust element. These elements are formulated as subspaces of H(div; Ω)×
L2(Ω). The point is that the gradient on the pressure is transfered to a di-
vergence on the velocity. The ∆-operator applied on these pressure elements
is not straightforward.

One alternative is to use the auxiliary space technique [19]. This technique
allows us to make a multigrid preconditioner based on standard continuous
linear elements and employ it on the piecewise constant elements. We refer to
[18] for the mathematical description and the requirements on the operators
involved. Notice also that the numerical experiments done in this section have
not been verified theoretically.

Let C and L be the spaces of piecewise constant elements and continuous
linear elements, respectively. Furthermore, let P : L → C be an interpolation
or projection operator, and P ∗ is the adjoint operator with respect to the L2

inner product. The preconditioner is then,

LC = SC + P LL P ∗ . (5.66)

The basic ingredients are

– A multigrid preconditioner for continuous linear elements, LL.

– Transfer operators mapping between the two different element spaces, P
and P ∗.

– A smoother for the piecewise constants, SC .

The multigrid preconditioner made for the the Mini and the Taylor–Hood
elements can be reused. The smoother is implemented as the inverse of a
mass matrix multiplied with τh2. This is similar to the L-preconditioner we
made for the Stokes problem (except that we multiply with τh2). The transfer
operators are made in a class Interpolator, which implements a general L2

projection. The L2 projection involves the making and inversion of mass
matrices. This might seem like overkill, but the mass matrix has a small
condition number and can be inverted sufficiently accurate quite efficiently.
A few Conjugate Gradient iterations, with SSOR as the preconditioner, is
usually sufficient. In our case the mass matrix is diagonal, because of the
piecewise constants. Therefore, we can simply use on SSOR iteration to invert
the mass matrix exactly.
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The NCPressurePrecMG implements the above described preconditioner.
We will comment the key points. The NCPressurePrecMG is a subclass of
PressurePrecMG, which is a multigrid preconditioner similar to the one we
implemented for the Stokes problem.

The new software in this preconditioner is the L2 projection, Interpolator,
which we will describe below. The Interpolator has a standard menu inter-
face and can be made as follows,

interpolator.rebind(new Interpolator());
interpolator->scan(menu);

Additionally, it has to be initialized with the fields that we will transfer
between.

interpolator->init(
solver->p_dof().fields()(1),
mgtools_laplace->getDof(no_of_grids).fields()(1));

These two steps are all that must be done to initialize the L2 projection. We
now apply this projection. The mapping from the piecewise constant elements
onto the continuous linear element is then,

void NCPressurePrecMG::cons2linear(LinEqVector& from,
LinEqVector& to)

{
interpolator->interpolate(

from.getVec(), DUAL, FIRST,
to.getVec(), DUAL, SECOND);

}

The enum variable DUAL means that a right-hand side is transfered. A left-hand
side transfer operation use the NODAL flag. The FIRST and SECOND flags mean
that the vector from and to corresponds to the first and second field used in
the initialization, Interpolator::init. The mapping from linear to constant
elements is similar,

void NCPressurePrecMG::linear2cons(
LinEqVector& from, LinEqVector& to)

{
interpolator->interpolate(

from.getVec(), NODAL, SECOND,
to.getVec(), NODAL, FIRST);

}

The whole preconditioner in (5.66) is implemented as

void NCPressurePrecMG:: apply (
const LinEqVector& c_,
LinEqVector& d_,
TransposeMode tpmode )

{
if (!inited) init();
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// init vectors
LinEqVector& c_not_const = (LinEqVector&)c_;
c->attach(c_not_const.getVec(1));
d_ = 0.0;
d->attach(d_.vec(1));
tmp_vec->vec(1).fill(d->getVec(1));

//lapace prec on linear elements
cons2linear(*c, *lrhs);
laplace_prec->apply(*lrhs, *llhs);
linear2cons(*llhs, *tmp_vec);

//smoother
ssor_vec.fill( d->getVec());
mass->SSOR1it(d->vec(), ssor_vec, c->vec(), 1.0);
d->mult(tau*h_char*h_char);

//add together
d->add(*tmp_vec, *d);

}

There are several other alternatives to construct optimal preconditioners for
the mixed Poisson problem (see, e.g., [15,1]).

Numerical Experiments We now show the results of some numerical ex-
periments that document the efficiency of the preconditioner. We have tested
the Taylor-Hood, Mini, Raviart-Thomas and the robust element. Notice that
the results with the Raviart-Thomas and the robust elements have not been
verified theoretically.

Table 5.5. Numerical results for the mixed Poisson problem with Taylor-Hood
elements.

Unknowns Iterations with RILU Iterations with MG

187 26 22

659 26 25

2467 35 25

9539 58 24

37507 73 23

148739 50 21

The number of iterations to achieve the convergence criterion ‖rk‖/‖r0‖ ≤
10−4 with the Taylor-Hood element is shown in Table 5.5. We obtain similar
behavior with the Mini element, where we use the same preconditioner. The
number of iterations needed with the RILU preconditioner increases as the
number of unknowns increases. The multigrid preconditioner ensures a fixed
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Table 5.6. Numerical results for the mixed Poisson problem with Raviart-Thomas
elements.

Unknowns Iterations with RILU Iterations with MG

88 55 35

336 100 37

1312 195 44

5184 318 50

20608 442 52

82176 678 56

convergence rate independent of the number of unknowns. The input files for
the Taylor-Hood experiment is b th.i and mg th.i, while the Mini element is
tested with the b mini.i and the mg mini.i input files.

The preconditioner Raviart-Thomas and the robust element is on the form
(5.66). Table 5.6 shows the results with the Raviart-Thomas element, it seems
that the preconditioner is about as effiecient as in the case of the Taylor-Hood
elements. The robust element behaves the same way. The Raviart-Thomas
element is tested in b rt.i and mg rt.i, while the robust element is tested in
b new.i and mg new.i. The complete source code for the block preconditioned
mixed Poisson problem is in $NOR/doc/mixed/PoissonMx/block.
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¸�²{¡�Âp±J®j·�ª«¢{ª¾±J®�¡�²{Á�¨S©�¬�¡�²{¡z¡�µDÂy¬�´�¹¾±�ÂyÇ�ª¾Á3Â�±J½�¸o±JÁf¡p·�±DÄ�ÁF¢yµD®�·�µD²{·�Á{¡pÂ�±J®�·�±D²{·�¡�²
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¡p²F¢�º � è�®�� = ©B¡x¢¬j¡p®ì¶jÁ{¡&®�¶j½�¡�²{ª¾ÂpµD¹J¡#"j¸o¡p²fª¾½�¡p®H¢Á3¢±øÁf¢{¶�·jº5·�ª«Á{Â�²{¡�¢{¡&ÃD¡p²fÁ{ª¾±D®�Á
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µD®�· í Î�î ï Ï É�A Lá 9; A ? Lz¢¬j¡�Â�±J²{²f¡pÁf¸+±J®j·�ª¾®�¼�±J¸o¡p²{µL¢±J²�¨�ª � ¡ �
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µì®�±J®j¬�±J½�±J¼J¡p®j¡p±J¶�Áz²{ª«¼J¬H¢B¬NµL®�·�Á{ª«·�¡}ª«®�¢¬j¡�Á{¡�Âp±J®�·�¡�ò�¶NµL¢ª«±J®!¨�ª¾Á&¼Jª«ÃD¡p®�´HºoÉ� ª¾®j· Ê Ì Ý × Ë / A Lá ÚKB ïá Á{¶�Ây¬�¢¬NµS¢
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ð�¡�²{¡ ©B¡�µDÁfÁ{¶�½�¡ ¢¬NµL¢�·�µL¢yµ Ê Ø�Ý A Ë ª¾Á�¼Jª»ÃJ¡�®�ª«® A ? L Ú6B ïá �
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ð�±�©z¡�ÃJ¡�²p¨)¢¬j¡�´o±J¶�®�·�±D® Ê Ì Ý × Ë / A Lá Ú B ïá ©�ª¾¹¾¹x·�¡�¼J¡p®j¡p²µS¢¡�µDÁ î ¢¡p®j·�Á
¢±óë�¡p²{± � è�®�Ä_µDÂr¢�¨)Ä=±J²ì¢{¬�¡�²{¡�·�¶�Âp¡�· ¸j²{±J´�¹«¡p½ Ê ° � ³ Ë ¨9©�ª«¢¬ î ¯ ÞtµD®�·�¢{¬�¡
´+±D¶�®�·NµD²Fº�Â�±J®�·�ª»¢ª¾±D®Ò½�±�·�ª«ý�¡p·ÒÁ{¶jÂy¬Ð¢{¬NµL¢�±J®�¹»ºãë�¡p²f±7®�±D²{½�µD¹BÂ�±J½�¸o±J®�¡�®H¢
ª¾Á�²f¡pò�¶�ª«²{¡p·�¨!¢¬�¡
Áf¸NµDÂp¡0A Lá ÚMB ïá ª«Á ®�±D¢5µô¸�²f±J¸o¡p²�Ä=¶�®�Âr¢ª«±J®óÁ{¸NµLÂp¡
Ä=±J²}¢{¬�¡
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Â�µDÁf¡ ª«Ä?©z¡ Á{¡�¡pÇ Ê Ì Ý × Ë ¡pª»¢¬�¡�²�ª¾® A á Ê ·�ª»Ã Ë Ú B ïá ±J²Bª¾® H}ï Ú Ê J L ��B ïá Ë ¨NµL®�·©�ª«¢{¬ã·NµL¢µ Ê Ø�Ý A Ë ª¾®Ñ¢¬�¡�¸�²{±J¸o¡p²�·�¶NµD¹&Á{¸�µDÂp¡�Á ��õ ¬j¡pÁ{¡�²{¡pÁf¶�¹«¢{Á�µD²f¡�ª«®7Ä_µDÂr¢
Âp±J®jÁ{¡pò�¶�¡�®�Âp¡�Á�±DÄøÁF¢yµD®�·�µD²{·Ð²{¡�Á{¶�¹»¢Á�Ä=±J²ì¢{¬�¡ 4/±Dª¾Á{Áf±J®ú¡pò�¶NµL¢{ª¾±J® � ð�¡�²{¡ô¢{¬�¡
Á{¸NµLÂp¡CA á Ê ·�ª»Ã Ë ·�¡�®�±D¢¡�Áz¢{¬�¡}Áf¡�¢�±LÄ?Á{ò�¶NµD²f¡}ª«®�¢{¡p¼J²{µD´�¹«¡�ÃD¡pÂr¢±J²Bý�¡p¹¾·jÁp¨�©�ª«¢¬�µ
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Âp±J½�¡pÁ�ëp¡�²{±ÐÁf¢{²{±J®�¼D¹«º Á{¶j¼J¼J¡pÁF¢Á�¢¬NµS¢ î ��·�¡�¸+¡�®�·�¡�®�¢�®�±J²f½�Á�µD®�· Ä=¶�®�Âr¢ª«±J®
Á{¸NµLÂp¡pÁ5µL²{¡ì²f¡pò�¶�ª«²{¡p·óª«®�±J²f·�¡p²�¢±ô±J´�¢yµDª«®�Áf¢µD´�ª«¹¾ª«¢�º�¡�Áf¢{ª¾½�µL¢¡�Á�ª«®�·�¡p¸o¡p®j·�¡p®H¢
±DÄ î ��� ¶j²f¢¬j¡p²{½�±J²f¡D¨DÁfª¾®�Â�¡z¢{¬�¡B²f¡p·�¶�Â�¡p·
¸�²f±J´�¹«¡p½�ª¾Á-©B¡�¹¾¹�¸o±JÁ{¡�·�Ä=±J²-¢�©z±�Â�±J½�÷
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µL¢ô¹«¡�µDÁF¢�¢�©z±Ò·�ª D+¡p²f¡p®H¢�Ây¬�±Dª¾Âp¡�Á�±DÄ î ��·�¡�¸+¡�®�·�¡p®H¢�®j±J²{½�Á �àõ ¬j¡pÁ{¡ÑµD²f¡�¢{¬�¡
®�±J²f½�Á&±DÄ!¢{¬�¡�Áf¸NµDÂ�¡pÁ Ê A á Ê ·�ª«Ã Ë � î . A Lá Ë Ú	B ïá µD®�· Ê H ï � î . A Lá Ë Ú ÊfÊ J L �
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A Lá Ú B ïá µLÁ�µ�Áf¡�¢�¨-´�¶j¢�µDÁ î µD¸�¸�²f±HµDÂy¬�¡�Á�ë�¡p²{±�¢¬j¡�Â�±J²{²f¡pÁf¸+±J®j·�ª¾®�¼�®�±D²{½�Á·�¡p¼D¡p®�¡�²µL¢{¡pÁ9¢±ø¢¬�¡B®�±J²{½Ù±DÄ A á Ê ·jª«Ã Ë Ú B ïá ±J² H}ï Ú Ê J L ��B ïá Ë ¨D²{¡pÁf¸+¡�Â�¢{ª«ÃJ¡�¹«º �è�® $ �*= & ª«¢/©�µLÁ&¡�Áf¢µD´�¹¾ª«Á{¬�¡�·
¢¬NµL¢9½�±JÁF¢)Áf¢µD®�·NµL²{·�Æ�¢±DÇD¡pÁx¡�¹¾¡p½�¡p®H¢{ÁxµD²{¡�®�±L¢
¶�®�ª»Ä=±J²{½�¹«º�Áf¢yµL´�¹¾¡�ª¾®Ñ¢¬�¡�®�±J²f½ ±DÄ Ê A á Ê ·�ª«Ã Ë � î .�A Lá Ë Ú B ïá �ôõ ¬j¡p²{¡rÄ=±J²{¡L¨ª«Ä?©z¡ ©�µD®H¢�¶�®jª«Ä=±J²f½êÁF¢yµD´�ª«¹¾ª»¢�º�¡�Áf¢{ª¾½�µL¢¡�ÁBÄ=±J²�Áf¶�Ây¬�¡�¹¾¡�½�¡�®�¢{Á�ª«¢BÁ{¡p¡�½�Á�½�±J²f¡
®NµL¢{¶�²µD¹+¢±�¶�Á{¡ ¢¬j¡�®j±J²{½ ª«®�·�¶�Â�¡p·�´Hºô¢¬�¡5Áf¸NµDÂp¡� 7�ÉW¯ Ê H ï � î . A Lá Ë Ú ÊfÊ J L � B ïá Ë � î ? L .,B ïá Ë ç
õ ¬�ª¾Á�ª«Á�¢¬�¡�µD¸�¸j²{±HµDÂy¬�¢yµLÇD¡p®�ª¾®�¢{¬�ª¾Á�¸NµL¸+¡�² �
õ ¬�¡5®�±J²f½ ±DÄ-¢¬�¡5Á{¸�µDÂp¡ H}ï � î . A Lá ¨�©�ª«¹¾¹�´o¡5·�¡p®j±D¢¡�·�� � � .�� � � 7p¨jª � ¡ �� � � E�� � � ï7 ¯ ,�E , ïá � î ï , GIE , ïá Ý

©�¬�ª¾¹«¡}¢¬j¡ ®�±J²{½êª¾® Ê JML � B ïá Ë � î ? L!.;B ïá ©�ª¾¹¾¹+´+¡ Áfª¾½�¸�¹¾ª»ýN¡p·�¢±��C.�� 7 � - ±J²f¡¸�²{¡�Âpª«Á{¡p¹»ºJ¨�©z¡5·�¡�ýN®j¡D¨�� ?	� 7�´Hº� ?	� 7&¯ ª¾®jÄ
/��
 + Ü 
 -
 + � 9 + ��� - L 
 - � � - Ê , ÓZÔ`ÕNÖ ? L , ïá � î ? ï ,�? ï , ïá Ë L�� ï ç
õ ¬�ª¾Á}®�±D¢yµS¢ª¾±D®�Ä=±J²�¢{¬�¡
®�±J²f½ ª«® Ê J L �KB ïá Ë � î ? L .>B ïá ª«Á�Âp±D®�ÃD¡p®�ª«¡p®H¢�¨?´j¶j¢Á{¹«ª¾¼J¬H¢¹»º}¶j®�¶jÁ{¶NµD¹[¨LÁfª¾®�Â�¡�� ?	� á ¯ , ÓoÔ`ÕNÖ ?#, á ª¾Á?¡�ò�¶�ª«ÃLµD¹«¡p®H¢?¢±�,�?', L ±J®�J L � B ïá ¨©�¬�ª¾¹«¡�� ?	� L ª¾Á�¡�ò�¶�ª«ÃLµD¹«¡p®H¢�¢±B,�?', á � ?¡�¢ J ��� B ïá ·j¡p®�±D¢{¡Ñ¢{¬�¡Ñ·�¶NµD¹ Áf¸NµDÂp¡Ñ±DÄ�J L � B ïá ¨�µD®�·Û·�¡�ýN®j¡Ñ¢{¬�¡±J¸o¡p²µS¢±J² Ê�� Î�îSï�� Ë ? L É�J � 9; J L �	B ïá ´Hº�µ�Áf¢µD®�·NµL²{·�©z¡�µDÇ
Ä=±J²f½�¶�¹¾µL¢ª«±J®!¨ª � ¡ � × ¯ Ê�� Î�îSï�� Ë ? L A ª«Ä × ÁµL¢{ª¾Áfý�¡pÁ

