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OutlineAbstra
t framework for pre
onditioningA few examples (ellipti
 and Stokes problems)The problem with inverse problems in an abstra
tsettingThe solution for inverse problems in an abstra
t settingSome examples (fruit�y and heart infar
tion)(This framework is 
losely related to W. Zulehner's talkyesterday)
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Abstra
t framework for pre
onditioningLet us 
onsider the problem:Find u ∈ V su
h that for f ∈ V ∗

Au = f,where A is a linear operator.

This problem is well-posed if A is an isomorphism mapping

V to V ∗, i.e.,

‖A‖L(V,V ∗) ≤ C1 and ‖A−1‖L(V ∗,V ) ≤ C2

Note that A has an unbounded spe
trum and this 
ausesproblems for iterative solvers (both in the 
ontinuous anddis
rete 
ases). 3



Abstra
t framework for pre
onditioningFrom a mathemati
al point of view the Riesz mapping
B : V ∗ → V is the perfe
t pre
onditioner, sin
e

‖B‖L(V ∗,V ) = 1 and ‖B−1‖L(V,V ∗) = 1

V
∗

V V

B
A

Consequently,
‖BA‖L(V,V ) ≤ C1 and ‖(BA)−1‖L(V,V ) ≤ C2Furthermore, it multigrid often produ
e spe
trally equivalentand e�
ient representations of Riesz mappings
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Spe
tral Equivalen
eIt is well-known how to produ
e spe
trally equivalent ande�
ient representations of Riesz mappings using multigridand/or domain de
omposition methods in a number ofspa
es like H1, H(div), H(
url), and H2.

In fa
t, you 
an view multigrid and domain de
ompositionmethods as Riesz mappings in equivalent Sobolev spa
es.
5



Example: An ellipti
 problemConsider an ellipti
 problem:Find u ∈ H1
0 su
h that for f ∈ H−1

Au = −∇ · (K∇u) = fHere, K positive de�nite and bounded.

The Riesz mapping is B = ∆−1 and the spe
trum of BA isbounded by the extreme values of K.

Multigrid and domain de
omposition give e�
ient operatorsthat are equivalent with ∆−1.
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Example: Stokes problemAnother example is Stokes problem: Find u, p ∈ H1
0 × L2

0su
h that for f ∈ H−1

A

[

u

p

]

=

[

−∆ −∇

∇· 0

][

u

p

]

=

[

f

0

]

The Riesz mapping B taking H−1 × L2
0 → H1

0 × L2
0 is

B =

[

−∆−1 0

0 I

]

The spe
trum of BA is bounded!

It is easy to 
onstru
t spe
trally equivalent and e�
ientversions of B with multigrid and domain de
ompositionte
hniques. 7



The problem with inverse problemsLet us 
onsider an abstra
t inverse problem: Find u ∈ Vsu
h that for f ∈ V ∗

Au = fThe problem is not well-posed
‖A‖L(V,V ∗) ≤ C1 but ‖A−1‖L(V ∗,V ) → ∞

A has a a

umulation point at zero!

Clustering of eigenvalues is not ne
essarily a bad thing forKrylov solvers (
.f. O. Axelsson and G. Lindskog, Numer.Math. 1986))!
We will utilize 
lustering, but we will also 
onstru
t V
arefully (like Zulehner did yesterday). 8



Weighted Sobolev spa
esConsider the problem: Find u ∈ H1
0 , for f ∈ H−1

Aαu = u− α2∆u = fHere, α > 0

‖A−1
α ‖L(H−1,H1

0
) → ∞ as α → 0If we 
onsider Aα in V = L2 ∩ αH1

0 with inner produ
t

(u, v)L2∩αH
1

0
= (u, v)L2

+ α2(∇u,∇v)Then

‖Aα‖L(V,V ∗) ≤ C1 and ‖A−1
α ‖L(V ∗,V ) ≤ C2(Bergh and Löfström, Interpolation Spa
es, 1976) 9



Parameter identi�
ation problem
minv∈H1

{

1
2 ‖Tu− d‖2H3

+ 1
2α ‖v − vprior‖

2
H1

}

subje
t to

Au = −Bv + g,

Bounded linear operators:
A : H2 → H∗

2 , 
ontinuously invertible

B : H1 → H∗
2 ,

T : H2 → H3 observation operator

L : H1 → H∗
1 regularization operator 10



Optimality system







αL 0 B′

0 K A′

B A 0













v

u

w






=







αLvprior

Qd

g







K : H2 → H∗
2 , u → (Tu, Tφ)H3

= (T ∗Tu, φ)H2Typi
ally ill-posed for α = 0Propose a pre
onditioner

11



Optimality system, 
ont.