Ê × Ý@? Ë � î ï Ê ÓoÔ`ÕNÖø× Ý ÓZÔ`ÕNÖ ? Ë ¯ Ê3A Ý@? Ë > ? / J L � B ïá ç(zºó¶�Áfª¾®�¼�¢{¬�ª¾Á ±J¸o¡p²{µL¢±D²5µ�½�±J²f¡
¡ "�¸�¹¾ª«Âpª»¢ Ây¬NµD²{µDÂ�¢{¡p²{ª«ë�µL¢{ª¾±J®ó±LÄ�� ?�� 7 Â�µD®t´o¡
¼Jª«ÃD¡p® � � ±D²:? / B ïá ¹¾¡r¢ ? L ¯ Ê�� Î�îSï�� Ë ? L ? / J L ��B ïá �  �±D¢{¡D¨�ª¾®�¸NµD²F¢ª«Âp¶�¹¾µD²p¨¢¬NµS¢ � ? L / B ïá � � ¶�²F¢¬�¡�²{½�±J²{¡L¨�µ7ÁF¢²{µDª¾¼J¬H¢fÄ=±J²f©BµD²{· Âp±J½�¸�¶j¢µL¢ª«±J®ÐÁ{¬�±�©�Á
¢¬NµS¢}¢¬j¡ìÁ{±D¹¾¶j¢{ª¾±J®�±DÄ)¢¬j¡ì½�ª¾®�ª«½�ª«ë�µL¢{ª¾±J®ô¸j²{±J´�¹«¡p½ ª¾®�¢¬�¡�·�¡�ý�®�ª«¢{ª¾±J®�±DÄ�� ?	� 7
ª¾Á�¼Jª»ÃJ¡�®�´Hº ? L µD®j·�? ï ¯ Î�îSï�� ? L ¯ ? Î ? L � ðø¡p®�Â�¡D¨N©z¡�±D´j¢yµDª«®
Ê ° � =�Ë � ?�� ï7 ¯ , ÓZÔ`ÕNÖ ? L , ïá � î ? ï ,�? Î ? L , ïá ç
õ ¬�¡5Áfº�Áf¢{¡p½ Ê ° � ³ Ë ÂpµD®�µD¹«¢{¡p²{®�µL¢ª»ÃJ¡p¹»º�´o¡ ©�²{ª»¢{¢¡�®�µDÁ

Ê ° � � Ë � 7�� Ì ×�� ¯�� Ø A � Ý
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©�¬�¡p²f¡�¢{¬�¡5Âp±�¡�þ�Âpª«¡p®H¢ø±J¸o¡p²µS¢±J² � 7�ª«Á�¼Jª«ÃD¡p®�´Hº
Ê ° � � Ë � 7&¯ � í ÎãîSïvÏ Î;ÓZÔSÕ�Ö

·�ª«Ã Þ � ç
ð�¡�²{¡ Î;ÓZÔSÕ�Ö É B ïá 9; A ? L ª¾Á�¢¬j¡�·�¶�µD¹3±DÄ9¢¬j¡�·�ª»ÃJ¡�²{¼J¡�®�Âp¡�±J¸+¡�²µL¢{±J²p¨Z·�ª»Ã�É
A Lá 9; B ïá � ?¡�¢ � �7 ´o¡�¢¬�¡5·�¶�µD¹!Á{¸�µDÂp¡5±DÄ � 7 � (z¡pÂ�µL¶�Á{¡5±DÄ Ê ° �»�`Ë ¢¬�ª«Á�Á{¸NµLÂp¡5Â�µD®�´o¡
¡ "�¸�²f¡pÁ{Áf¡p·óµLÁ � �7 ¯ Ê H ï � î ? L A ? L Ë Ú Ê î .,B ïá � J �yË ç
ù ¡}Á{¬NµD¹«¹�Áf¬�±�©ß´o¡p¹«±`© ¢{¬NµL¢�¢{¬�¡�±J¸o¡p²{µL¢±D² � 7�ª«Á�µD®�ª«Á{±J½�±J²f¸�¬�ª¾Áf½ ½�µL¸�¸�ª¾®j¼� 7�ª¾®H¢{± � �7 �+� ¶�²F¢¬�¡�²{½�±J²{¡L¨j¢¬�¡5Â�±J²{²f¡pÁ{¸o±J®�·jª¾®�¼�±J¸o¡p²µS¢±J²�®�±D²{½�Á
Ê ° � +JË � � � 7�� � (0) 1 � L 1��� . µD®�· � � � ? L7 � � (0) 1��� L 1 � . µD²f¡5ª¾®�·�¡�¸+¡�®�·�¡�®�¢�±DÄ î ç
è�®7Ä_µDÂr¢�¨3©�ª«¢{¬Ñ¢{¬�¡�·j¡�ýN®�ª»¢ª«±J®�Á�µD´o±`ÃD¡D¨-¢¬�ª«Á�ª«Á�µD¹¾Áf±�¢{²{¶�¡�Ä=±J² î6/ $ ÞjÝ �'& ¨3ª � ¡ �
¢¬�¡�¡p®j·�¸+±Dª¾®H¢ î ¯àÞ�ÂpµD®�´o¡�ª«®�Âp¹«¶�·�¡�· � ðø±�©B¡rÃJ¡p²�¨!ª¾®�¢{¬�¡�·jª¾Á{Â�¶�Á{Áfª¾±J®�´+¡�¹¾±�©
©B¡5©�ª¾¹«¹+Ä=±J²�Áfª¾½�¸�¹¾ª«Âpª»¢�º�µL¹«©Bµ�º�ÁøµDÁfÁ{¶�½�¡ ¢¬NµL¢ î�ñ Þ �
õ ¬�¡ø¶�®�ª«Ä=±D²{½ö´o±J¶�®j·�¡p·�®j¡pÁ{ÁB±DÄ � 7xª«Á&ÁF¢²{µDª¾¼J¬H¢fÄ=±J²f©BµD²{·
¢{±�Ây¬�¡�ÂyÇ�Ä=²f±J½ö¢{¬�¡

·�¡�ý�®�ª«¢{ª¾±J®�ÁxµL´+±�ÃJ¡ �+� ±J²9¡ "jµD½�¸�¹«¡D¨�ª«Ä × ¯ × L � × ï ¨J©�¬�¡p²f¡ × L / J L ��B ïá Ý × ï /B ïá ¨j¢¬�¡�®�¢{¬�¡ ¢¡p²f½ Ê × Ý·�ª«Ã E Ë ª¾® Ê ° � ³ Ë ÂpµD®�´+¡5´o±J¶�®�·�¡�·�´Hº� Ê × Ý{·�ª«Ã E Ë �L¯ � Ê × L � × ï Ý·�ª»Ã E Ë �¯ � Î Ê ÓZÔSÕ�Ö�× L ÝVE Ë � Ê × ï Ý{·�ª«Ã E Ë �S Ê , × L , L ,�E , á � , × ï , á ,�·�ª»Ã E , á ËS Ê , × L , ï L � î ? ï , × ï , ïá Ë L�� ï � � � E�� � � 7pçð�¡�®�Âp¡L¨
Ê ° ���HË � Ê × Ý·jª«Ã E Ë � S � × � 7 � � � E�� � � 7 > E / A Lá Ý × / B ïá ç
õ ¬�¡�¶�®jª«Ä=±J²f½ ´o±J¶�®j·�¡p·�®j¡pÁ{Á5±DÄ � ? L7 Â�µD®ó´o¡ìÃJ¡�²{ª»ýN¡p·;Ä=²f±J½ ¢¬�¡ì¢�©z±-(B²{¡�ëpë�ª
Âp±J®j·�ª«¢{ª¾±J®�Á�¨�Â�Ä � $ � &[�X� ±D²B¢¬�¡5¸�²f¡pÁf¡p®H¢�¸�²f±J´�¹«¡p½ê¢{¬�¡pÁf¡�Â�±J®�·�ª»¢ª«±J®�Á�²f¡�µD·!É
õ ¬�¡p²f¡�µD²{¡5Âp±D®�Áf¢µD®H¢Á�� áøñ ÞjÝ	� á�ñ Þ�¨�ª¾®�·j¡p¸o¡p®�·�¡�®H¢}±DÄ î ¨�Á{¶jÂy¬�¢¬�µL¢

Ê ° � �HË Á{¶j¸

 ��� +

Ê ?�Ý·jª«Ã E Ë� � � E�� � � 7  � á � ?	� 7 > ? / B ïá
µD®�·
Ê ° �»� Þ Ë 6=7 Ê E)ÝVE Ë  � á � � � E�� � � ï7 > E / A Lá ç
À ±J®�·�ª»¢ª«±J® Ê ° �«� Þ Ë ±J´HÃ�ª¾±J¶jÁ{¹«º�¬�±D¹¾·�Á2©�ª»¢¬�� á ¯ � ¨L©�¬�ª¾¹«¡BÂp±D®�·�ª«¢{ª¾±J® Ê ° � �HË ©�ª«¹¾¹
´+¡ ÃD¡p²{ª»ýN¡p·�ª¾®�¢{¬�¡5®�¡ "�¢øÁ{¡�Â�¢ª«±J® �

³ ��� %����Z�P�����Z�����' o���?�
 '& %-�3� �3�3�����/�!$��Z�! Z�!�2�3�-�é�?�P�2�  Z�!&� Áz¡ "�¸�¹éµLª¾®�¡�·ôµD´o±�ÃJ¡}¢{¬�¡}½�µDª¾®�¸�¶�²f¸+±DÁ{¡�±DÄ�¢¬�¡�¸�²{¡�Á{¡p®H¢�¸�µD¸+¡�²Bª«Á&¢{±�Âp±J®�÷
Áf¢{²{¶�Âr¢�¶j®�ª«Ä=±J²f½È¸�²f¡pÂ�±J®�·�ª»¢ª¾±D®�¡p²fÁ�Ä=±J²�·�ª¾ÁfÂp²f¡�¢¡�µD®�µD¹¾±J¼DÁ�±DÄ/¢{¬�¡5Áfº�Áf¢{¡p½ Ê �J� ° Ë
©�¬�¡p®Ð¢¬�ª«Á�Áfº�Áf¢{¡p½ ¬NµDÁ�´o¡p¡p®Ð·�ª«Á{Âp²f¡�¢{ª¾ëp¡�·û´HºúÁf¢µD®�·NµL²{·ûÆ�¢±JÇL¡pÁ�¡p¹«¡p½�¡p®H¢Á �
õ ¬�¡}¸j²{¡pÁf¡p®H¢yµS¢ª¾±D®�±DÄ+¢¬�¡�Á{¡}¸j²{¡pÂ�±J®�·�ª»¢ª«±J®�¡p²fÁ)©�ª¾¹¾¹N´o¡ø¼Jª«ÃD¡p®�ª¾®�¢¬�¡ø®�¡ "�¢BÁ{¡pÂv÷
¢ª«±J® � ðø±�©B¡rÃJ¡p²�¨zª«®ã±J²f·�¡p²�¢±;½�±D¢ª»ÃLµL¢¡�¢¬�¡�Á{¡�¸�²f¡pÂ�±J®�·�ª»¢ª¾±D®�¡p²fÁ�©z¡�©�ª¾¹«¹&ª«®
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¢¬�ª«ÁBÁf¡pÂ�¢{ª¾±J®�¡ "�¸�¹éµLª¾®�¬j±`© ¢{±�¸�²{¡�Âp±J®j·�ª«¢{ª¾±J®�¢¬�¡�Âp±J®H¢ª«®�¶�±J¶�Á�¸j²{±J´�¹«¡p½ � Æ�ª«½�÷
ª¾¹¾µD²B·�ª«Á{Â�¶�Á{Áfª¾±J®�Á�¨�©�¬�¡p²f¡5¸�²{¡�Âp±J®�·jª«¢ª«±J®�¡�²{ÁBÄ=±J²�ÃLµD²fª¾±J¶jÁ�·�ª¾ÁfÂp²f¡�¢¡ ÁFº�Áf¢¡�½�Á�µD²f¡
½�±L¢ª«ÃLµL¢{¡p·ÒÄ=²{±D½ ½�µD¸j¸�ª¾®�¼t¸�²f±J¸o¡p²f¢{ª¾¡�Á�±DÄ}¢¬�¡�Âp±J²f²{¡�Á{¸o±J®�·�ª«®�¼ãÂ�±J®H¢ª¾®�¶�±D¶�Á
Áfº�Áf¢{¡p½�Áp¨ZÂ�µL®�Ä=±J²�¡#"jµD½�¸j¹¾¡ ´o¡5Ä=±D¶�®�·�ª¾® $�° & µD®�· $ � ³ &[�
ù ¡�©�ª¾¹«¹3ý�²{Áf¢}¡pÁF¢yµD´�¹«ª¾Áf¬�¢¬�¡�¶�®�ª»Ä=±J²{½ ª¾®�Ä���Á{¶�¸�Âp±J®j·�ª«¢{ª¾±J® Ê ° � �HËr� è|Ä î ¯ �

¢¬�¡�®�¢{¬�ª¾Á�Â�±J®�·�ª»¢ª«±J®!¨�¶�¸�¢{±�¡�ò�¶jª«ÃLµD¹¾¡�®�Âp¡5±DÄ/®�±J²f½�Á�¨�²{¡�·�¶�Â�¡pÁ�¢±

Ê ³ �»�`Ë Áf¶�¸

 � � +

Ê ?�Ý·�ª«Ã E Ë,�E , L  � L ,�?', á > ? / B ïá Ý

©�¬�¡p²f¡ � L ñ Þ ��õ ¬�ª«Áìª«Á�¢{¬�¡�ÁF¢yµD®j·NµD²{·ãª¾®jÄ���Áf¶�¸ãÂ�±J®�·�ª»¢ª«±J®ÑÄ=±D²5¢{¬�¡�Æ�¢±JÇL¡pÁÁfº�Áf¢{¡p½ ©�¬�ª¾Ây¬Òª«Á�©z¡p¹¾¹ ��Ç�®�±�©�®�¢±;¬j±J¹¾· ��õ ¬�ª¾Á�²{¡�Á{¶�¹»¢ì©BµDÁ
¡pÁF¢yµD´�¹«ª¾Áf¬�¡p·ãÄ=±D²
µ; ?ª¾¸�ÁfÂy¬�ª«¢{ë�·�±D½�µDª«®ã´Hº  �¡��ÂpµDÁ $ � � & ¨9Â�Ä � µL¹¾Á{± $ � Þ�¨ À ¬NµD¸j¢{¡p² � ¨ À ±J²{±D¹¾¹éµL²fº
° � = &h�)õ ¬j¡�¶j®�ª«Ä=±J²f½êª«®jÄ���Áf¶�¸�Âp±J®�·jª«¢ª«±J® Ê ° � �HË ª¾Á�®�±�©ßµ�Áfª¾½�¸�¹¾¡}Âp±J®�Áf¡pò�¶�¡�®�Âp¡
±DÄ Ê ° � ° Ë ¨ Ê ³ �«��Ë ¨NµD®j· 4-±Jª¾®�ÂpµD²��¡��UÁ�ª«®�¡pò�¶NµD¹«ª«¢�º �
%���	
	 Õ������������������ ����� �!�"���$#�%$�'&�()���+*,�"-.�/��� Ê ° � �HË ����01*�%32
4 �)�5�6�72 7 ´�Áf¡p²fÃD¡�¢{¬NµL¢ Ê ³ �«�`Ë ÂpµD®�´+¡ ©�²{ª»¢{¢{¡p®�ª¾®�¢¬j¡5Ä=±D²{½, ÓZÔ`ÕNÖ ?', ? L  � L ,�?', á > ? / B ïá ç
ð�¡�®�Âp¡L¨zª»Ä�©B¡�·�¡rýN®�¡98 á ¯ ÓZÔ`ÕNÖ Ê B ïá Ë ¢¬�¡�®:8 á ª¾Á
µ;Â�¹¾±JÁf¡p·úÁ{¶j´�Á{¸NµLÂp¡�±DÄ
A>? L ¨ZµD®�·�©B¡5ÂpµD®�·j¡�ýN®�¡ ÓZÔ`ÕNÖ ? L É�8 á 9; B ïá Á{¶�Ây¬�¢¬NµS¢, ÓZÔ`ÕNÖ ? L , (0)<;  L � - . S � ? LL ç
è�®ÒµD·�·jª«¢ª«±J®!¨ 4/±Dª¾®�ÂpµD²��¡��UÁ�ª¾®�¡�ò�¶�µD¹¾ª»¢�ºóÁf¢µL¢¡�Á�¢¬�µL¢ì¢{¬�¡p²f¡�ª¾Á�µ�Âp±J®�ÁF¢yµD®H¢>=�¯
= Ê £ Ë Á{¶�Ây¬�¢¬NµL¢ ,�?', L S = , ÓoÔ`ÕNÖ ?#, á > ? / J L � B ïá Ý
±J²7, ÓZÔ`ÕNÖ ? L , (0)?; + L 9 + ��� - . S =`¨D©�¬�¡�²{¡@8 L ¯ ÓZÔ`ÕNÖ Ê J L �GB ïá Ër�-ù ¡B¢{¬�¡p²f¡�Ä=±J²f¡Âp±J®jÂp¹¾¶j·�¡ Ä=²{±J½ Ê ° � ° Ë ¢¬�µL¢, ÓoÔ`ÕNÖ ? L , (0)?; + Ü 7BA + ;  L ) 9 + ��� - . Ü 7CA + � - . S ½�µ " Ê =`Ý � ? LL Ë ç
ð�¡�®�Âp¡L¨o¹«¡�¢f¢ª¾®j¼ � á ¯å½�ª¾® Ê � L Ý)=�? L Ë ©B¡�±J´j¢µDª¾®, ÓZÔ`ÕNÖ ?',$D - Ü 7 A + � A +  � á � ?�� 7 > ? / B ïá Ý
©�¬�ª¾Ây¬�ª¾Á Ê ° � �HËr� E
 ?¡�¢GF 7�É � �7 9; � 7�´o¡5¢{¬�¡5·�ªéµL¼J±J®NµD¹+±J¸o¡p²µS¢±J²

Ê ³ � ° Ë F 7z¯ � Ê[í Î�îSïvÏ Ë ? L Þ
Þ î ï � � Ê Î�� Ë ? L � ç

ù ¬�¡p®Ð²{¡�Áf¢{²{ª¾Âr¢¡�·Ð¢{± H}ï Ú B ïá ¢¬�ª«Á
±J¸o¡p²µS¢±J²
ª«Á
Áfº�½�½�¡�¢{²{ª«Â�µD®�·ú¸+±DÁ{ª«¢{ª«ÃD¡·�¡�ý�®�ª«¢{¡ �#ù ¡ó±J´�Áf¡p²FÃJ¡t¢¬NµL¢HF á ¯ ·�ªéµD¼ Ê[í Ý Ê Î�� Ë ? L Ë ¨ø©�¬�ª¾¹«¡IF L ¬NµDÁô¢{¬�¡ÁµD½�¡}½�µD¸�¸jª¾®�¼�¸�²{±J¸o¡p²F¢�ºôµLÁ�·�ªéµL¼ Ê{Ê Î�Ï Ë ? LvÝ � Ëv� è�®ôÄ_µDÂ�¢p¨jª»¢zÄ=±J¹«¹¾±�©�Á&·�ª¾²f¡pÂ�¢{¹«º
Ä=²{±J½ ¢¬j¡�·�¡�ý�®�ª«¢{ª¾±J®�Áz±DÄ3¢¬�¡}Á{¸NµDÂ�¡pÁ � 7�µD®�· � �7 ¢¬NµL¢z¢¬�¡ ±D¸+¡�²µL¢{±J²B®�±D²{½�Á
Ê ³ � ³ Ë � � F 7 � � (0) 1��� L 1 � . µL®�· � � F ? L7 � � (0) 1 � L 1 �� . µD²{¡ ª«®�·�¡p¸o¡p®j·�¡p®H¢�±DÄ î ç
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ð�¡�®�Âp¡L¨Z¢{¬�¡5Âp±J½�¸o±JÁ{ª»¢ª¾±D®

Ê ³ � =�Ë F 7 � 7�É � 7�� �Î ; � �7�� �Î ; � 7

½�µL¸�Á�� 72ª¾®H¢±}ª«¢Áf¡p¹»Ä � è�®
¸�µD²f¢{ª¾Âp¶j¹éµD²�¨L©z¡�Â�µD®
Â�±J®�Â�¹¾¶�·�¡zÄ=²{±J½ Ê ° � +JË µD®�· Ê ³ � ³ Ë
¢¬NµS¢�¢¬�¡5±J¸o¡p²{µL¢±J²�®j±J²{½�Á
Ê ³ � � Ë � � F 7 � 7 � � (*) 1 � L 1 � . Ý�� � Ê F 7 � 7 Ë ? L � � (0) 1 � L 1 � . µD²f¡5ª¾®�·�¡�¸+¡�®�·�¡�®�¢�±DÄ î ç� ¶�²f¢{¬�¡p²f½�±J²f¡D¨S±J´�Áf¡p²fÃD¡B¢¬�µL¢3¢¬�¡&Áfº�½�½�¡r¢²{ª«Âx¸+±JÁfª«¢{ª«ÃJ¡&·�¡rýN®�ª«¢{¡z±D¸+¡�²µL¢{±J² F ? L7
·�¡�ý�®�¡pÁ�µD®�ª«®�®�¡�²�¸�²{±�·�¶�Âr¢
±J® � 7�¨xµD®�·�¢{¬NµL¢�¢{¬NµL¢�¢¬�¡�±J¸o¡p²{µL¢±D² F 7 � 7ìª«Á
Áfº�½�½�¡r¢²{ª«Â�©�ª«¢{¬�²f¡pÁf¸+¡�Â�¢ø¢±
¢¬�ª«Á�ª¾®�®j¡p²�¸�²f±�·�¶jÂ�¢ �
À ±J®�Áfª¾·�¡�²-®j±`©ã¢¬�¡&¸�²{¡�Âp±J®j·�ª«¢{ª¾±J®�¡�·�ÃD¡p²fÁ{ª¾±D®ì±DÄ�¢¬�¡&Áfº�ÁF¢¡p½ Ê ° � ³ Ë ¨S±J² Ê ° � � Ë ¨

¼Jª«ÃD¡p®�´Hº

Ê ³ � � Ë F 7 � 7 � Ì × � ¯ F 7 � Ø A � Ý
©�¬�¡p²f¡�¢¬j¡�±J¸o¡p²{µL¢±J² F 7�¨�ª¾®H¢²f±�·�¶jÂp¡p·üµD´+±�ÃD¡D¨�ª¾Á�µã¸�²f¡pÂp±D®�·�ª«¢{ª¾±J®j¡p² � õ ¬�ª«Á
¸�²{¡�Âp±J®j·�ª«¢{ª¾±J®�¡�·�·�ª D+¡p²f¡p®H¢ª¾µD¹�ÁFº�ÁF¢¡�½ ¬�µDÁ�µ
Áfº�½�½�¡�¢{²{ª«Â5µD®�·�´+±D¶�®�·�¡�·�Â�±�¡rÄé÷
ýNÂpª«¡p®H¢ ±J¸o¡p²{µL¢±D² �}õ ¬j¡p²{¡rÄ=±J²{¡L¨�¢¬j¡�Áfº�Áf¢{¡p½ Ê ³ � � Ë ÂpµD®!¨�ª«®�¢¬j¡p±J²FºJ¨�´o¡�Áf±J¹«ÃD¡p·
´Hº�µL®�ª«¢{¡p²{µL¢ª»ÃJ¡5½�¡r¢¬�±�·�¹¾ª¾ÇL¡�¢{¬�¡�½�ª«®�ª¾½�¶j½È²{¡�Á{ª«·�¶NµD¹3½�¡�¢¬j±�· Ê ÂrÄ � Ä=±J²�¡ "�÷
µD½�¸�¹¾¡ $ � ° &xË ±D²�¢¬�¡�Âp±D®��f¶�¼HµL¢{¡
¼J²µL·�ª¾¡�®�¢5½�¡�¢{¬�±�·7µL¸�¸�¹¾ª«¡p·ó¢±�¢{¬�¡�®�±J²{½�µD¹
¡pò�¶NµL¢{ª¾±J®jÁ �ìõ ¬j¡pÁ{¡�½�¡�¢¬j±�·�Á�µD²{¡�©z¡p¹«¹9·�¡�ý�®�¡p·7µDÁ ¹¾±D®�¼�µDÁ F 7 � 7�½�µD¸�Á � 7
ª¾®H¢±�ª»¢Á{¡�¹«ÄX¨NµL®�·�¢{¬�¡�Âp±J®HÃJ¡�²{¼J¡�®�Âp¡ìª¾®�¢¬�¡5®�±D²{½ ±DÄ � 7�Â�µL®�´o¡�´o±J¶�®j·�¡p·�´�º
¢¬�¡5Áf¸+¡�Â�¢²{µD¹?Âp±D®�·�ª«¢{ª¾±J®�®�¶�½ì´+¡�²

� Ê F 7 � 7 Ë ¯ � � F 7 � 7�� � (0) 1 � L 1 � .�. � � Ê F 7 � 7 Ë ? L � � (0) 1 � L 1 � .Fç
ð�¡�®�Âp¡L¨o¸j²{±J¸o¡p²F¢�º Ê ³ � � Ë ¡p®�Áf¶�²{¡�Á�¶j®�ª«Ä=±J²f½ÈÂ�±J®HÃJ¡p²f¼J¡p®jÂp¡�©�ª»¢¬�²{¡�Á{¸o¡pÂr¢�¢{± î �
è|Äx¢¬�¡�ÁFº�Áf¢¡�½ Ê ° � ³ Ë ª¾Á�²f¡p¸�¹¾µDÂp¡�·ó´�º;µô·�ª¾ÁfÂp²f¡�¢¡�µL®NµD¹¾±D¼�¨o©�ª»¢¬tµô·�ª«Á{Â�²{¡�¢{¡

Âp±�¡�þ�Âpª«¡p®H¢�±J¸+¡�²µL¢{±J² � 7 L � ¨&¢¬�¡�®û¢¬j¡�Â�±J²{²f¡pÁ{¸o±J®�·jª¾®�¼Ñ¸�²{¡�Âp±J®j·�ª«¢{ª¾±J®�¡�²>F 7 L �
Á{¬�±D¶�¹¾·�µD¹«Á{± ´o¡�Âp±D®�Áf¢{²{¶�Âr¢¡p·�±J®�·�ª«Á{Âp²f¡�¢{¡�Á{¸NµDÂ�¡pÁ � ð�±�©B¡rÃJ¡�²p¨�¢¬�¡�Â�±J®H¢ª¾®�¶�±D¶�Á
·�ª¾ÁfÂp¶�ÁfÁ{ª«±J®7¼Dª«ÃJ¡�®ãµL´+±�ÃJ¡�Á{¶j¼J¼J¡pÁF¢Á�Âp¹«¡�µD²f¹«º�¢{¬�¡�Áf¢{²{¶�Âr¢¶�²f¡�±DÄ&¢¬j¡pÁ{¡�¸�²f¡pÂp±D®�÷
·�ª«¢{ª¾±J®j¡p²{Á � 7 Ä�Âp±D¶�²{Áf¡D¨2ª«®ã±J²f·�¡p²5¢±�±J´j¢µDª¾®ÑÂp±J½�¸�¶j¢µL¢ª«±J®NµD¹2¡�þ�Âpª«¡p®�ÂrºJ¨2¢{¬�¡
ª¾®HÃJ¡�²{Áf¡�±J¸o¡p²{µL¢±D²{ÁxµD¸�¸o¡�µL²{ª¾®j¼ ª¾®�¢¬j¡ø´j¹¾±�ÂyÇ�Áx±DÄ F 7)Áf¬�±J¶�¹«·�¢{¬�¡p®�´o¡�²{¡p¸j¹éµDÂ�¡p·
´Hº�¸�²{±D¸+¡�²ø¡�¹¾¹«ª¾¸j¢{ª¾Â}¸j²{¡pÂ�±J®�·�ª»¢ª«±J®�¡p²fÁ �

=��
	��  ��/�
&`�!�! N�! �Z�! o���2�3�/�é�!�P�2�  Z�!&� Áf¢µD®�·NµL²{· ýN®�ª»¢¡;¡�¹¾¡p½�¡p®H¢�·jª¾Á{Â�²{¡r¢ª¾ëpµL¢ª«±J®ü±DÄ Ê ° � ³ Ë ¹«¡�µD·jÁ�¢±Ò·�ª«Á{Â�²{¡�¢{¡
ª¾®�·j¡�ýN®�ª»¢¡�Áfº�ÁF¢¡p½�Á�µD¸�¸�²f± "�ª«½�µL¢{ª¾®�¼ Ê ° � ³ Ëy� - ±D¢ª»ÃDµS¢¡p·t´Hºó¢¬j¡�Â�±J®H¢ª¾®�¶�±D¶�Á
·�ª¾ÁfÂp¶�ÁfÁ{ª«±J®ôµD´o±�ÃJ¡�©B¡ø©�ª¾¹«¹N¸�²{±J¸o±JÁf¡�¸�²f¡pÂ�±J®�·�ª»¢ª¾±D®�¡p²fÁxÄ=±D²x¢{¬�¡pÁf¡}·�ª«Á{Â�²{¡�¢{¡}ÁFº�ÁX÷
¢¡�½�Á �}õ ¬�¡�´o¡p¬�µ�Ã�ª«±J²}±DÄ2¢¬�¡�Á{¡
¸�²f¡pÂp±D®�·�ª«¢{ª¾±J®j¡p²{Áø©�ª¾¹«¹!¢¬�¡�®ó´+¡�ª¾®HÃJ¡�Áf¢ª«¼HµL¢{¡p·
´Hº�®�¶j½�¡�²{ª¾ÂpµD¹N¡ "�¸o¡p²fª¾½�¡p®H¢Á�¨�©�¬jª¾¹¾¡øµ ¢¬�¡�±J²{¡r¢ª«Â�µD¹�·jª¾Á{Â�¶�Á{Áfª¾±J®�ª¾Áx¼Jª»ÃJ¡p®�ª¾®
¢{¬�¡
®�¡ "�¢øÁ{¡�Â�¢{ª¾±J® �
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� Ö ���� Ô ������� Õ �������   ?¡�¢�â�� � Ú�� � æ � � ) á L L�� ¤ A Lá Ú�B ïá´+¡�ýN®�ª«¢{¡ô¡p¹«¡p½�¡p®H¢
Áf¸NµDÂp¡�Áp¨x©�¬�¡p²f¡ô¢¬�¡�¸�µD²µD½�¡�¢{¡p²�1Ð²{¡�¸�²{¡�Á{¡�®�¢{Á
¢¬�¡�ÁfÂ�µD¹«¡
±DÄB¢{¬�¡�·�ª¾ÁfÂp²{¡r¢ª«ë�µL¢{ª¾±J® ��� ª«ÃD¡p®t¢¬�¡�Á{¸NµLÂp¡pÁ�� � µD®�·�� � ¢¬�¡�Âp±J²f²{¡�Á{¸o±J®�·�ª«®�¼
ýN®�ª»¢¡ ¡p¹«¡p½�¡p®H¢ø·�ª¾ÁfÂp²f¡�¢ª«ë�µL¢{ª¾±J®�±LÄ/¢{¬�¡5Áfº�Áf¢{¡p½ Ê ° � ³ Ë ª«Á�¼Jª«ÃD¡p®�´Hº+É� ª¾®j· Ê Ì � Ý × �`Ë / � � Ú�� � Áf¶�Ây¬�¢{¬NµL¢
Ê =��»�`Ë 6=7 Ê Ì � ÝVE Ë � Ê × � Ý·�ª»Ã E Ë ¯ Ê Ø�ÝVE Ë > E / � � Ý

Ê ·�ª«Ã Ì � Ý@? Ë ¯ Ê3A Ý@? Ë > ? / � � ç
Æ�¢yµL®�·NµD²f·7ÁF¢yµD´�¹«¡�Æ�¢±JÇL¡pÁ�¡p¹¾¡�½�¡�®H¢Á5ÁµL¢{ª¾ÁFýN¡pÁ�µ4(BµD´�¶�ÁfÇLµ ��(B²{¡�ëpë�ªzÂ�±J®�·�ª»¢ª¾±D®
±DÄ-¢¬�¡ Ä=±J²f½
Ê =�� ° Ë Á{¶j¸