Aα =







αL 0 B′

0 K A′

B A 0






: X × Y → (X × Y )∗

X = H1 ×H2

‖x‖2X = α‖x1‖
2
H1

+ α‖x2‖
2
H2

+ (T ∗Tx2, x2)H2

Y = H2

‖y‖2Y = 1
α
‖y‖2H2
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Pre
onditioningPre
onditioner, isomorphism

Bα : (X × Y )∗ → X × YFor example

B−1
α =







αL 0 0

0 αA+K 0

0 0 1
α
A







(in pra
ti
e we use multigrid pre
onditioners)
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Example 1

min
v∈L2(Ω)

{

1

2
‖Tu− d‖2L2(Ω) +

1

2
α ‖v‖2L2(Ω)

}

subje
t to

−∆u = v + g in Ω,

u = 0 on ∂Ω.

(This is the fruit�y example that has been studied by many.Our approa
h is 
lose S
höberl and Zulehner, SIAM J.Matrix Anal., 2007)
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Example 1, 
ont.

h \ α 1 10−1 10−2 10−3 10−4

2−1 4 4 4 4 4
2−2 5 8 11 12 8
2−3 7 8 12 17 14
2−4 7 8 12 18 20
2−5 9 10 12 17 21
2−6 9 10 13 17 18

2−7 8 10 13 15 16

2−8 8 10 11 13 13

2−9 8 8 9 11 12

Table 1: Number of iterations 15



Example 1, 
ont.

h \ α 1 10−1 10−2 10−3 10−4

2−1 1.28 1.45 4.15 17.6 31.0
2−2 1.34 1.61 5.07 16.9 52.3
2−3 1.36 1.67 5.38 16.3 53.2
2−4 1.37 1.68 5.46 16.2 53.5
2−5 1.37 1.69 5.48 16.3 53.5

Table 2: Condition number κ(BαAα)
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Example 1, 
ont.
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Figure 1: Absolute value of the eigenvalues of BαAα
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Example 2

min
v∈H1(H)

{

1

2
‖Tu− d‖2L2(∂P ) +

1

2
α ‖v − vprior‖

2
H1(H)

}

subje
t to

∫

P

(M∇u)·∇φ dx = −

∫

H

(Mi∇v)·∇φ for all φ ∈ H1(P ) dx

G

∂B

∂H

H

Figure 2: Body P = H ∪G, heart H, torso G 18



Example 2, 
ont.

l \ α 1 10−1 10−2 10−3 10−4

0 32 40 55 42 25
1 28 36 49 52 24
2 26 30 41 51 26
3 28 28 36 47 32
4 29 28 32 41 41

Table 3: Number of iterations
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Example 2, 
ont.

l \ α 1 10−1 10−2 10−3 10−4

1 16 108 672 5000 29729
2 16 109 680 5076 40157

Table 4: Condition number κ(BαAα) of BαAα
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Example 2, 
ont.
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Figure 3: Absolute value of the eigenvalues of BαAα
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Theoreti
al 
onsiderationsWe have:

Aα =







αL 0 B′

0 K A′

B A 0







and show that

‖Aα‖L(V,V ∗) ≤ C1 and ‖A−1
α ‖L(V ∗,V ) ≤ C2/α
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Theoreti
al 
onsiderations, 
ont.We use an auxiliary operator:

Âα =







αL 0 B′

0 K A′ + 1
α
K ′

B A+ 1
α
K 0







and show that

‖Âα‖L(V,V ∗) ≤ C1/α and ‖Â−1
α ‖L(V ∗,V ) ≤ C2
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Theoreti
al 
onsiderations, 
ont.
Âα −Aα =







0 0 0

0 0 1
α
K ′

0 1
α
K 0







By using and eigenvalue result of 
omposed hermitianoperator in terms of its 
omponents from H. Weyl.Mathematis
he Annalen, 1912 we show that only very feweigenvalues are 
lose to zero
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Theoreti
al 
onsiderations

κ(BαAα) is bounded independently of h
κ(BαAα) in
reases as α → 0:Almost all eigenvalues are of order O(1)Limited number of eigenvalues 
lose to zero

(O(ln(α)2)
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Further reading:

Mardal and Winther, Numer. Linear Algebra Appl., 2010

Nielsen and Mardal, SIAM J. Control Optim., 2010

Mardal, Automated S
ienti�
 Computing, Springer, 2011

(papers 
an also be found athttp://simula.no/people/kent-and/)
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Further reading:

Mardal and Winther, Numer. Linear Algebra Appl., 2010

Nielsen and Mardal, SIAM J. Control Optim., 2010

Mardal, Automated S
ienti�
 Computing, Springer, 2011

(papers 
an also be found athttp://simula.no/people/kent-and/)
Questions?
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