 �����
Ê ?�Ý{·�ª«Ã E Ë,�E , L  � L ,�?', á > ? / � � Ý

©�¬�¡p²f¡�¢¬�¡
¸o±JÁfª«¢ª»ÃJ¡�Â�±J®�ÁF¢yµD®H¢ � L ª«Á�ª¾®j·�¡p¸o¡p®�·j¡p®H¢5±DÄx¢¬�¡
½�¡pÁf¬ó¸NµD²{µD½�¡r¢¡�²1 � � ±J²øµ�²f¡�Ã�ª¾¡r©Ù±DÄ)Á{¶jÂy¬;ýN®�ª«¢{¡�¡�¹¾¡�½�¡�®�¢}Á{¸NµLÂp¡pÁ�©B¡�²f¡�Ä=¡�²{¡�Ä=±D²�¡#"�µL½�¸�¹«¡�¢{±
¢¬�¡5¢¡#"�¢Á�$ +,& µD®j· $ � Þ &[�Bù ¡�®�±L¢¡ ¢¬NµS¢ Ê =�� ° Ë ª«Áøµ�·�ª«Á{Â�²{¡�¢{¡�ÃD¡p²fÁ{ª¾±D®�±DÄ Ê ° � �JË
ª¾®�¢¬�¡�Â�µDÁf¡ì©�¬�¡p®;¢{¬�¡ì¸o¡p²F¢¶�²f´NµL¢{ª¾±J®�¸NµD²µL½�¡r¢¡p² î ª¾Áø´o±J¶�®�·�¡�·tµ�©�µ�º�Ä=²{±J½
ëp¡�²{± �xõ ¬�ª«Á�Âp±J®�·jª«¢ª«±J®ô©�ª¾¹«¹�ª«½�¸�¹»ºJ¨�ª¾®�¸NµD²F¢ª«Âp¶�¹¾µD²p¨�¢¬NµL¢�¢{¬�¡5·�ª¾ÁfÂp²f¡�¢¡5ÁFº�ÁF¢¡�½
Ê =��»�`Ë ¬NµLÁ�µ
¶�®jª¾ò�¶�¡5Á{±J¹«¶j¢ª«±J® �
õ ¬�¡�·�ª«Á{Â�²{¡�¢{¡�Áfº�ÁF¢¡p½ Ê =��»�`Ë Â�µD®tµD¹»¢¡�²{®NµL¢{ª«ÃD¡p¹«º�´o¡�©�²fª«¢f¢¡p®;µDÁ µ�·�ª«Á{Â�²{¡�¢{¡

µD®NµD¹«±J¼
±DÄ Ê ° � � Ë ¨
Ê =�� ³ Ë � 7 L � � Ì �× � � ¯ � Ø �A � � Ý
©�¬�¡p²f¡�¢¬j¡�·�ª«Á{Âp²f¡�¢{¡�Âp±�¡�þ�Â�ª¾¡p®H¢ì±J¸+¡�²µL¢{±J² � 7 L � É � � Ú!� � 9; � � Ú"� � ª«Á
·�¡�ý�®�¡p·�´�º

Ê =�� =�Ë Ê � 7 L � � Ì × � Ý � E ? � Ë ¯<6=7 Ê Ì ÝVE Ë � Ê × Ý·jª«Ã E Ë � Ê ·�ª»Ã Ì ÝC? Ë
Ä=±J²�µD¹¾¹ Ê Ì Ý × Ë Ý Ê E)Ý@? Ë / � � Ú#� ��� ð�¡p®jÂp¡D¨z¢¬�¡�±J¸o¡p²µS¢±J² � 7 L � ª¾Á�µD® B ï �
Áfº�½�½�¡r¢²{ª«ÂD¨S´�¶j¢2ª¾®�·�¡rýN®�ª»¢¡D¨L±J¸o¡p²µS¢±J²-½�µL¸�¸�ª¾®j¼�¢¬j¡B¸�²f±�·�¶jÂ�¢9Áf¸NµDÂ�¡$� � Ú%� �
ª¾®H¢±�ª»¢Á{¡�¹«Ä �
7 ¶�²/¼D±HµD¹�ª¾Á3¢±�Â�±J®�Áf¢{²{¶�Âr¢)¡�þ�Â�ª¾¡p®H¢)¸o±JÁfª«¢ª»ÃJ¡&·�¡�ý�®�ª«¢{¡D¨J´�¹«±�ÂyÇ5·�ª¾µD¼J±J®�µD¹�¸�²{¡v÷

Âp±J®j·�ª«¢{ª¾±J®�¡�²{Á9Ä=±J²9¢{¬�¡�±J¸o¡p²µS¢±J² � 7 L � ¨Hª � ¡ � ©z¡�©�ª¾¹«¹�Âp±J®jÁf¢²f¶�Â�¢z´�¹«±�ÂyÇ�·�ªéµD¼D±J®NµD¹
±J¸o¡p²µS¢±J²fÁ F 7 L � É�� � Ú�� � 9; � � Ú&� � Á{¶jÂy¬;¢¬NµL¢ø¢¬j¡�Â�±J®�·�ª»¢ª¾±D®�®�¶�½�´o¡p²fÁ
±DÄ�¢¬�¡�±D¸+¡�²µL¢{±J²{Á F 7 L � � 7 L � µD²f¡ô´o±J¶�®�·�¡�·ú¶�®�ª«Ä=±D²{½�¹«ºÑª¾®�¢{¬�¡ô¸o¡p²f¢{¶�²{´�µL¢ª«±J®
¸NµD²{µD½�¡r¢¡�² î µL®�·ó¢¬�¡
·�ª«Á{Â�²{¡�¢{ª¾ëpµL¢ª«±J®;¸NµD²{µD½�¡�¢¡�² 1 �ìõ ¬�¡�¸�²f¡pÂ�±J®�·�ª»¢ª¾±D®�¡p²fÁ
F 7 L � ¨NÂ�±J®�ÁF¢²{¶jÂ�¢¡�·�´o¡p¹«±�©5¨NµD²{¡ ·j¡pÁ{ª«¼J®�¡�·�µDÁ�¸j²{±J¸o¡p²�·�ª«Á{Â�²{¡�¢{¡�µD®NµD¹«±J¼JÁ�±DÄ3¢{¬�¡
±J¸o¡p²µS¢±J² F 7�ª«®�¢{²{±�·�¶�Â�¡p·�µD´o±`ÃD¡ �
- ±D¢{ª«ÃLµL¢¡�·ã´Hº Ê ³ � ° Ë ¨2¢{¬�¡ô¸�²f¡pÂp±D®�·�ª«¢{ª¾±J®j¡p² F 7 L � ©�ª¾¹«¹x´+¡ôÂ�±J®�ÁF¢²{¶jÂ�¢¡�·ú±J®

¢¬�¡ Ä=±J²f½
Ê =�� � Ë F 7 L � ¯ ��' 7 L � Þ

Þ îSï � � �#( � � ç
ð�¡�²{¡ ' 7 L � É)� � 9; � � ª¾Ázµì¸�²{¡�Âp±J®j·�ª«¢{ª¾±J®�¡�²zÄ=±J²x¢¬j¡�·�ª¾ÁfÂp²f¡�¢¡�ÃJ¡p²fÁ{ª«±J®�±DÄ!¢{¬�¡
·�ª D+¡p²f¡p®H¢ª¾µD¹j±D¸+¡�²µL¢{±J² í Î�îSïrÏ ©�ª«¢¬ E ª«²{ª¾Ây¬j¹¾¡�¢/´o±J¶�®�·NµL²fº�Â�±J®�·�ª»¢ª«±J®�Áp¨J©�¬jª¾¹¾¡
¢¬�¡
±D¸+¡�²µL¢{±J²*( � É�� � 9; � � ª¾Á}µ�Â�±J²{²f¡pÁf¸+±J®j·�ª¾®�¼�¸j²{¡pÂ�±J®�·�ª»¢ª«±J®�¡p²øÄ=±J²}¢{¬�¡
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·�ª¾ÁfÂp²f¡�¢¡ø®�¡�¼HµL¢ª»ÃJ¡� 3µD¸�¹éµLÂpªéµL®�©�ª»¢¬�®NµL¢{¶�²µD¹N´o±J¶�®j·NµD²fº�Â�±J®�·�ª»¢ª«±J®�Á � � ª¾®�µD¹¾¹»ºJ¨
¢¬�¡�±J¸o¡p²{µL¢±D² � � É � � 9; � � ª¾Á�¢{¬�¡�ª¾·�¡�®�¢{ª«¢�ºã±J¸+¡�²µL¢{±J²
ª«Ä�¢{¬�¡�Á{¸NµDÂ�¡ � �
Âp±J®jÁ{ª¾ÁF¢Á&±DÄ!·jª¾Á{Â�±J®H¢ª«®�¶j±J¶�ÁxÄ=¶�®�Â�¢{ª¾±J®jÁ&±D²zµL®�±J¸o¡p²{µL¢±D²&Áf¸+¡�Â�¢{²µD¹«¹«º
¡�ò�¶jª«ÃLµD¹¾¡�®H¢
¢±�¢¬�¡�ª¾·�¡�®H¢ª«¢�º�±D®F; á ��¡p¹«¡p½�¡p®H¢Á � è�®�Ä_µDÂr¢�¨Zª¾®�¢¬�¡�¸�²f¡pÁ{¡�®H¢ Á{¡�Â�¢ª«±J®�©z¡�©�ª«¹¾¹
±J®�¹»º
Âp±J®jÁ{ª¾·j¡p²xýN®�ª«¢{¡�¡�¹¾¡�½�¡�®�¢{ÁzÁf¸NµDÂ�¡pÁz©�ª»¢¬�Âp±J®H¢ª«®�¶�±J¶�ÁzµD¸�¸�²f±;"jª«½�µS¢ª¾±D®�Á)±DÄ
¢¬�¡
¸j²{¡pÁfÁ{¶�²f¡ �
õ ¬�¡�²f¡�µDÁf±J®óÄ=±J²}¢¬jª¾Á ª¾Á�¢¬NµL¢ ¢{¬�¡
¸�²f¡pÁ{¡�®�Âp¡�±DÄx¢¬j¡
®�¡p¼HµS¢ª«ÃD¡
 3µD¸�¹éµLÂpªéµL® ¸�²f¡pÂ�±J®�·�ª»¢ª¾±D®�¡p²�( � ¨�·�¡rýN®�¡p· ±D® � � ¨�Áf¡p¡�½�Á�¢{±�·�¡�½�µD®j·û¢¬NµS¢
� � ¤ J L ¨ZµL¢�¹«¡�µDÁF¢øµDÁ�¹¾±J®j¼�µLÁ�Âp±J®jÄ=±D²{½�ª¾®�¼�µD¸j¸�²{±;"�ª¾½�µL¢ª«±J®�Á�±LÄ/¢{¬�¡� -µL¸�¹éµS÷
Âpª¾µD®ôµD²f¡�¶jÁ{¡p· � ð�¡p®jÂp¡D¨j´+¡�¹¾±�©ü©z¡}Á{¬�µD¹¾¹ZÂp±D®�Á{ª«·�¡p²&¢¬�¡ - ª¾®jªo¡�¹¾¡�½�¡�®�¢ $ �*& µL®�·
¢¬�¡5Â�¹éµDÁfÁ{ª¾ÂpµD¹ õ µ�º�¹«±J²!��ð�±�±�·�¡�¹¾¡p½�¡p®H¢{Á $ + & ¨ $ � Þ &[�
õ ¬�¡5½�±DÁf¢�¡�þ�Â�ª¾¡p®H¢øª«¢{¡p²{µL¢ª»ÃJ¡ ½�¡�¢¬j±�·�Ä=±J²�¢{¬�¡5¸�²{¡�Âp±J®�·jª«¢ª«±J®�¡�·�ÁFº�Áf¢¡�½

F 7 L � � 7 L � � Ì �× � � ¯ F 7 L � � Ø �A � �
ª¾Á-¸�²{±D´NµD´�¹»º ¢¬�¡z¸�²{¡�Âp±J®�·jª«¢ª«±J®�¡�·ì½�ª¾®�ª«½�¶�½à²f¡pÁ{ª«·�¶NµD¹�½�¡�¢{¬�±�·�¨DÂ�Ä � $ � ° & ¨�$ � � & ¨
$ � �>&h� � ¹»¢¡p²f®NµL¢{ª«ÃJ¡�¹«ºD¨�©B¡�Â�µD®�¶�Á{¡5¢¬j¡�Â�±J®��f¶�¼HµS¢¡�¼J²µD·jª¾¡p®H¢ø½�¡�¢¬j±�·�µD¸�¸�¹«ª¾¡�·
¢±
¢¬j¡�®j±J²{½�µD¹!¡�ò�¶�µL¢ª«±J®�Á�±DÄ-¢¬�¡5¸�²f¡pÂp±D®�·�ª«¢{ª¾±J®j¡p·�Áfº�Áf¢{¡p½ �

=�� ° � ��� 	�� Ô ��� Õ ������� � Ô �.	��	�
� �  è�®Ò±J²{·j¡p²ì¢{±;¢¡pÁF¢
¢¬�¡�´o¡p¬�µ�Ã�ª«±J²�±DÄ�¢{¬�¡
·�ª¾ÁfÂp²f¡�¢¡
¸j²{¡pÂ�±J®�·�ª»¢ª«±J®�¡p²fÁ�±DÄx¢¬j¡�Ä=±J²{½ Ê =�� � Ë ©z¡�©�ª¾¹«¹/Â�±J®�Áfª¾·�¡�²�¢¬�¡
ÁFº�ÁF¢¡�½
Ê =��»�`Ë ©�ª»¢¬ó¢¬�¡�·�±D½�µDª«®t£#¢yµLÇD¡p®7µDÁ ¢¬j¡�¶j®�ª«¢5Áfò�¶�µD²{¡�ª¾®ó¦ ï ��� Áf¡pò�¶�¡�®�Âp¡
±DÄ3²{¡�Â�¢µD®�¼J¶�¹¾µD²B½�¡pÁf¬�¡pÁ�ª«Á�Âp±D®�Áf¢{²{¶�Âr¢¡p·�´Hºô¶j®�ª«Ä=±J²f½ ²{¡�ý�®�¡p½�¡p®H¢Á�±LÄ2µ�°�Ú�°
¸NµD²F¢ª«¢{ª¾±J®ó±LÄz¢{¬�¡�¶j®�ª«¢5Áfò�¶�µD²{¡L¨2µD®j·ãµ�¢²fªéµD®�¼D¶�¹éµD²}½�¡�Á{¬Ñª¾Á Âp±D®�Áf¢{²{¶�Âr¢¡p·ã´�º
·�ª«Ã�ª«·�ª¾®�¼ø¡�µLÂy¬�²f¡pÂr¢yµD®�¼D¹¾¡Bª«®H¢±}¢�©z±�¢²fªéµD®�¼D¹¾¡pÁ-´Hº�¢{¬�¡�·�ª¾µD¼J±J®�µD¹H©�ª«¢¬ì®�¡p¼HµS¢ª«ÃD¡
Á{¹«±J¸+¡ �/õ ¬j¡�®�¶�½�´o¡p²2±LÄZ¶�®�Ç�®�±�©�®�Á)ª¾®�¢¬�¡z¡ "�¸o¡p²{ª«½�¡�®H¢Á9´o¡p¹«±`©ã©�ª¾¹¾¹H¢�º�¸�ª«Â�µD¹«¹«º
²µD®j¼J¡�Ä=²{±J½È±J²{·�¡�² � Þ ï ¢±�±J²f·�¡p² � Þ	� �
è�®ô¢¬�¡�¢�©z±�¡ "jµD½�¸�¹¾¡�Á�´+¡�¹¾±�© ¢¬�¡ ¸j²{¡pÁfÁ{¶�²f¡�Áf¸NµDÂ�¡ � � Âp±J®jÁ{ª¾ÁF¢Á�±DÄ-Â�±J®H¢ª¾®�÷

¶�±J¶�Áz¸�ª¾¡�Âp¡r©�ª¾Á{¡�¹¾ª«®�¡�µD²xÄ=¶�®�Âr¢ª«±J®�Á �2õ ¬�¡�¸�²f¡pÂp±D®�·�ª«¢{ª¾±J®j¡p² ( � É � � 9; � � ª¾Ázµ
Áf¢µD®�·NµD²f·�
 ��Â�º�Âp¹«¡�±J¸+¡�²µL¢{±J² ©�ª«¢{¬ãµ�Áfº�½�½�¡r¢²{ª«Â � µL¶�Á{Á �jÆ�¡pª«·�¡p¹xÁf½�±�±D¢¬j¡p²p¨
©�¬�ª¾¹«¡
¢¬�¡�µD¸�¸�²f±;"jª«½�µS¢¡
ª¾·j¡p®H¢ª»¢�º � � ±D®!� � Á{ª«½�¸j¹«ºóÂ�±J®�Á{ª«Áf¢{Á�±DÄB±J®�¡�Áfº�½
÷
½�¡r¢²fª¾Â � µD¶�ÁfÁ!�jÆ�¡�ª¾·�¡�¹Hª«¢{¡p²µS¢ª¾±D® �3õ ¬�¡xÂp±J®�·jª«¢ª«±J® ®�¶�½�´o¡p²fÁ-Ä=±J²!¢{¬�¡x±J¸o¡p²µS¢±J²fÁ
( � Ê Î � �SË µD®�· � � ¨!©�¬�¡�²{¡ � � É � � 9; � � ª¾Á�¢{¬�¡�Âp±J²f²{¡pÁf¸+±D®�·�ª¾®j¼�·�ª«Á{Â�²{¡�¢{¡
 3µD¸�¹éµLÂp¡5±J¸o¡p²µS¢±J²�¨NÂ�µD®�´+¡�¡pÁF¢ª¾½�µL¢{¡p·�´�º�µ�Áf¢µD®�·NµD²f·�¸�²f±�Â�¡p·�¶j²{¡�Ä=²f±J½È¢{¬�¡
¸�²{¡�Âp±J®j·�ª«¢{ª¾±J®�¡�·ãÂ�±J®��f¶�¼HµS¢¡�¼J²µD·jª¾¡p®H¢�½�¡r¢¬�±�·!¨-©�¬�¡p²f¡�©B¡�¬Nµ�ÃJ¡ôÂy¬j±JÁ{¡�®úµD®
±JÁ{Â�ª¾¹«¹éµL¢{±J²fº5²{µD®�·�±J½ÅÃJ¡�Â�¢±D²xµDÁxµ�Áf¢µD²f¢)ÃD¡pÂ�¢{±J² �)õ ¬j¡�ª«¢¡�²µL¢{ª¾±J®ìª¾Á2¢{¡p²{½�ª¾®�µL¢¡�·
©�¬�¡p®�¢¬�¡5²f¡pÁ{ª«·�¶NµD¹�ª¾Á�²{¡�·�¶�Â�¡p·�´Hº�µ�Ä_µDÂr¢±J²�±DÄ � Þ]? L� �� Áfª¾½�ª¾¹éµL²�µL¸�¸�²{±JµDÂy¬�ª¾Á;¶jÁ{¡p·�¢{±ü¡pÁF¢ª¾½�µL¢{¡7¢¬j¡�Âp±J®j·�ª«¢{ª¾±J®à®�¶�½ì´+¡�²;±DÄ
F 7 L � � 7 L � ¨!©�¬�¡�²{¡�©z¡�²f¡pÂpµD¹¾¹-¢¬NµL¢�F 7 L � � 7 L � µL²{¡
Áfº�½�½�¡r¢²fª¾Âì©�ª»¢¬ó²{¡�Á{¸o¡pÂr¢�¢{±
¢¬�¡�ª«®�®�¡�²�¸�²{±�·�¶�Âr¢�¼J¡p®j¡p²µS¢¡p·ú´Hº F ? L7 L � �7õ ¬�¡�Á{¡�¡pÁF¢ª«½�µL¢{¡pÁ�Ä=±J² � Ê F 7 L � � 7 L �
µD²{¡�´�µDÁ{¡�·Ð±D®ú¢{¬�¡ À ±J®��f¶j¼HµL¢¡ � ²µL·�ª¾¡�®�¢�½�¡r¢¬�±�·úµD¸�¸�¹«ª¾¡�·ã¢±ó¢¬j¡�®�±J²{½�µD¹
Áfº�Áf¢{¡p½

F 7 L � � 7 L � F 7 L � � 7 L � � Ì �× � � ¯ F 7 L � � 7 L � F 7 L � � Ø �A � � ç
�)Áf¢ª«½�µS¢¡pÁ
Ä=±J²
¢{¬�¡�Â�±J®�·�ª»¢ª«±J®ú®�¶j½�´+¡�²{Á�±DÄ ( � Ê � �SË µD®�· � � µD²f¡�¼Dª«ÃJ¡�® ª«®
õ µL´�¹¾¡ =��»�J�



� ������������������	����������
��������� ÿfÿ
1 ° ? ï ° ?�� ° ?�� ° ? � ° ?�� ° ? �

� Ê ( � Ê Î�� �LËfË �J� +�� �J� �DÞ �J� = + �J� =�+ �J� =�+ �J� = +
� Ê�� �SË �J� �/� �J� �H° �J� � � �J� �JÞ �J� �JÞ �J� �DÞ

	 %���"  �	��
�� À ±J®�·�ª»¢ª¾±D® ®�¶�½�´o¡p²{Á Ä=±D² ¢¬�¡ ±J¸+¡�²µL¢{±J²{Á
( � Ê Î � �SË µD®�· � �H�

ù ¡Ñ±J´�Áf¡p²FÃJ¡�¢¬�µL¢�¢{¬�¡pÁf¡�±J¸o¡p²{µL¢±J²fÁ�Â�¹¾¡pµD²fº ´o¡p¬Nµ�ÃD¡ã©B¡�¹¾¹�µDÁ�¢{¬�¡Ñ½�¡�Á{¬
¸NµD²{µD½�¡�²�1üª«Á�·�¡�Âp²f¡�µDÁf¡p· � è�® ¢¬�¡�¡ "jµD½�¸�¹¾¡�Á�´o¡p¹¾±�© ¢{¬�¡�¸�²f¡pÂ�±J®�·�ª»¢ª¾±D®�¡p²fÁ
( � µD®j· � � µD²f¡}Âp±D½�´�ª¾®j¡p·�©�ª»¢¬ô¸�²f±J¸o¡p²�±J¸o¡p²{µL¢±D²{Á ' 7 L � ¢{±�´�¶�ª«¹¾·�¢{¬�¡�Â�±J½�÷
¸�¹¾¡r¢¡ ´�¹«±�ÂyÇ�·�ªéµD¼D±J®NµD¹+¸�²{¡�Âp±J®�·jª«¢ª«±J®�¡�² F 7 L � ±DÄ/¢{¬�¡ Ä=±J²{½ Ê =�� � Ëv�
���� � &+0 ���+2�� À ±D®�Á{ª«·�¡p²�¢¬j¡7·�ª«Á{Â�²{¡�¢{ª¾ëpµL¢ª«±J® ¼Jª«ÃD¡p®Û´HºÛ¢{¬�¡ - ª¾®jª ¡p¹¾¡�½�¡�®H¢
¸�²{±D¸+±JÁf¡p· ª¾® $ �'& ¨&ª � ¡ � � � ¤ A Lá Âp±D®�Á{ª«Áf¢Á�±DÄ}¸�ª¾¡�Âp¡�©�ª«Á{¡�¹¾ª«®�¡�µL²�Ä=¶�®�Â�¢{ª¾±J®jÁµD®�·�Âp¶j´�ª¾Â�´j¶�´�´�¹«¡�Ä=¶�®�Â�¢{ª¾±J®jÁ�Á{¶�¸�¸o±J²F¢¡p·�±J®�µ�Áfª¾®�¼J¹«¡}¢²fªéµD®j¼J¹¾¡L¨�©�¬�ª«¹¾¡$� � ¤
J L � B ïá ª«Á�¢¬�¡�Á{¸NµDÂ�¡ó±DÄ�Âp±J®H¢{ª¾®�¶�±J¶�Á�¸�ª¾¡�Âp¡�©�ª«Á{¡ó¹«ª¾®�¡pµD²�Ä=¶j®�Â�¢{ª¾±J®�Á �Ùõ ¬�¡¸�²{¡�Âp±J®j·�ª«¢{ª¾±J®�¡�² ' 7 L � É � � 9; � � ¨2µD¸j¸�²{±;"�ª¾½�µL¢ª«®�¼ Ê[í ÎûîSïvÏ �SË ? L ¨3©�¬�¡�²{¡
Ï � É � � 9; � � ª¾Á�¢¬�¡�Âp±J²f²{¡�Á{¸o±J®�·�ª«®�¼�·�ª«Á{Â�²{¡�¢{¡� 3µD¸�¹¾µDÂpª¾µD®�±J® � � ¨Zª¾Á�µD¼HµDª«®
Âp±J®jÁf¢²f¶�Â�¢{¡p· µDÁ�µ7ÁF¢yµD®�·�µD²{· 
 ��Â�º�Â�¹¾¡�±D¸+¡�²µL¢{±J²�©�ª»¢¬üÁFº�½�½�¡�¢{²{ª¾Â � µD¶�ÁfÁ!�
Æ�¡pª«·�¡p¹BµDÁ�µ�Á{½�±�±D¢{¬�¡p² � ð�±�©z¡�ÃD¡p²p¨)¢{¬�¡ô¬�ª«¼J¬ãÄ=²{¡�ò�¶�¡p®�Ârº�´�¶j´�´�¹¾¡�Ä=¶�®�Â�¢{ª¾±J®jÁ
µD²{¡�±J®�¹»º�¸�²{¡�Á{¡p®H¢ ª«®�¢{¬�¡�ýN®j¡pÁf¢�¼J²{ª«· ��7 ®;µD¹¾¹?¢¬j¡ìÂp±JµD²{Áf¡p²}¼D²{ª¾·jÁø©z¡�Á{ª«½�¸j¹«º
¶�Á{¡5¸�ª«¡pÂ�¡�©�ª¾Áf¡�¹«ª¾®�¡pµD²BÄ=¶�®jÂ�¢ª«±J®�Á �
õ ¬�ª¾ÁBµD¸�¸�²f±HµDÂy¬ôÁf¡p¡�½�ÁB¢{±ì´o¡}¡rþ�Â�ª¾¡�®�¢�µDÁBÁf¡p¡p®�´Hº�¢¬�¡}Âp±J®�·jª«¢ª«±J®�®�¶j½�´+¡�²

¡pÁF¢ª¾½�µL¢{¡pÁ�ª¾® õ µD´�¹«¡ =�� °
1�� î Þ Þ � ÞJÞ � Þ � Þ � Þ �»� Þ � � �J� Þ
° ? ï ° � � + ° � �/� ° � ÞH° �J� ÞDÞ �D�«� Þ �J�»� °
° ?�� ° � +�� ° � + ³ �J� ³ � �J� Þ/� �D�«�;= �J�»� �
° ?�� ° � � ° ° � � � �J�»�J� �J�«� Þ �D�«��� �J�»���
° ? � ° � � = ° � °J° �J� ÞH° �J�«� � �D� °DÞ �J� ° �
° ?�� ° � � � �J� � = �J� Þ = �J�«� � �D� °J° �J� °J°
° ? � ° � � � �J�»�;= �J�»�J� �J� °LÞ �D� °D³ �J� °D³

	 %���"  ��	����� À ±D®�·�ª«¢{ª¾±J®�®�¶�½�´o¡p²{Á�Ä=±D² � Ê ' 7 L � Ê_í ÎúîLïyÏ �SË{Ë
±J´j¢µDª¾®j¡p·�Ä=²{±J½¥¢¬�¡ - ª«®�ª!¡�¹¾¡p½�¡p®H¢ �

� Áz¡ "�¸+¡�Â�¢{¡p·ô¢¬j¡pÁ{¡}Âp±J®�·jª«¢ª«±J®�®�¶j½�´+¡�²{Á�µL¸�¸+¡pµD²{Á&¢±�´+±J¶j®�·�¡p·�¶j®�ª«Ä=±J²f½�¹»º
©�ª«¢{¬ó²{¡pÁf¸+¡�Â�¢5¢± î µD®�· 1 � � ª«®NµD¹«¹«ºJ¨Z©z¡�Â�±J®�ÁF¢²{¶jÂ�¢5¢¬�¡
Â�±J½�¸�¹¾¡r¢¡�±J¸o¡p²{µL¢±D²
F 7 L � ±DÄ2¢{¬�¡ Ä=±J²{½ Ê =�� � Ë µD®�·�¡pÁF¢ª«½�µL¢{¡�¢¬�¡�Âp±D®�·�ª«¢{ª¾±J®�®�¶�½ì´+¡�²{Áø±DÄ F 7 L � � 7 L �J�
õ ¬�¡5²{¡�Á{¶�¹»¢ÁøµD²{¡5¼Jª»ÃJ¡�®�ª«® õ µD´�¹«¡ =�� ³ �
õ ¬�¡pÁf¡x²{¡pÁf¶�¹«¢{Á?Á{¡�¡p½ß¢{±øª«®�·�ª«Â�µL¢{¡/¢¬�µL¢?¢¬�¡)Â�±J®�·�ª»¢ª«±J®�®�¶�½�´o¡p²fÁ � Ê F 7 L � � 7 L ��Ë

µD²{¡ìª¾®�·�¡�¡p·tª¾®j·�¡p¸o¡p®�·j¡p®H¢�±DÄ î µL®�· 1 ��õ ¬�ª«Á}©�ª¾¹«¹2´o¡ì¢¬�¡�±J²{¡r¢ª«Â�µD¹«¹«º�ÃJ¡�²{ª«ý�¡p·
ª¾®�¢¬j¡�®j¡ "�¢øÁ{¡pÂr¢ª«±J® � E
���� � &+0 ���+2�� ù ¡�²{¡�¸+¡pµL¢�¢{¬�¡;¡ "�¸o¡p²fª¾½�¡p®H¢ôµL´+±�ÃJ¡L¨�´�¶j¢�¢{¬�ª¾Á�¢ª«½�¡�©z¡;²{¡v÷
¸�¹éµLÂp¡�¢{¬�¡ - ª«®�ª+¡�¹¾¡�½�¡�®�¢�´�º�¢¬�¡ õ µ�º�¹¾±J² ��ð�±�±�·ô¡p¹«¡p½�¡p®H¢ � ðø¡p®�Â�¡D¨ � � ¤ A Lá



ÿ!� �������	�
������������
�������
�������
����
��������������

1 � î Þ Þ � ÞJÞ � Þ � Þ � Þ �«� Þ � � �J� Þ
° ? ï =�� Þ/� =�� Þ = ³ � + + � Þ � ÞDÞ � +�� ��� � �j� ³D³
° ?�� =�� ³H° =�� °L³ ³ � � � � ³ � � + �C�j�«� � �C�j� = ³
° ?�� =�� � � =�� ° � � � ° + � � � ��� �C�j� ��� �C�j� + +
° ? � =�� � � ³ � �LÞ �j� � � � �j� �L³ �C�j� � ³ �C�j� � �
° ?�� =�� �/� ³ � ³/� � ° � =/� �C�j� ³�� �C�j� ��� �C�j� � °
° ? � =�� � + =�� �D° � � � + = �C�j� + ° �C�j� � ³ �C�j� � ³

	 %���"  ��	��� ��À ±D®�·�ª«¢{ª¾±J®�®�¶�½�´o¡p²{Á9Ä=±D² � Ê F 7 L � � 7 L �`Ë ±J´j¢yµLª¾®�¡�·
Ä=²{±D½ê¢¬j¡ - ª¾®�ª!¡�¹¾¡�½�¡�®�¢{Á �

Âp±J®jÁ{ª¾ÁF¢Á�±DÄ�¸jª¾¡pÂ�¡�©�ª«Á{¡�ò�¶NµL·�²µL¢{ª¾Â�Áp¨3©�¬�ª¾¹«¡D¨/µDÁ�µD´+±�ÃD¡D¨2¢{¬�¡�Áf¸NµDÂ�¡ � � ª¾Á ¢{¬�¡
Á{¸NµLÂp¡ó±DÄ5Â�±J®H¢ª¾®�¶�±D¶�Á�¸�ª¾¡�Âp¡r©�ª¾Á{¡�¹¾ª¾®j¡�µD²fÁ ��õ ¬�¡ó½�¶j¹«¢ª«¼J²{ª«·ú¸�²{¡�Âp±J®�·jª«¢ª«±J®�¡�²
' 7 L � É � � 9; � � ª¾ÁøµD¼HµDª«®�µ�ÁF¢yµD®j·NµD²{· 
2��Ârº�Âp¹¾¡�±J¸o¡p²{µL¢±J²�©�ª»¢¬�µ�ÁFº�½�½�¡p²X÷
¢ª«Â � µD¶�ÁfÁ!�jÆ�¡pª¾·j¡p¹xÁ{½�±�±L¢¬�¡�² ��õ ¬j¡�¡pÁF¢ª«½�µL¢{¡pÁ Ä=±J² ¢¬j¡�Âp±D®�·�ª«¢{ª¾±J®t®�¶�½�´o¡p²fÁ
� Ê ' 7 L � Ê[í ÎóîSïvÏ �SËfË ¨j¼Dª«ÃJ¡�®ôª¾® õ µD´j¹¾¡ =j� = ¨�Âp¹«¡�µD²f¹«º�ª¾®�·jª¾Â�µS¢¡pÁzµ�´o±J¶�®�·ôª«®�·�¡v÷
¸+¡�®�·�¡�®�¢�±DÄ î µD®j·61 �

1�� î Þ Þ � ÞJÞ � Þ � Þ � Þ �»� Þ � � �J� Þ
° ? ï �J�»� Þ �J�»� Þ �J� Þ + �J� Þ/� �D�«��� �J� °DÞ
° ?�� �J�»�J� �J�»�J� �J� ÞJ³ �J�«�*= �D� °J° �J� °J°
° ?�� �J�»�J� �J�»� Þ �J� Þ � �J� ° � �D� ° = �J�»�;=
° ? � �J�»�J� �J� Þ � �J� ÞJ³ �J� °L³ �D� ° = �J� ° =
° ?�� �J�»�J� �J� Þ � �J�»� ° �J� ° = �D� ° = �J� ° =
° ? � �J�»�J� �J� ÞH° �J� °DÞ �J� ° = �D� ° = �J� ° =

	 %���"  ��	� �	� À ±D®�·�ª«¢{ª¾±J®�®�¶�½�´o¡p²{Á�Ä=±D² � Ê ' 7 L � Ê_í Îúî ï Ï �SË{Ë
±J´j¢µDª¾®j¡p·�Ä=²{±J½¥¢¬�¡ õ µ�º�¹«±J²!��ð�±�±�·�¡�¹¾¡p½�¡p®H¢ �

� Á
ª«®�¢¬�¡�Â�µLÁ{¡�±DÄø¢¬�¡ - ª¾®�ª�¡�¹¾¡�½�¡�®�¢
©z¡�¶�Á{¡�¢{¬�¡�±J¸o¡p²µS¢±J² ' 7 L � ¨)¢±S÷
¼J¡�¢{¬�¡p²�©�ª»¢¬Ò¢¬j¡�±D¸+¡�²µL¢{±J²{Á ( � µL®�· � � ª¾®H¢²f±�·�¶jÂp¡p· µD´o±�ÃJ¡D¨x¢±tÂ�±J®�Áf¢{²{¶�Âr¢
¢¬�¡�Â�±J½�¸j¹¾¡�¢{¡ô±J¸o¡p²{µL¢±J² F 7 L � ±LÄø¢{¬�¡�Ä=±J²{½ Ê =�� � Ëv��õ ¬�¡�¡pÁf¢{ª¾½�µL¢¡�ÁìÄ=±J²�¢{¬�¡
Âp±J®j·�ª«¢{ª¾±J®�®�¶�½�´o¡p²fÁ�±LÄ � Ê F 7 L � � 7 L ��Ë µD²{¡5¼Jª»ÃJ¡p®�ª«® õ µD´�¹«¡ =�� � �

1 � î Þ Þ � ÞJÞ � Þ � Þ � Þ �«� Þ � � �J� Þ
° ? ï � � � � � � ��� � � ° � �D�J� �D³ �*=�� + + �*=�� � °
° ?�� � � ÞJ³ � � Þ/� � � � ° � ³ � = ° � � � °�� � � � ³J°
° ?�� � � Þ/� � �«� Þ �j� =j� �*=�� ��� � � � �LÞ � � � �L³
° ? � � � Þ + � � °L³ � Þ � �J° � � �«�*= � � � � � � � � � �
° ?�� � � Þ � � � � = � ° � + + � � � = ° � � � �D³ � � � � =
° ? � � � Þ � +�� ��� �*=��«� � � � � ��� � � � � = � � � �/�

	 %���"  �	����� À ±J®�·jª«¢ª«±J®5®�¶�½�´o¡p²{Á3Ä=±J² � Ê F 7 L � � 7 L ��Ë ¶�Áfª¾®�¼�¢¬j¡
õ µ�º�¹«±J²!��ðø±�±�·�¡p¹«¡p½�¡p®H¢Á �
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��������� ÿ � ¼HµLª¾®�¢¬�¡�Á{¡�Â�±J®�·�ª»¢ª¾±D®�®�¶�½�´o¡p²fÁ µD¸�¸o¡�µL²{Á�¢{±�´o¡ìª«®�·�¡p¸o¡p®j·�¡p®H¢ ±DÄ î µL®�·
1 � Æ�ª«½�ª«¹éµD²z²{¡pÁf¶�¹«¢{Á}µL²{¡�µD¹¾Áf±�±J´�¢yµDª«®�¡p·�ª«Ä-¢¬�¡�²{¡�¸�¹éµLÂp¡5¢¬�¡�� ï Î � L ¡p¹¾¡�½�¡�®H¢©�ª«¢{¬ì¢¬�¡BÂp±J²f²{¡pÁf¸+±D®�·�ª¾®j¼ ¡p¹¾¡�½�¡�®H¢9±J®
²f¡pÂ�¢µD®�¼J¹«¡pÁ�¨Jª � ¡ � ¢¬�¡�� ï Î � L ¡p¹«¡p½�¡p®H¢ �E

� ��� � �  Z�2�! N�?�P��% ";�-�
&`�!� & &`�P�/�û�P�û� �  7�/�
&`�!�! N�! Ñ��% &  
õ ¬�¡}¸j¶�²{¸o±JÁ{¡�±DÄ!¢{¬�ª¾Á&Á{¡�Â�¢ª«±J®�ª«Á&¢{±ì¸�²f¡pÁf¡p®H¢�µ�¢{¬�¡p±J²f¡�¢{ª¾Â�µL¹+µL®NµD¹«º�Áfª¾Áx±DÄ!¢{¬�¡

¸�²{¡�Âp±J®j·�ª«¢{ª¾±J®�¡�²{ÁøÁf¢{¶�·�ª¾¡�·;¡ "�¸o¡p²fª¾½�¡p®H¢yµD¹«¹«º�µL´+±�ÃJ¡ ��ù ¡�µDÁfÁ{¶�½�¡�¢{¬NµL¢}£àª¾Á�µ
´+±D¶�®�·�¡�·�¸+±J¹»º�¼J±J®NµD¹N·j±J½�µLª¾®�ª¾®�¦ ï µD®�·�¢¬NµL¢�â�� � æ5ª«ÁBµìÁf¬NµD¸o¡�²{¡�¼J¶�¹¾µD²BµL®�·
ò�¶NµDÁ{ª ��¶�®�ª»Ä=±J²{½ Ä_µL½�ª«¹«ºô±LÄ9¢²fªéµD®�¼D¶�¹éµL¢{ª¾±J®jÁ�±DÄx£�¨Z©�¬�¡p²f¡%1;ª¾Á�¢¬�¡�½�µ "�ª«½�¶�½
·�ªéµL½�¡r¢¡p²B±DÄ9µ
¢²fªéµD®j¼J¹¾¡�ª¾®�� �H�(B¡p¹«±�© ©z¡ãÁ{¬�µD¹¾¹ ¼Jª»ÃJ¡Ñµ ¸j²{¡pÂ�ª¾Áf¡ãµD®�µD¹«º�Á{ª«Á�±DÄì¢{¬�¡7Â�±J®�·�ª»¢ª«±J®�ª¾®j¼Ò±DÄì¢{¬�¡
±J¸o¡p²µS¢±J² F 7 L � � 7 L � ©�¬j¡p®t¢¬�¡
Áf¸NµDÂp¡�Á�� � µD®�· � � µD²f¡�¼Jª»ÃJ¡p®t¡�ª«¢¬j¡p² ´Hº�¢{¬�¡
- ª¾®jª�¡p¹«¡p½�¡p®H¢&±J²9¢¬�¡ õ µ�º�¹«±J²!��ðø±�±�·
¡p¹«¡p½�¡p®H¢ � ð�±�©B¡rÃJ¡�²p¨�ý�²{Áf¢x©z¡ø©�ª«¹¾¹�½�µDÇL¡
Á{±J½�¡�²f¡p½�µD²{Ç�Á�ª«®;¢¬�¡
¼J¡�®�¡p²{µD¹2ÂpµDÁ{¡ � � ±J²ø¢¬�ª«Á�·�ª¾ÁfÂp¶�ÁfÁ{ª«±J®;©B¡ �f¶�ÁF¢5µDÁfÁ{¶�½�¡
¢¬NµS¢ � � ¤ A Lá µD®�· � � ¤ J L � B ïá ª¾Á�µ
¸NµDª«²�±DÄ/ý�®�ª«¢{¡ ¡p¹¾¡�½�¡�®H¢�Áf¸NµDÂ�¡pÁ � ?¡�¢ � 7 L � É � � Ú � � 9; � � Ú"� � ´+¡�·�¡�ýN®j¡p·Ð´�º Ê =�� =�Ë µD®j·Ð¹«¡�¢ F 7 L � É
� � Ú � � 9; � � Ú � � ´o¡�µ;Âp±J²f²{¡�Á{¸o±J®�·�ª«®�¼MB ï ÁFº�½�½�¡�¢²fª¾Â�µL®�·Ò¸+±DÁ{ª«¢{ª«ÃD¡
·�¡�ý�®�ª«¢{¡D¨�´�¹¾±�ÂyÇú·�ªéµL¼J±J®NµD¹�¸�²f¡pÂ�±J®�·�ª»¢ª¾±D®�¡p²�±J®û¢¬j¡�Ä=±J²{½ Ê =�� � Ëv� 7 ¶�²�¼J±HµD¹
ª¾Á ¢±�¡�Áf¢yµL´�¹¾ª«Á{¬Ñ´+±J¶j®�·�Á�±J®Ñ¢{¬�¡�Á{¸o¡pÂ�¢{²µD¹xÂ�±J®�·�ª»¢ª¾±D®Ñ®�¶�½ì´+¡�²p¨ � Ê F 7 L � � 7 L �`Ë ¨
©�¬�ª¾Ây¬;µD²{¡�ª¾®�·�¡�¸+¡�®�·�¡�®�¢5±LÄ9¢¬�¡ì¸+¡�²f¢¶j²{´NµL¢{ª¾±J®�¸NµD²{µD½�¡r¢¡�² î µD®�·�¢¬�¡�½�¡�Á{¬
¸NµD²{µD½�¡r¢¡�²21 �xõ ±�¡pÁf¢µD´�¹«ª¾Á{¬�¢{¬�ª¾Á�©z¡5©�ª«¹¾¹+¶�Á{¡5¢¬�¡5Ây¬NµL²µDÂr¢¡p²fª¾ëpµL¢ª«±J®

� Ê F 7 L � � 7 L �`Ë ¯ Á{¶j¸ �����ª«®jÄ ����� Ý
©�¬�¡p²f¡)¢¬�¡)Áf¶�¸�²{¡�½�¶�½�µL®�·5ª¾®jýN½ì¶�½åª«Á�¢yµLÇD¡p®�±�ÃJ¡�²3¢{¬�¡)Á{¸o¡pÂr¢²f¶�½à±DÄ�F 7 L � � 7 L �D�
õ ¬�¡�Á{µD·�·�¹«¡�¸+±Dª¾®H¢�¢{¬�¡p±D²fº�±DÄ�$ � & ©�ª¾¹«¹3´+¡�¶�Á{¡�·t¢{±ô±J´j¢µDª¾®�µD®ó¶�¸�¸o¡p²�´+±D¶�®�·
±J® � Ê F 7 L � � 7 L �`Ër� 7 ´jÁ{¡p²FÃJ¡ø¢¬NµL¢&ª»Ä	� / ¦ ª¾Á&µD®�¡pª¾¼D¡p®HÃLµD¹¾¶�¡�±LÄ�F 7 L � � 7 L � ¨H©�ª«¢{¬
Âp±J²f²{¡�Á{¸o±J®�·�ª«®�¼�¡pª¾¼D¡p®jÄ=¶�®jÂ�¢ª«±J® Ê Ì � Ý × �`Ë / � � Ú � � ¨�¢¬j¡p®�¢¬�¡5¡pò�¶NµS¢ª¾±D®�Á

Ê � �»�`Ë 6=7 Ê Ì � Ý E Ë � Ê × � Ý·�ª«Ã E Ë ¯
� Ê ' ? L� Ì � Ý E Ë Ý
Ê ·�ª«Ã Ì � Ý@? Ë ¯
� ÊfÊ î ï � � �#( �SË ? L × � Ý@? Ë Ý

¬�±J¹«·�Á�Ä=±J²�µD¹«¹ E / � � Ý@? / � �H�
è�®ÒµD¹«¹&¢{¬�¡ô¡ "jµD½�¸�¹«¡pÁ�´o¡p¹«±`© ¢{¬�¡ô±J¸o¡p²{µL¢±D² ' 7 L � É � � 9; � � ©�ª«¹¾¹x´o¡�µ

¶�®�ª»Ä=±J²{½�¸�²f¡pÂ�±J®�·�ª»¢ª¾±D®�¡p²3Ä=±J²/¢{¬�¡BÂ�±J²{²f¡pÁf¸+±J®j·�ª¾®�¼}·�ª¾ÁfÂp²{¡r¢¡&ÃJ¡p²fÁ{ª«±J®
±DÄ�¢{¬�¡B±J¸�÷
¡p²{µL¢±J² í Î�îSïvÏ � è�®�±D¢¬j¡p²2©z±J²{·jÁp¨H¢¬�¡�´jª¾¹¾ª«®�¡�µL²/Ä=±J²f½�Á 687 Ê .«ÝC. Ë µD®�· Ê ' ? L7 L � .«ÝC. Ë
µD²{¡�¶�®�ª»Ä=±J²{½�¹«ºôÁ{¸o¡pÂ�¢{²µD¹«¹«º�¡�ò�¶�ª«ÃLµD¹«¡p®H¢�¨oª � ¡ � ¢¬j¡p²{¡ìµD²{¡�Âp±D®�Áf¢µD®H¢Á = L µD®�·I= ï ¨ª¾®�·j¡p¸o¡p®�·�¡�®H¢}±DÄ î µL®�·61!¨�Áf¶�Ây¬�¢{¬NµL¢
Ê � � ° Ë = L 6=7 Ê E)ÝVE Ë S Ê ' ? L7 L � E)ÝVE Ë S = ï 6=7 Ê E)ÝVE Ë > E / � � ç� ¶�²f¢{¬�¡p²f½�±J²f¡D¨o¢¬�¡�±D¸+¡�²µL¢{±J² � � É � � 9; � � ©�ª«¹¾¹3´o¡�Á{¸o¡pÂr¢²µL¹¾¹«º�¡�ò�¶jª«ÃLµD¹¾¡�®H¢
¢±
¢¬j¡�ª«·�¡p®H¢{ª«¢�º�±J¸o¡p²{µL¢±D²p¨NµD®j· ( � É � � 9; � � ª¾Á�Á{¸o¡pÂr¢²{µD¹¾¹»ºô¡pò�¶�ª»ÃLµD¹¾¡�®�¢�¢{±
¢¬�¡�·�ª«Á{Âp²f¡�¢{¡ì 3µD¸�¹¾µDÂpª¾µD®!¨�ª � ¡ � ¢{¬�¡p²f¡�µD²f¡�Â�±J®�ÁF¢yµD®H¢Á = � µD®�·I= � ¨Nª«®�·�¡p¸o¡p®j·�¡p®H¢±DÄ.1?¨NÁf¶�Ây¬�¢{¬NµL¢
Ê � � ³ Ë = � ,�?', ï L S Ê ( ? L� ?�Ý@? Ë S = � ,�?', ï L > ? / � � ç
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��������������� Á�©z¡;±J´jÁ{¡p²FÃJ¡�·Ûª«® ¢{¬�¡;¡ "�¸o¡p²fª¾½�¡p®H¢Áô·jª¾Á{Â�¶�Á{Áf¡p· ª¾® � = µD´o±�ÃJ¡L¨�¢{¬�¡pÁf¡ó²{¡v÷
ò�¶�ª¾²f¡p½�¡p®H¢Áx±J® ' 7 L � Ý ( � µD®�· � � ©z¡p²f¡�¡pµDÁ{ª«¹«º�Ä=¶�¹«ýN¹«¹¾¡�·�Ä=±J²9¢¬�¡�¡#"jµD½�¸j¹¾¡pÁ)©z¡
Áf¢{¶�·�ª¾¡�·�¢{¬�¡p²f¡ �
8ø¡�Â�µD¹«¹�¢¬�µL¢�¢¬�¡5®�±D²{½ � ?�� 7 W ,�?', ) 9 + � � - . Ü 7 A + � - ª«Á�Ây¬NµD²{µDÂ�¢{¡p²{ª«ëp¡�·�´Hº� ?	� ï7 ¯ ª¾®�Ä
 + � 9 + ��� - $�, ÓZÔ`ÕNÖ ? L , ïá � î ? ï ,�? Î ? L , ïá & ç

è�®åÄ_µDÂr¢�¨}¢{¬�¡ã±D¸j¢ª«½�µD¹�Ây¬�±Jª«Âp¡Ñª¾Á�? L ¯ Ê�� ÎÙîSï�� Ë ? L ?�¨�©�¬j¡p²{¡  �¡�¶�½�µL®�®
´+±D¶�®�·NµD²FºóÂp±D®�·�ª«¢{ª¾±J®jÁ5µD²{¡
ª«½�¸�¹«ª¾Â�ª«¢¹»º�µDÁ{Áf¶�½�¡p· � � ±J²�Ä=¶�®�Âr¢ª«±J®�Á5ª¾® � � ¢{¬�¡
Âp±J²f²{¡�Á{¸o±J®�·�ª«®�¼�·�ª¾ÁfÂp²{¡r¢¡�®�±J²f½Èª¾Á�¼Dª«ÃJ¡�®�´Hº� ?�� 7 L � ¯ ª«®jÄ
 + ��� � $
, ÓZÔSÕ�Ö ? L , ïá � î ? ï ,�? Î ? L , ïá & ç
è|¢�ª¾Á�±J´HÃ�ª«±J¶�Áô¢{¬NµL¢ � ?�� 7 S � ?	� 7 L � ±D® � �H� ð�±�©z¡�ÃJ¡�²p¨�·j¶�¡;¢±�¢{¬�¡óò�¶NµDÁ{ª �
¶�®�ª»Ä=±J²{½�ª«¢�ºt±DÄ�¢{¬�¡ô¢²fªéµD®�¼D¶�¹éµL¢{ª¾±J®jÁ�â�� � æ�¨9¢{¬�¡ô¢�©z±Ñ®j±J²{½�Á
µD²f¡�¡pò�¶�ª«ÃLµD¹«¡p®H¢�¨
¶�®�ª»Ä=±J²{½�¹«º�ª¾® 1 �Bõ ±�Áf¡p¡5¢¬�ª«Á�®�±D¢¡ ¢{¬NµL¢øª«Ä1? / � � µD®�· ? L ¯ Ê�� Î�îSï�� Ë ? L ?¢¬�¡�® � ?�� ï7 L � S , ÓZÔ`ÕNÖ ? L L � , ïá � î ? ï ,�? Î ? L L � , ïá Ý
©�¬�¡p²f¡�? L L � / � � ª¾Á�¢¬j¡ B ï ¸�²{±��f¡�Â�¢{ª¾±J®ú±DÄ ? L � ð�±�©z¡�ÃD¡p²p¨ ,�? Î ? L L � , á S,�? Î ? L , á µL®�·!¨D´Hº�ò�¶NµDÁ{ªk÷�¶�®jª«Ä=±J²f½�ª»¢�ºJ¨	, ÓZÔ`ÕNÖ ? L L � , á S = á , ÓZÔSÕ�Ö ? L , á ¨L©�¬�¡�²{¡¢¬�¡5Â�±J®�Áf¢µD®H¢ = á ª¾Á�ª«®�·�¡p¸o¡p®j·�¡p®H¢�±DÄ 1 � ð�¡�®�Âp¡L¨N©B¡�Âp±J®jÂp¹¾¶j·�¡ ¢¬NµL¢� ?	� 7 L � S = á � ?�� 7�ç
è�®�µL·�·�ª«¢{ª¾±J®�¨ Ê � � ³ Ë Ä=¶j²f¢¬j¡p²�ª¾½�¸�¹¾ª«¡pÁ&¢¬NµL¢ � ?�� 7 L � ª¾Á�¡�ò�¶�ª«ÃLµD¹«¡p®H¢�¢±
¢¬j¡�®j±J²{½
Ê � � =�Ë ª¾®jÄ
 + ��� � $ Ê ( ? L� ? L Ý@? L Ë � î ? ï ,�? Î ? L , á & L�� ï ç� ª¾®�µD¹¾¹»ºJ¨HÄ=²{±J½ ¢¬j¡ ¼J¡p®�¡�²µD¹+¸�²{±D¸+¡�²f¢ª«¡pÁ�±DÄ-Áf¶�½�Á�µD®�·�ª¾®H¢¡�²{Áf¡pÂ�¢{ª¾±J®jÁ�±DÄ-¹¾ª«®�¡�µD²
Á{¸NµLÂp¡pÁ�¨NÂ�Ä � �r°�µD´o±�ÃJ¡L¨Nª«¢�Ä=±J¹«¹¾±�©�Áz¢{¬NµL¢�¢{¬�¡5®�±J²f½ Ê � � =HË ª¾Á�¡�ò�¶jª«ÃLµD¹¾¡�®H¢�¢±�¢{¬�¡
®�±J²f½ Ê{Ê îLï � � ( �SË ? L ?�Ý@? Ë L�� ï �
õ ±�Áf¶�½�½�µD²fª¾ëp¡�¢¬�¡5·�ª«Á{Âp¶jÁ{Á{ª«±J®�Á{±�Ä_µD²�©B¡�Áf¢µL¢¡ ¢{¬�¡ Ä=±J¹¾¹«±`©�ª«®�¼�²f¡pÁ{¶j¹«¢ �

%���	
	 Õ����� ��"� � � Ý ( � É � � 9; � � � � � B ï %���� � �$-��$�/( �)&��$� � - ��� %
	@%$��()�
- � � - � � � % % &��)($-�� � 0"0�� ��3����� � 0 �$��- - � - ���9��*��$��-��"-�� � �+* ( � % � -�� %�� �)% &+� �)&��
�$� -�� Ê � � ³ Ë 	 - ���$� - ���H� ��� � % � ?�� 7 	 � ?�� 7 L � 	 � �+* Ê{Ê î ï � � � ( �SË ? L�?�Ý@? Ë L�� ï � � �
��3� ��� � 0 �$��-�	 ����� ����� � 0����"��î � �+* 1 2� ÁfÁ{¶�½�¡z¢{¬NµL¢-¢¬�¡xýN®�ª»¢¡&¡p¹¾¡�½�¡�®H¢2Áf¸NµDÂp¡�ÁBâ�� � Ú%� � æ�ÁµL¢{ª¾ÁFýN¡pÁ-¢¬�¡&¶�®�ª»Ä=±J²{½(�µD´�¶jÁ{ÇSµ,��(B²f¡pë�ëpª3Âp±J®j·�ª«¢{ª¾±J®
Ê � � � Ë ª¾®jÄ
 ��� � Á{¶j¸
 �����

Ê ?�Ý·jª«Ã E Ë� � � E�� � � 7 � ?	� 7  � ñ Þ�Ý

©�¬�¡p²f¡ �ôª«Á?ª¾®�·j¡p¸o¡p®�·�¡�®H¢/±LÄ î µL®�·51 � (zº ¶jÁ{ª¾®j¼ø¢{¬�¡)¢¬�¡�±J²fº ±LÄ $ � & ¨SÂrÄ � 4)²f±J¸+±S÷
Á{ª»¢ª¾±D® �J�»� ±DÄ�¢{¬NµL¢ì¸NµD¸o¡p²p¨/¢¬�ª«ÁìÂp±D®�·�ª«¢{ª¾±J®Ñ©�ª¾¹«¹&ª«½�¸j¹«º;¢{¬NµL¢ � Ê F 7 L � � 7 L ��Ë ª«Á
´+±D¶�®�·�¡�·óª¾®�·�¡�¸+¡�®�·�¡�®�¢{¹«º�±DÄ î µD®�·M1 � è�®;Ä_µDÂ�¢p¨�ª»¢}ª«Á µD®;ª«½�½�¡p·�ª¾µL¢¡5Â�±J®�Á{¡v÷
ò�¶�¡p®�Â�¡5±DÄ3¢¬�ª«ÁB¢¬�¡�±J²fºD¨j¢¬j¡�¶�¸�¸o¡p²�´o±J¶�®�· Ê ° � �JË ¨j¢{¬�¡�¸�²f±J¸o¡p²f¢�º Ê � � ° Ë ±DÄ3¢{¬�¡
±J¸o¡p²µS¢±J² ' 7 L � ¨NµD®j·�¢{¬�¡5®�±J²{½È¡pò�ª«ÃLµD¹«¡p®�Â�¡�¼Dª«ÃJ¡�®�ª¾®� ?¡p½�½�µ � �»� ¨j¢{¬NµL¢ � ���W¨
©�¬�¡p²f¡ ��ª¾Á�µD®7¡pª«¼J¡p®HÃLµD¹¾¶j¡�±LÄ Ê � �»�`Ë ¨-ª¾Á5´o±J¶�®�·j¡p·ãÄ=²f±J½ ´o¡p¹¾±�© µL®�·�µD´o±�ÃJ¡L¨
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Áfª¾½�¸�¹¾ª«Âpª«¢�ºD¨2©z¡�²f¡pÁF¢²{ª«Â�¢
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±DÄ-¢¬�¡ Ä=±J²f½
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¶�®�ª»Ä=±J²{½ ¸j²{¡pÂ�±J®�·�ª»¢ª«±J®�¡p² ' 7 L � É � � 9; � � Ä=±J²�¢¬j¡ì·�ª«Á{Âp²f¡�¢{¡�ÃD¡p²{Áfª¾±J®�±DÄ2¢{¬�¡
·�ª D+¡p²f¡p®H¢ª¾µD¹!±J¸o¡p²{µL¢±D² í Î�îLïyÏ ±D®�¢{¬�¡�¸�ª¾¡�Âp¡�©�ª«Á{¡5ò�¶NµD·�²{µL¢ª«Â Á{¸NµLÂp¡ � �J�
è|¢�±J®�¹«º�²{¡�½�µDª«®�Á ¢±�Á{¸o¡pÂ�ª«ÄPºó¢{¬�¡�Áfº�½�½�¡�¢{²{ª«Â�µL®�·7¸o±JÁfª«¢ª»ÃJ¡
·�¡rýN®�ª»¢¡�¸�²{¡v÷
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Ä=±J²�¢{¬�¡ó¸�²f¡pÂp±D®�·�ª«¢{ª¾±J®j¡p² ( � ±J® � �H� ðø±`©z¡�ÃD¡p²�¨�·�¶�¡;¢{±ú 3¡�½�½�µI� �»� ¢{¬�¡
±J¸o¡p²µS¢±J² ( � Â�µL®Ò´+¡ôÂ�±J®�ÁF¢²{¶jÂ�¢¡�·ÐµDÁì¸�²f¡pÂ�±J®�·�ª»¢ª¾±D®�¡p²�Ä=±J²�¢{¬�¡<(FýN®jª«¢¡�·�ª«Äé÷
Ä=¡p²f¡p®�Â�¡� -µL¸�¹éµDÂ�ªéµD® )�±J´�¢yµDª«®�Ä=²{±J½ ¢{¬�¡�´�ª«¹¾ª¾®j¡�µD²�Ä=±J²{½ µDÁfÁ{±�Âpª¾µL¢¡�·�¢¬�¡
®j±J²{½,=.�, L L � ¨�Â�Ä � Ê � � =�Ëv�ßõ ¬�ª¾ÁôÂpµD® ´o¡�·�±J®j¡;ª¾®ü½�µD®Hºú©�µ�º�Á � ðø¡p²{¡;©z¡;Áf¬NµD¹¾¹µD·�±J¸�¢�¢¬j¡óµD¶ "�ª¾¹«ªéµD²FºÒÁ{¸�µDÂp¡;¢{¡pÂy¬�®�ª«ò�¶�¡ó±DÄ���¶ $�° � & ¨�©�¬�¡�²{¡;¢¬j¡óµD¶ "�ª¾¹«ªéµD²Fº
Á{¸NµLÂp¡�Âp±J®�Áfª¾ÁF¢Áì±LÄB¸�ª«¡pÂ�¡�©�ª¾Áf¡�¹«ª¾®�¡pµD²}Ä=¶�®�Âr¢ª«±J®�Á ��õ ¬�¡ôµL·jÃLµD®H¢yµD¼J¡
©�ª»¢¬t¢¬�ª«Á
µD¸�¸�²f±HµDÂy¬;ª«Áø¢{¬NµL¢*( � ª¾Áø¡pÁfÁ{¡�®�¢{ªéµD¹«¹«º�Â�±J®�Áf¢{²{¶�Âr¢¡�·tÄ=²f±J½ ¢¬�¡�Âp±J²f²{¡�Á{¸o±J®�·�ª«®�¼
¸�²{¡�Âp±J®j·�ª«¢{ª¾±J®�¡�²�ª¾®H¢{²{±�·�¶�Âp¡�·�ª¾®B� =�� °�µD´o±`ÃD¡ � è�® �."jµD½�¸�¹«¡pÁ =��»� µD®�· =�� °�¨j¢{¬�¡
Á{¶�´jÁ{¸NµDÂ�¡�±DÄ�J L ��B ïá Â�±J®�Áfª¾Áf¢{ª¾®�¼�±DÄ?Â�±J®H¢ª¾®�¶�±D¶�ÁB¸�ª«¡pÂ�¡�©�ª¾Áf¡}¹«ª¾®�¡pµD²)Ä=¶�®�Â�¢{ª¾±J®jÁ©�ª«¢{¬�²{¡�Á{¸o¡pÂr¢�¢±�¢{¬�¡�¢{²{ª¾µD®�¼J¶�¹¾µL¢ª«±J® � � ©BµDÁ}·j¡p®�±D¢{¡p·&� � ¨+´j¶j¢�¬�¡�²{¡L¨+©�¬�¡�²{¡
� � µD¹¾²f¡�µD·jºô·�¡p®�±L¢¡pÁ�¢¬j¡�Áf¸NµDÂp¡�±DÄ9·jª¾Á{Â�±J®H¢ª«®�¶j±J¶�ÁøÂp±J®�ÁF¢yµD®H¢{Áp¨Z©B¡�©�ª¾¹¾¹�²{¡�Ä=¡�²
¢±
¢¬jª¾Á�Á{¸�µDÂp¡�µDÁ�� �H�
 ?¡�¢ � � É�� � 9; � � ´o¡x¢{¬�¡ B ï ¸�²f±��f¡pÂr¢ª«±J®!¨SµD®�·�� �� É�� � 9; � � ¢{¬�¡&µD·��f±Jª«®�¢

±J¸o¡p²µS¢±J²B©�ª»¢¬�²{¡�Á{¸o¡pÂr¢ø¢{±�¢¬�¡ B ï ª¾®�®j¡p²�¸�²f±�·j¶�Â�¢ �&õ ¬j¡�¸j²{¡pÂ�±J®�·�ª»¢ª«±J®�¡p² ( �
©B¡�Á{¬�µD¹¾¹!¶jÁ{¡ ©�ª¾¹«¹�´o¡�±LÄ/¢{¬�¡ Ä=±J²{½
Ê � � � Ë ( � ¯�� 1 ï � � � � (	�� � �� Ý
©�¬�¡p²f¡�( �� É
� � 9; � � ª¾Á�¢¬j¡�ÁF¢yµD®�·�µD²{· 
2��Ârº�Â�¹¾¡�½�¶�¹»¢ª¾¼D²{ª¾·�¸�²{¡�Âp±J®�·jª«¢ª«±J®�¡�²
Ä=±J²�¢¬�¡�·�ª¾ÁfÂp²{¡r¢¡ì -µL¸�¹éµDÂ�ªéµD®�±J®�� � ¨+·�¡�Á{Â�²{ª¾´o¡p·óª«®D� =�� °�µD´+±�ÃD¡D¨+©�¬jª¾¹¾¡�� ñ Þ
ª¾ÁBµ�Á{¶�ª»¢yµD´�¹«¡}ÁfÂ�µD¹«ª¾®�¼�Â�±J®�ÁF¢yµD®H¢ � è�®ô¢{¬�¡�¡ "�¸o¡p²fª¾½�¡p®H¢Á�´o¡p¹«±`©���¯åÞ�ç � � �)õ ¬�¡
¸�²{¡�Âp±J®j·�ª«¢{ª¾±J®�¡�² ( � ª«Á5Âp±J½�¸�¶j¢µL¢ª«±J®NµD¹«¹«º�Ä=¡�µDÁfª¾´�¹«¡
Á{ª«®�Âp¡�¢¬�¡0B ï ¸�²f±��f¡pÂr¢ª«±J®
� � ª¾Á�¹«±�ÂpµD¹ �� ª¾²fÁf¢p¨J©B¡�Ây¬�¡pÂyÇ�¢¬�¡ø¡�þ�Âpª«¡p®�Ârº�±LÄ�¢¬j¡}¸�²f¡pÂp±D®�·�ª«¢{ª¾±J®j¡p² ( � ´Hº�Âp±D½�¸�¶�¢ª¾®j¼
¢¬�¡5Â�±J®�·�ª»¢ª¾±D®�®�¶j½�´+¡�²{Áø±DÄ ( � Ê Î�� �SË ¨�©�¬�¡�²{¡ � � É � � 9; � � ª¾Á�¼Jª»ÃJ¡�®�´Hº

Ê Î�� � × Ý@? Ë ¯ �
����� �

$ × & � $ ? & � > × ÝC? / � � ç

õ ¬�¡x²{¡�Á{¶�¹»¢Áp¨�©�¬�ª«Ây¬�µD²{¡)¼Jª»ÃJ¡�®�ª«® õ µL´�¹¾¡ � �«� ¨`Â�¹¾¡�µL²{¹«º�ª¾®j·�ª¾ÂpµL¢¡-¢¬�¡ � Ê ( � Ê Î�� �SËfË
ª¾Á)´o±J¶�®�·j¡p·�ª¾®�·�¡�¸+¡�®�·�¡�®�¢{¹«º
±LÄ1 � è�®�Ä_µDÂr¢�¨�µ�¢¬�¡�±J²{¡r¢ª«Â�µD¹jÃD¡p²fª«ýNÂpµL¢ª«±J®
±DÄo¢¬�ª«Á
©�ª¾¹«¹�´o¡�¼Dª«ÃJ¡�®�ª«®F��� � °�´o¡p¹«±�© �



� ������������������	����������
��������� �yÿ
1 ° ? ï ° ?�� ° ?�� ° ? � ° ?�� ° ? �

� Ê ( � Ê Î�� �LËfË ³ � Þ + ³ �»� ³ ³ �«� � ³ �»��� ³ �»�,+ ³ �«� �
	 %��8"] �� � 
��5À ±J®�·jª«¢ª«±J®�®�¶�½�´o¡p²fÁ�Ä=±D²�¢¬�¡5±J¸o¡p²{µL¢±J²fÁ ( � Ê Î�� �SËr�

ð}µ�Ã�ª¾®�¼�ÃJ¡�²{ª«ý�¡p·!¨xµL¢ì¹¾¡pµDÁf¢ì¡ "�¸+¡�²{ª«½�¡�®�¢µD¹¾¹»ºJ¨-¢¬NµL¢�( � ª«Áìµ�¶j®�ª«Ä=±J²f½ ¸�²{¡v÷
Âp±J®j·�ª«¢{ª¾±J®�¡�²zÄ=±J² Î � � ©z¡ Á{¬�±J¶j¹¾·ô¡#"j¸o¡pÂr¢�¢¬NµS¢�¢¬�¡}±J¸+¡�²µL¢{±J² F 7 L � ¨j¼Jª»ÃJ¡�®�´�º
Ê � � ³ Ë ¨Nª¾Á�µ
¶�®�ª»Ä=±J²{½ê¸�²{¡�Âp±J®j·�ª«¢{ª¾±J®�¡�²�Ä=±J²�¢¬j¡�±D¸+¡�²µL¢{±J² � 7 L �J�
õ ¬�¡�±D´�Á{¡�²fÃJ¡�·úÂp±J®�·jª«¢ª«±J®Ñ®�¶j½�´+¡�²{Á�±LÄGF 7 L � � 7 L � ¨/Ä=±J² îM/ $ ÞjÝ �'& µL®�·�·�¡v÷

Âp²f¡�µDÁfª¾®�¼óÃLµD¹¾¶j¡pÁ�±DÄ 1?¨zµD²f¡�¼Dª«ÃJ¡�® ª«® õ µL´�¹¾¡-� � ° � è�®ÐÂp±J½�¸�¹¾¡r¢¡�µL¼J²{¡�¡p½�¡p®H¢
©�ª«¢{¬�¢¬�¡
¸j²{¡p·jª¾Â�¢{ª¾±J®�±DÄ)¢¬�¡�¢{¬�¡p±D²fº�¢¬�¡�Á{¡
Âp±D®�·�ª«¢{ª¾±J®�®�¶j½�´+¡�²{Á5µD¸j¸+¡pµD²{Á}¢{±
´+±D¶�®�·�¡�·�ª«®�·�¡p¸o¡p®j·�¡p®H¢¹»º�±DÄ î µD®�· 1 �

1�� î Þ Þ � ÞJÞ � Þ � Þ � Þ �»� Þ � � �J� Þ
° ? ï � � � � � �»� � =�� = � =�� � ° � � � � +�� Þ/�
° ?�� =�� � � =�� � � =�� = � � � � � +�� � � +�� +��
° ?�� � � � � � � � � =�� ³ � � � ³ � ��� ³ � �j� ³ �
° ? � � � °J° � � Þ + =�� = � +��«� ° ��� + ° �j� +>=
° ?�� � � °D³ =�� + + � � Þ � +�� + = ��� ÞH° �j� Þ �
° ? � � � ° � =�� ³JÞ � � � ³ �j� ° + ��� ° = �j� ° �

	 %���"  �� ����� À ±J®�·jª«¢ª«±J®5®�¶�½�´o¡p²{Á3Ä=±J² � Ê F 7 L � � 7 L ��Ë ¶�Áfª¾®�¼�¢¬j¡
� ï Î � á ¡�¹¾¡p½�¡p®H¢ �

� � ° ��� � Õ � � � ��� ����� � � � Ô �	� �
� Ö ��������� � Ô  è�®
±D²{·�¡�²2¢±�Â�±J½�¸�¹¾¡r¢¡x¢¬�¡�µL®NµD¹»÷
º�Á{ª¾Á-±DÄ�¢{¬�¡&¸�²{¡�Âp±J®�·jª«¢ª«±J®�¡�² Ê � � ³ Ë ©B¡&©�ª¾¹¾¹HÁf¬�±�©Ò¢¬NµS¢-¢{¬�¡B±D¸+¡�²µL¢{±J²�( � ¨D¼Dª«ÃJ¡�®
´Hº Ê � � � Ë ¨jª¾Á�µ
¶�®�ª»Ä=±J²{½¥¸�²{¡�Âp±J®j·�ª«¢{ª¾±J®�¡�²�©�ª«¢{¬�²{¡pÁf¸+¡�Â�¢ø¢±01�Ä=±D²B¢¬�¡5·�ª«Á{Â�²{¡�¢{¡
 3µD¸�¹éµLÂpªéµL® � � ±J® � �H� - ±J²{¡5¸�²f¡pÂpª«Á{¡�¹«ºJ¨�©z¡5©�ª¾¹¾¹+Á{¬�±�©à¢{¬NµL¢�¢{¬�¡5®�±J²{½�Á
Ê � � � Ë ,�?#, L L � W Ê Î�� � ?�Ý@? Ë L�� ï µD®�· Ê ( � � � ?�Ý � � ? Ë L�� ï
µD²{¡5¶�®jª«Ä=±J²f½�¹»º�¡�ò�¶�ª«ÃLµD¹«¡p®H¢�±J® � �H�
è�®Ò±J²{·j¡p²�¢±tµL¸�¸�¹«ºÑ¢¬j¡ô¢¬�¡�±J²fºã±DÄ $U° �'& ©B¡�®j¡p¡p·ú¢±ó¡�Áf¢µD´�¹¾ª«Á{¬�¢{¬NµL¢�¢{¬�¡

¸�²{± �f¡pÂ�¢{ª¾±J®�� � ª«ÁøÁF¢yµD´j¹¾¡5µD®�·�µDÂ�Âp¶�²{µL¢¡5ª¾®�¢{¬�¡5Á{¡p®jÁ{¡5¢¬NµL¢
Ê � � +JË , � ��� , L L �=S = , ÓoÔ`ÕNÖ � , á >	� / � � Ý
µD®�·
Ê � ���HË , Ê�� Î � �SË
� , á S ='1 , ÓZÔ`ÕNÖ � , á >	� / � � ç
ð�¡�²{¡D¨�¢{¬�¡�Âp±J®�ÁF¢yµD®H¢H=�ª«Á�ª«®�·�¡�¸+¡�®�·�¡p®H¢�±LÄ 1 � � ¶j²f¢¬j¡p²{½�±J²f¡D¨B©z¡�®�¡�¡p·û¢{±
Âp±J®jÁf¢²f¶�Â�¢ µD®;±J¸o¡p²{µL¢±J²�� � É � � ; � � ©�¬�ª¾Ây¬tµL¹¾Á{±�ª¾Á�Áf¢yµL´�¹¾¡ìµD®óµDÂ�Âp¶�²{µL¢¡L¨
ª � ¡ �
Ê � � �HË , ÓZÔ`ÕNÖ � � ?#, á S = ,�?', L L � > ? / � � Ý
µD®�·
Ê � �»� Þ Ë , Ê�� Î � �SË ?#, á S =*1 ,�?', L L � > ? / � � Ý
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©�¬�¡p²f¡�µD¼HµDª«® =}ª«Á�ª¾®�·j¡p¸o¡p®�·�¡�®H¢�±DÄ 1 �)õ ¬j¡ ±J¸+¡�²µL¢{±J² � � ª¾Áz±J®�¹»º�®�¡�¡p·�¡�·�Ä=±D²
¢¬�¡�µD®NµD¹»º�Áfª¾Á � è|¢)ª«Á9µ}ÁF¢²{µDª¾¼J¬H¢fÄ=±J²f©BµD²{·ìÂp±J®�Áf¡pò�¶�¡�®�Âp¡�±DÄN¢{¬�¡pÁf¡�Ä=±J¶�²2¡�Áf¢{ª¾½�µL¢¡�Á
µD®�·;¢{¬�¡�¢¬�¡�±J²fº�¼Jª«ÃD¡p®óª«® $U° � & ¨?ÂrÄ �5õ ¬�¡p±J²f¡p½�Á�° �«� µD®�·7° � °�±DÄ)¢¬NµS¢ ¸NµD¸o¡p²�¨
¢±5Âp±D®�Âp¹«¶�·�¡�¢¬NµS¢&¢{¬�¡�¢�©B±�®�±J²f½�Á)¼Dª«ÃJ¡�®�ª«® Ê � � � Ë µD²f¡�¶�®�ª«Ä=±D²{½�¹«º�¡pò�¶�ª«ÃLµD¹«¡p®H¢ �
ð�¡�®�Âp¡L¨Z¢{¬�¡5²{¡�½�µDª«®�ª¾®j¼ì¢yµDÁfÇôª¾Á�¢{±�¡�Áf¢µD´�¹¾ª«Á{¬�¢¬j¡�¡�Áf¢{ª¾½�µL¢¡�Á Ê � � +JË � Ê � �»� Þ Ëy�
è�®ÑÄ_µLÂ�¢�¨-Á{ª«®�Âp¡ � � ª¾Á5¹¾±�Â�µL¹)µD®�·7¸�²{¡�Á{¡p²FÃJ¡�Á�¸�ª¾¡�Âp¡r©�ª¾Á{¡�Âp±D®�Áf¢µD®H¢Áp¨-¢¬�¡�¡pÁX÷

¢ª«½�µL¢{¡�ª«® Ê � � �HË ¬�±J¹«·�Á�Ä=±J²}µD®Hº � / B ïá �KJ L ¨!µL®�·ó¬�¡p®jÂp¡
±J® � �H� è�®ó±D²{·�¡�²
¢±�Á{¬j±`© Ê � � +JË ¹¾¡r¢�¶�Á�ýN²fÁf¢�·�¡�®�±D¢¡5´Hº�� � ¢{¬�¡ Á{¡r¢ø±DÄ-¸�ª¾¡�Âp¡�©�ª«Á{¡5¹¾ª«®�¡�µL²BÄ=¶�®�Âv÷
¢ª«±J®�Á�©�ª«¢{¬�²{¡pÁf¸+¡�Â�¢ø¢± � � ¨j©�¬�¡�²{¡�®�±�Âp±J®H¢ª«®�¶�ª«¢�º�Â�±J®�ÁF¢²µLª¾®H¢ÁøµD²f¡�ª«½�¸o±JÁf¡p· �
ð�¡�®�Âp¡L¨$� � Ý � � ¤�� �J� 8�¡pÂpµD¹¾¹ø¢¬NµL¢ôµ�¹¾ª«®�¡�µD²�Ä=¶�®�Âr¢ª«±J®ü±J® µ7¢{²{ª¾µD®�¼J¹«¡�ª«Á
¶�®�ª«ò�¶j¡p¹«º�·�¡�¢{¡p²f½�ª«®�¡p·ó´Hº;¢{¬�¡
ëp¡�²{±�±J²{·�¡�²�½�±J½�¡�®H¢Á�©�ª«¢{¬ó²{¡�Á{¸o¡pÂ�¢5¢{±�¡pµDÂy¬
¡p·�¼D¡ �9õ ¬�¡�²{¡rÄ=±J²{¡L¨�µDÁxµ�Âp±J®jÁ{¡pò�¶�¡�®�Âp¡ø±DÄoµ�ÁfÂ�µD¹«ª¾®�¼ µL²{¼J¶�½�¡p®H¢p¨Jª«¢/Ä=±J¹¾¹«±`©�Á-¢¬NµS¢
¢¬�¡ ¢�©z±�®j±J²{½�Á

,
	8, á µD®�· 1 Ê �
�

Ê Y
�
	 ? ^ � Ë ï � Ê Y

�
	 Ü ^� Ë ï Ë L�� ï

µD²{¡ì¡pò�¶�ª«ÃLµD¹«¡p®H¢5±J®�� �J� ð�¡p²f¡ 	 ? µD®�· 	 Ü ·�¡p®j±D¢¡
¢¬j¡ì¢�©B±�²{¡�Áf¢{²{ª¾Âr¢ª«±J®;±DÄ 	
¢± �
±J´�¢yµDª«®�¡p·;Ä=²f±J½ ¢¬�¡�¢�©z±ô¢²fªéµD®�¼D¹¾¡pÁ�½�¡�¡�¢{ª¾®�¼ �J¨?µD®�·;¢{¬�¡
Á{¶�½ ª¾Á�¢yµDÇL¡p®
±�ÃJ¡p²øµD¹«¹+¡�·�¼J¡�Áø±LÄ-¢{¬�¡�¢²fªéµD®j¼J¶�¹éµS¢ª¾±D®!¨H©�ª«¢¬�µL®�±J´HÃ�ª«±J¶�Á�½�±�·jª«ýNÂpµL¢ª«±J®�ª»Ä ��ª«Á
µ�´o±J¶�®�·�µD²fº�¡p·j¼J¡ �2F Áfª¾®�¼�¢¬�ª«Á�®j±J²{½ ¡pò�¶�ª»ÃLµD¹¾¡�®�Âp¡�±J®�� � ©z¡ì¬Nµ�ÃJ¡�Ä=±J²}µL®�º
� / � � ¨

, � � � , ï L L � ¯ �
����� �

$ � ���*& ï� ¯ �
����� �

Ê � � � ? L Y
�
$ � � � Î �*& � ^� Ë ï

S ='1 ? ï , � � � Î � , ïá ç
ð�¡�²{¡D¨�� � ��·�¡p®j±D¢¡�Áø¢{¬�¡5¹¾¡p®j¼D¢¬�±DÄ � � ð�¡p®jÂp¡D¨ Ê � � +DË Ä=±J¹¾¹«±`©�ÁzÄ=²{±J½ Ê � ���HËv�
è�®Ò±J²{·j¡p²ì¢{±óÁ{¬�±�© Ê � � �HË µD®�· Ê � �»� Þ Ë ©z¡ô©�ª¾¹«¹&ª«®H¢²{±�·�¶�Â�¡�µD®úµD¹»¢¡�²{®NµL¢{ª«ÃD¡

·�ª¾ÁfÂp²f¡�¢¡ì®�±J²{½ ±J®�� �J� Æ�ª¾®jÂp¡�µ�¹¾ª¾®j¡�µD²�Ä=¶�®�Âr¢ª«±J®�±J®;µ�¢²fªéµD®�¼D¹¾¡5ª¾Á�¶�®�ª¾ò�¶�¡�¹«º
·�¡�¢{¡p²f½�ª«®�¡p·�´Hº�ª«¢{Á�ÃDµL¹¾¶�¡�Á�µL¢ø¡�µDÂy¬�ÃJ¡�²f¢¡#"�ª«¢�Ä=±J¹«¹¾±�©�ÁB¢{¬NµL¢�¢¬�¡ ¢�©z±�®j±J²{½�Á

,
	8, á µD®�· 1 Ê �
����� �

�
� � � � ) � .

Ê 	 � Ê Q ËfË ï Ë L�� ï
µD²{¡5¡�ò�¶jª«ÃLµD¹¾¡�®H¢�±D®�� �J� ð�¡p²f¡D¨ 	 � Ê Q Ë ·�¡�®�±D¢¡�Áø¢{¬�¡5ÃDµL¹¾¶�¡ ±DÄ 	�µL¢�¢{¬�¡5ÃJ¡p²F¢¡#"Q�±J®ô¢¬�¡�¢{²{ª¾µD®�¼J¹«¡ "�¨
	 � ·�¡p®j±D¢¡�Á�¢¬�¡ Áf¡�¢�±DÄ?ÃD¡p²f¢{ª¾Â�¡pÁ�±DÄ?¢¬j¡�¢²{ª¾µD®�¼J¶j¹éµL¢{ª¾±J®
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